
 

 Author Cathy (Carter) Shide Page 1 of 3 

Facilitator’s Guide 

 

Transitioning to the Common 

Core  Standards for 

Mathematics 
 

 

 

The Illinois State Board of Education has designed this training to help school districts 

transition to the Common Core State Standards for Mathematics (CCSSM). This training is 

provided as guidance.  Additional transition guidance and professional development 

continues to be a goal for ISBE. 

 

The goals of this training are to: 

 Develop educator understanding of the CCSSM, both content and practice 

 Provide guidance in transitioning to the CCSSM  

 Provide resources aligned to the CCSSM 

 

The training is designed in six sessions that can be used flexibly to meet the needs of the 

participants and time restraints. The table that follows provides the session titles and links to 

all documents. Each session has recommended times.    

 

A poster of the Standards for Mathematical Practices is provided. 

 Math Practices (Word) or (PDF) 

 

Session 6 includes 4 different grade band sessions that could be offered individually or run 

simultaneously with 4 presenters - grades K-2; 3-5; 6-8; and 9-12.  The high school session 

provides two lessons – one geometry and one algebra. The geometry session utilizes the 

SmartBoard.  The Smart Notebook file is included, but can be done using the PPT file if a 

SmartBoard is not available.  The algebra lesson utilizes videos from Inside Mathematics 

website. 

 

If the sessions are done in half or whole day format, or spread over the year, consider 

including activities to transition from one session to the next.  For example, a Freeze, Pair, 

Share activity could be used to transition.   

 

For a trainer of trainer model, notify Diane Beedy beedyd@roe39.k12.il.us of the date and 

send copies of the sign in form which includes participant names.  A one-day agenda for this 

model is provided. 

 

 

 

 

 

 

Posters/Math_Practices_poster.doc
Posters/Math_Practices_poster.pdf
mailto:beedyd@roe39.k12.il.us
Agenda_CCSSM_TOT_Workshop.doc
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Each session ends with a Reflection slide.  The chart below is provided for guidance. Choose 

the reflection questions that match your audience. 

 

Trainer of Trainers Educators 

• What were the big ideas in this 

session? 

• How can I implement the ideas 

from this session? 

• What do I still need? 

• What can our staff do to facilitate 

understanding of the standards 

between grades and between 

schools? 

• What are similarities and differences 

to our current curriculum? 

• What would be ideas or additional 

support to transition to the CCSSM? 

• How might we guide our 

district/school in integrating these 

standards with integrity? 

• What are 3 pieces of information 

that will be important points to 

consider for implementation? 

• What might be starting points for 

implementation?  What are some 

points of consideration? What would 

be the next steps to begin? 

• What are best practices for 

consideration? How might our staff 

implement these best practices? 

• What changes will need to take 

place with regard to curriculum, 

assessment, and teaching? 
 

 

Additional website resources are provided (Word or PDF). 

 

Common%20Core%20Web%20Resources.doc
Common%20Core%20Web%20Resources.pdf
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Sessions Time Materials 

Session 1  

Introduction for 

training (5 min) 

Introduction to the 

CCSSM  and PARCC 

 

90 

minutes Facilitator’s Guide (Word)   

Facilitator’s Guide (PDF) 

PowerPoint Presentation 

 

Session 2  

Exploring the 

Standards of 

Mathematical Practice 

120 

minutes 
Facilitator’s Guide (Word) 

Facilitator’s Guide (PDF) 

PowerPoint Presentation 

Handouts  

Session 3 

Exploring the 

Standards of 

Mathematical Content 

 

80 

minutes Facilitator’s Guide (Word) 

Facilitator’s Guide (PDF) 

PowerPoint Presentation 

Handouts 

Session 4 

Change Instruction 

 

75 

minutes 

Facilitator’s Guide (Word) 

Facilitator’s Guide (PDF) 

PowerPoint Presentation 

Handouts 

Session 5 

Looking Deeper in the 

CCSSM through 

Progression 

Documents 

 

75 min 
Facilitator’s Guide (Word) 

Facilitator’s Guide (PDF) 

PowerPoint Presentation 

Handouts 

Includes the progression documents and guiding questions. 

Session 6  

 

Transition to the CCSS 

in Mathematics  

 

Four different grade 

band sessions 

 

90 min for 

each grade  

band 

K-2 
Facilitator’s 

Guide (Word) 

 

Facilitator’s 

Guide (PDF) 

 

3-5 
Facilitator’s 

Guide (Word) 

 

Facilitator’s 

Guide (PDF) 

 

PowerPoint 

 

 

6-8 
Facilitator’s 

Guide (Word)  

 

Facilitator’s 

Guide (PDF) 

 

PowerPoint 

 

Handouts 

9-12 
9-12 Geometry 

Files  

 

Download 

Smart 

Notebook 

Express for 

Geometry 

 

9-12 Algebra 

Files 

 

Session_1-Intro_CCSS/Facilitator_Guide_Session1.doc
Session_1-Intro_CCSS/Facilitator_Guide_Session1.pdf
Session_1-Intro_CCSS/Session1_CCSSM_PARCC.ppt
Session_1-Intro_CCSS/Session1_CCSSM_PARCC.ppt
Session_2-Math_Practices/Facilitators_Guide_Session2_Practices.doc
Session_2-Math_Practices/Facilitators_Guide_Session2_Practices.doc
Session_2-Math_Practices/Facilitators_Guide_Session2_Practices.pdf
Session_2-Math_Practices/Facilitators_Guide_Session2_Practices.pdf
Session_2-Math_Practices/Exploring_Standards%20_Mathematical_Practices.ppt
Session_2-Math_Practices/Exploring_Standards%20_Mathematical_Practices.ppt
Session_2-Math_Practices/Handouts
Session_3-Math_Content/Facilitator_Guide_Session3_Content.doc
Session_3-Math_Content/Facilitator_Guide_Session3_Content.doc
Session_3-Math_Content/Facilitator_Guide_Session3_Content.pdf
Session_3-Math_Content/Facilitator_Guide_Session3_Content.pdf
Session_3-Math_Content/Session_3_Content.ppt
Session_3-Math_Content/Session_3_Content.ppt
Session_3-Math_Content/Handouts
../../AppData/Roaming/Microsoft/Word/Session_4-Change_Instruction/Facilitator_Guide_Session4_Change_Instruction.doc
../../AppData/Roaming/Microsoft/Word/Session_4-Change_Instruction/Facilitator_Guide_Session4_Change_Instruction.pdf
../../AppData/Roaming/Microsoft/Word/Session_4-Change_Instruction/Session_4_Change_Instruction.ppt
../../AppData/Roaming/Microsoft/Word/Session_4-Change_Instruction/Session_4_Change_Instruction.ppt
Session_4-Change_Instruction/Handouts
Session_5-Progressions/Facilitator_Guide_Session5_Progressions.doc
Session_5-Progressions/Facilitator_Guide_Session5_Progressions.doc
Session_5-Progressions/Facilitator_Guide_Session5_Progressions.pdf
Session_5-Progressions/Facilitator_Guide_Session5_Progressions.pdf
Session_5-Progressions/Session_5_CCSS_Progressions.ppt
Session_5-Progressions/Session_5_CCSS_Progressions.ppt
Session_5-Progressions/Handouts
Session_5-Progressions/Handouts
Session_Grades_0K-2/Facilitator_Guide_K-2.doc
Session_Grades_0K-2/Facilitator_Guide_K-2.doc
Session_Grades_0K-2/Facilitator_Guide_K-2.pdf
Session_Grades_0K-2/Facilitator_Guide_K-2.pdf
Session_Grades_3-5/Facilitator_Guide_Gr3-5.doc
Session_Grades_3-5/Facilitator_Guide_Gr3-5.doc
Session_Grades_3-5/Facilitator_Guide_Gr3-5.pdf
Session_Grades_3-5/Facilitator_Guide_Gr3-5.pdf
Session_Grades_3-5/Gr%203-5_Fractions.ppt
Session_Grades_3-5/Gr%203-5_Fractions.ppt
Session_Grades_6-8/Gr_6-8_Facilitator_Guide.doc
Session_Grades_6-8/Gr_6-8_Facilitator_Guide.doc
Session_Grades_6-8/Gr_6-8_Facilitator_Guide.pdf
Session_Grades_6-8/Gr_6-8_Facilitator_Guide.pdf
Session_Grades_6-8/Grade_Band_6-8.ppt
Session_Grades_6-8/Grade_Band_6-8.ppt
Session_Grades_6-8/Handouts
Session_Grades_9-12/9-12_Geometry_Lesson
Session_Grades_9-12/9-12_Geometry_Lesson
http://smarttech.com/en/Support/Browse+Support/Download+Software/Software/SMART+Notebook+Express/SMART+Notebook+Express/SMART+Notebook+Express
http://smarttech.com/en/Support/Browse+Support/Download+Software/Software/SMART+Notebook+Express/SMART+Notebook+Express/SMART+Notebook+Express
http://smarttech.com/en/Support/Browse+Support/Download+Software/Software/SMART+Notebook+Express/SMART+Notebook+Express/SMART+Notebook+Express
http://smarttech.com/en/Support/Browse+Support/Download+Software/Software/SMART+Notebook+Express/SMART+Notebook+Express/SMART+Notebook+Express
Session_Grades_9-12/9-12%20Algebra%20Lesson
Session_Grades_9-12/9-12%20Algebra%20Lesson


 

  Poster for all sessions 

Common Core State Standards 

Mathematical Practices 

 
 

1.  Make sense of problems and persevere in       
solving them. 
 

2.  Reason abstractly and quantitatively. 

3.  Construct viable arguments and critique the 
reasoning of others. 
 

4.  Model with mathematics. 

5.  Use appropriate tools strategically. 

6.  Attend to precision. 

7.  Look for and make use of structure. 

8.  Look for and express regularity in repeated 
reasoning. 



Common Core State Standards for Math Trainer of Trainer Workshop 

 

8:30-8:45  Introductions and general information for Trainers 

8:45- 9:30 Session I – Intro to the ILSICCSM for Mathematics and PARCC 

9:30-9:45 Break 

9:45- 10:45 Session 2 – Exploring the Standards of Mathematical Practices 

10:50 – 11:50 Session 3 – Exploring the Standards for Mathematical Content 

12:00 – 12:45  Lunch 

12:45 – 1:30 Session 4 – Change in Instruction 

1:30-2:15 Session 5 - Looking Deeper in the ILSICCSM Through Progression Documents 

2:15-2:30 Break 

2:30 – 3:00 Session 6 - Implementing the Standards K-2 and 6-8 Sessions running   
  simultaneously  

3:00 – 3:30 Session 6 - Implementing the Standards 3-5 and 9-12 Sessions running   
  simultaneously 

3:30 – 4:00  Optional Help with Tech questions related to Sessions  
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Facilitator’s Guide 
Introduction to the 
CCSSM and PARCC 

Assessment 
 

 
 Session 1- Overview of CCSSM and PARCC (60-90 min)  
 
Session Description 
Participants will receive information about the origin, need and format of the Common 
Core State Standards for Mathematics and the PARCC (Partnership for the Assessment 
of Readiness for College and Careers) Assessment that will be aligned to the CCSSM.  At 
the beginning of the session, participants will be electronically surveyed to determine 
their current level of knowledge and implementation of CCSSM.  After each of the two 
parts of this session, participants will be given time to discuss and ask questions.  The 
initial PP slides on the CC could be replaced with an 8-minute video clip of CCSSM 
authors Bill McCallum and Jason Zimba describing how the Math Standards were 
created. (http://www.youtube.com/user/TheHuntInstitute#p/u/3/dnjbwJdcPjE ) 
 
Goal of the Session 
Participants will gain a working knowledge of the CCSSM document and receive the 
latest information about  assessments that are being created to align to the CCSSM. 
 
Expected Outcomes: 
By the conclusion of this section of the training, participants will: 

 Know the history, rationale and format of the CCSSM  
 Understand the need for teaching less concepts with more depth 
 Understand the current proposed design of the new assessment  

o given electronically multiple times a year with a variety of item types 
o assessing all content, all mathematical practices and all students 
o generating timely through-year data that would be available to make 

instructional decisions 
 Understand in addition to creating assessments, PARCC will support educators 

by providing resources such as model curricula, webinars, assessment 
frameworks, sample assessment items, and peer to peer training  

 
Pre-session Preparation 

1. Review the PP and slide notes,  
2. Go to the polleverywhere.com site, sign up for a free account, and prepare a 

survey (asking where participants are related to their knowledge and 
implementation of the Common Core Math Standards) to embed in the initial 
slide of the PP. 

http://www.youtube.com/user/TheHuntInstitute#p/u/3/dnjbwJdcPjE
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3. Make a decision as to whether you want to have a survey done on a poster on 
the wall as participants sign in.  This is a backup to the cell phone survey and can 
be used as a comparison document to the electronic survey.  It is suggested that 
the questions that you use on your electronic survey match that of the poster 
survey. Prepare the poster and post it by the registration area. 

 
Possible choices for the survey . . . 
I am: 

‐ Getting to know the CCSSM 
‐ Planning for Implementation 

‐ Beginning Implementation 
‐ In Full Implementation 

 

TIME CONTENT/ACTIVITIES MATERIALS 

5 min  Intro and Survey 

Slides 1-2 

Survey the participants to assess their level of 
knowledge and implementation of the Common Core 
Standards for Math 

Facilitator notes:  Make sure you have gone to 
polleverywhere.com, register, create a survey, and 
download it into the PP.  Only 30 participants can take 
part in the survey for free.  Clear the results at the 
polleverywhere.com site after your presentation is over 
so that the slide will be ready for your next 
presentation.  If you are going to do a hard copy survey 
instead of the electronic one or in addition to the 
electronic one make sure you have it posted in the 
room and have participants respond when they sign in.   

PP handout 
 
Optional hard copy of the 
survey to post at the 
registration area 
 

30 min Overview of the Common Core State Standards for 
Math 

Slides 3-16 

See notes embedded in the slides for additional 
information 

Copy of the CC document 
for each participant 
 
Copy of the K-8 Domains 
related to IL Goals and   
Domains K-12 handout  
located in the Handouts 
folder for this session. 
Both Word and PDF 
formats are provided. 

Handouts
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TIME CONTENT/ACTIVITIES MATERIALS 

5-7 min  
 
 
 
 
 

Table Discussion of information given related to the 
CCSSM 

Slides – 17-18 

Participants will discuss the questions on slide 15 and 
any question not answered by their tablemates can be 
asked of the facilitator during the whole group 
discussion. A collection of questions and answers given 
during the pilot are provided and referenced in the 
end of this facilitator’s guide.  These can be read in 
advance to give the facilitator some idea of the kind of 
questions that may come up during this session   

  
 
 
 

 

30 minutes Information about the PARCC Assessment design  

Slides 19 – 32 

Participants will receive information about the origin 
and make-up of the PARCC organization, the proposed 
assessment design for each grade band, and additional 
resources PARCC has planned for educators. 

 

10 – 15 min Table Discussion of the PARCC information followed 
by participants asking questions to the facilitator in 
the whole group 

Slide 33 

Participants will discuss with their table mates the 
questions on slide 33.  Any questions their tablemates 
cannot answer for them can be asked to the facilitator 
in the whole group discussion time.  A collection of 
questions asked and answers given during the pilot are 
provided and referenced in the facilitator’s guide.  
These can be read in advance to give the facilitator 
some idea of the kind of questions that may come up 
during this session. See below for the Q & A during the 
pilot.   

Slide 34 – Reflection questions for the session.  Please 
refer to the Overview Document for reflection 
questions. 

 

 
 

../Overview_CCSS_Mathematics.pdf
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Introduction to the  
Common Core State 
Standards  for 
Mathematics (CCSSM) 
and PARCC Assessments 
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logo taken from www.corestandards.org 3 

Created by: 
COUNCIL OF CHIEF STATE SCHOOL 

OFFICERS (CCSSO)  
& 

NATIONAL GOVERNORS ASSOCIATION  
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Standards Development Process 

• College and career readiness standards were 
developed in summer 2009 

• Based on the college and career readiness 
standards, K-12 learning progressions were 
developed 

• Multiple rounds of feedback from states, 
teachers, researchers, higher education, and 
the general public 

• Final Common Core State Standards released 
on June 2, 2010 



Why is this important? 

• Previously, every state had their own set of academic standards, 
meaning public education students in each  state were  learning to 
different levels 

  
 
 

 
 

• It will be easier for transient students to move among states 
• All students must be prepared to compete with not only their 

American peers in the next state, but with students from around the 
world  

• Textbooks will be more focused 
• It will enable easier sharing of resources among states 
• Will enable easier comparisons of state data 

 
  

 

RI 

IL FL 

CA 

CT PA 

State silos of cost, effort, expertise 

adapted from corestandards.org 5 



45 States + DC Have Adopted the 
Common Core State Standards 

6 

*Minnesota adopted the CCSS in ELA/literacy only 



Creating Better Standards 

• Focus and Coherence  
• Phil Daro - Teach Less Learn More 

http://commoncore.pearsoned.com/index.cfm?l
ocator=PS11Ye  2.5 min 

 

http://commoncore.pearsoned.com/index.cfm?locator=PS11Ye
http://commoncore.pearsoned.com/index.cfm?locator=PS11Ye


Common Core State Standards 

•Fewer 
•Clearer  
•Higher 
• http://www.americaschoice.org/uploads/Common_Core_Standa

rds_Resources/PDaro_Transitioning/PDaro_Transitioning.html 

hyperlink taken from Pearson's America’s Choice 8 

http://www.americaschoice.org/uploads/Common_Core_Standards_Resources/PDaro_Transitioning/PDaro_Transitioning.html
http://www.americaschoice.org/uploads/Common_Core_Standards_Resources/PDaro_Transitioning/PDaro_Transitioning.html
http://www.americaschoice.org/uploads/Common_Core_Standards_Resources/PDaro_Transitioning/PDaro_Transitioning.html
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The Common Core State Standards: 
 

 Include rigorous content and require higher 
order thinking and application of knowledge 

 Build upon strengths and lessons of current 
state standards 

 Internationally benchmarked so that all 
students are prepared to succeed in our 
global economy and society 

 Based on evidence and research 
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Intentional Design Limitations 

What the Standards do NOT define: 
• All that can or should be taught 
• The nature of advanced work beyond the core 
• The interventions needed for students well below 

grade level 
• The full range of support for English language 

learners and students with special needs 
• Everything needed to be college and career ready 
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Design and Organization 

Standards for Mathematical Practice 
• Carry across all grade levels 
• Describe habits of mind of a mathematically expert 

student 
Standards for Mathematical Content 
• K-8 standards presented by grade level 
• Organized into domains that progress over several 

grades 
• Grade introductions give 2–4 focal points at each grade 

level 
• High school standards presented by conceptual theme 

(Number & Quantity, Algebra, Functions, Modeling, 
Geometry, Statistics & Probability) 
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 Domains from Common Core K 1 2 3 4 5 6 7 8 M
1 

M
2 

M
3 

M
4 

G
oa

l 6
   

N
um

be
r 

Counting and Cardinality X             
Number and Operation in Base Ten (NBT) X X X X X X        
Number and Operations – Fractions (NF)    X X X        
Ratios and Proportional Relationships (RP)       X X      
The Number System (NS)       X X X     
The Real Number System (N-RN)           X   
Quantities(N-Q)          X    
The Complex Number System (N-CN)           X X X 
Vector Quantities and Matrices             X 

               
G

oa
l 7

 
M

ea
s

 

Measurement and Data X X X X X X        

               

G
oa

l 8
  A

lg
eb

ra
 

Operations and Algebraic Thinking (OA) X X X X X X        
Expressions and Equations (EE)       X X X     
Functions (F)         X     
Reasoning with Equations and Inequalities (A-REI)          X X X X 
Creating Equations (A-CE)          X X X  
Arithmetic w Polynomials & Rational Express (A-APR)           X X  
Seeing Structure in Expressions (A-SSE)          X    
Interpreting Functions (F-IF)          X X X X 
Building Functions (F-BF)          X X X X 
Linear, Quadratic and exponential models (F-LE)          X X X  
Trigonometric Functions (F-TF)           X X X 

 

G
oa

l 9
 G

eo
m

et
ry

 Geometry X X X X X X X X X     
Congruence (G-CO)          X X   
Similarity, Rt Triangles, and Trigonometry (G-SRT)            X X  
Circles (G-C)           X   
Expressing Geometric Properties with Equations (G-GPE)          X X  X 
Geometric Measurement and Dimension (G-MD)           X X X 
Modeling with Geometry (G-MG)            X  

 

G
oa

l 1
0 

Da
ta

 
 

 
 Statistics and Probability       X X X     

Interpreting Categorical and Quantitative Data (S-ID)           X  X  
Making and Inferences and Justifying Conclusions (S-IC)            X  
Conditional Probability & the Rules of Probability (S-CP)           X   
Using Probability to Make Decisions (S-MD)           X X X 

 created by Joan Barrett ROE41 13 



Look at your 3-8 gr standards handout 

• P.21 four critical areas  
• P. 22 Overview  

– Domains  
– Mathematical Practices 

• P. 23  
– Standards 
– Clusters 
– Domains (abbreviations for each domain) 
– Footnotes – find #5 
– See pg. 25, 7d.  “decompose”  

 
 Joan Barrett ROE41 14 



Understand fractions as numbers 
3.NF #1 page 24 

• 1. Understand a fraction 1/b as the quantity 
formed by 1 part when a whole is partitioned 
into b equal parts: understand a fraction a/b as 
the quantity formed by “a” parts of a size 1/b.  

• (Tip: substitute numbers for letters, i.e. a=3 
and b=4 to make it easier to understand) 

• 1. Understand a fraction 1/4 as the quantity 
formed by 1 part when a whole is partitioned 
into 4 equal parts: understand a fraction 3/4 as 
the quantity formed by “3” parts of a size 1/4.  

Joan Barrett ROE41 



Contains the overall 
Standards Introduction, 
Standards Writing-
Criteria,  Standards 
Setting Considerations, 
Applications of the 
Standards for English 
Language Learners (ELL) 
and Students with 
Disabilities, and the 
Mathematics Standards 
 
http://www.mathedleaders
hip.org/docs/ccss/CCSSI_
Math%20Standards%20E
xpanded.pdf  
 

http://www.mathedleadership.org/docs/ccss/CCSSI_Math Standards Expanded.pdf
http://www.mathedleadership.org/docs/ccss/CCSSI_Math Standards Expanded.pdf
http://www.mathedleadership.org/docs/ccss/CCSSI_Math Standards Expanded.pdf
http://www.mathedleadership.org/docs/ccss/CCSSI_Math Standards Expanded.pdf


Discussion time 

• What new information did I learn? 
• Are there teachers in my school/district that 

still need this information? 
• What questions do I have? 
• Ask your questions to your table mates.  If no 

one at your table has an answer be prepared to 
ask your question to the facilitator. 



Questions 
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Conclusion 

Standards: Important but insufficient 
 

• To be effective in improving education and 
getting all students ready for college, 
workforce training, and life, the Standards 
must be partnered with a content-rich 
curriculum and robust assessments, both 
aligned to the Standards. 



The Assessment Proposals 

The Process: 

• Proposals were due from multi-state consortia on 
June 23, 2010 

• Awards were made in September, 2010 

• New Consortia tests to replace current state NCLB 
tests in 2014-2015 

 

 



Two Comprehensive Assessment 
System Proposals Funded: 
 

 SMARTER Balanced Assessment Consortium 
(SBAC) 
31 states, over 20 million students K-12 

 
 Partnership for Assessment of Readiness for 

College and Careers (PARCC) 
www.PARCConline.org 
 
24 states and the District of Columbia, over 

25 million students K-12  
 

 

PARCC 21 



AL, 
AR, 
AZ, 
CO, 
DE, 
DC, 
FL, 
GA, 
IL, 
IN, 
KY, 
LA, 
MA, 
MD, 
MS, 
NJ, 
NY, 
ND, 
OH, 
OK, 
PA, 
RI, 
SC, 
TN Adapted  from parcconline.org 



K-12 and Postsecondary Roles in PARCC 

23 

K-12 Educators & Education Leaders 
• Educators will be involved throughout the development of the 

PARCC assessments and related instructional and reporting tools 
to help ensure the system provides the information and resources 
educators most need 

Postsecondary Faculty & Leaders 
• More than 200 institutions and systems covering hundreds of 

campuses across PARCC states have committed to help develop 
the high school assessments and set the college-ready cut score 
that they will then use to place incoming freshmen 

taken from parcconline.com 



Goal #1: Create High Quality Assessments 

24 

Priority Purposes of PARCC Assessments: 
1. Determine whether students are college- and career-ready or 

on track  
2. Assess the full range of the Common Core Standards, 

including standards that are difficult to measure 
3. Measure the full range of student performance, including the 

performance high and low performing students 
4. Provide data during the academic year to inform instruction, 

interventions and professional development 
5. Provide data for accountability, including measures of 

growth 
6. Incorporate innovative approaches throughout the system 

taken from parcconline.org 



Goal #2: Build a Pathway to 
College and Career Readiness 
for All Students 

25 

K-2 3-8 High 
School 

K-2 
formative 

assessment 
being 

developed, 
aligned to the 

PARCC 
system 

Timely student achievement 
data showing students, 
parents and educators 

whether ALL students are 
on-track to college and 

career readiness 

ONGOING STUDENT SUPPORTS/INTERVENTIONS 

College 
readiness score 
to identify who 

is ready for 
college-level 
coursework 

SUCCESS IN FIRST-
YEAR, CREDIT-

BEARING, 
POSTSECONDARY 

COURSEWORK 

Targeted 
interventions & 

supports: 
•12th-grade bridge 
courses 
• PD for educators 

 

taken from parcconline.org 



K-2 Assessments 

• PARCC will develop a bank of assessment 
resources for teachers of grades K–2 that are 
aligned to the Common Core State Standards, 
and vertically aligned to the PARCC 
assessment system.  

• The tasks will consist of developmentally-
appropriate assessment types, such as 
observations, checklists, classroom activities 
and protocols 

taken from parcconline.org 26 



3-8 Assessments 

• PARCC design for 3-8 includes through-course and 
end-of-year components  

• The 3-8 assessments will include a range of item types, 
including innovative constructed response, extended 
performance tasks, and selected response  

• The Governing Board discussed in Sept 2011 
refinements to the PARCC assessment design, 
including a shift from four to two summative 
components and the inclusion of teacher delivered 
diagnostic assessments in reading, writing and 
mathematics.  

 taken from parcconline.org 27 



HS Assessments 

• The distributed PARCC design for HS  includes through-course and 
end-of-year components so that assessments are given closer in time 
to when instruction happens. (gr. 9-11 & perhaps 12 for those not 
meeting standards) 

• PARCC states have endorsed a course-based design in math and a 
grade-based design in ELA/Literacy. 

• HS assessments will include a range of item types, including 
innovative constructed response, extended performance tasks, and 
selected response (all of which will be computer based).  

• There will be college-ready cut scores on HS tests in mathematics 
and ELA/Literacy, which will signify whether students are ready for 
college-level coursework. 
 taken from parcconline.org 28 



Goal #1: Create High-Quality Assessments 

End-of-Year  
Assessment 

• Innovative, computer-
based items 

 

Performance-Based 
Assessment (PBA) 

• Extended tasks 
• Applications of concepts 

and skills 

Summative 
assessment for 
accountability 

Formative assessment 

Early Assessment 
• Early indicator of 

student knowledge 
and skills to inform 
instruction, supports, 
and PD 

ELA/Literacy 
• Speaking 
• Listening 

29 

Flexible 

  Mid-Year Assessment 
• Performance-based 
• Emphasis on hard to 

measure standards 
• Potentially  

summative 



Goal #3: Support Educators in the Classroom 

30 

PROFESSIONAL DEVELOPMENT 
MODULES 

INSTRUCTIONAL TOOLS TO 
SUPPORT IMPLEMENTATION 

(Content Frameworks) 
 

EDUCATOR-LED TRAINING TO 
SUPPORT “PEER-TO-PEER” 

TRAINING 

TIMELY STUDENT 
ACHIEVEMENT DATA 

K-12 
Educator 

http://www.parcconline.org/parcc-content-frameworks


Goal #4: Develop 21st Century, 
Technology-Based Assessments 

31 

PARCC’s assessment will be computer-based and leverage 
technology in a range of ways to: 
• Item Development  

– Develop innovative tasks that engage students in the assessment process 

• Administration 
– Reduce paperwork, increase security, reduce shipping/receiving & storage 
– Increase access to and provision of accommodations for SWDs and ELLs 

• Scoring 
– Make scoring more efficient by combining human and automated approaches 

• Reporting 
– Produce timely reports of students performance throughout the year to inform 

instructional, interventions, and professional development 
 

 

 
taken from parcconline.org 



PARCC Timeline 

32 

SY 2011-12 
 

Development 
begins 

 

SY 2012-13 

First year 
pilot/field 
testing and 

related research 
and data 
collection 

SY 2013-14 

Second year 
pilot/field 
testing and 

related research 
and data 
collection 

SY 2014-15 

Full 
administration 

of PARCC 
assessments 

 

SY 2010-11 

 
Launch and 

design phase 

Summer 2015 

Set 
achievement 

levels, 
including 

college-ready 
performance 

levels 

taken from parcconline.org 



Discussion time 

• What new information did I learn? 
• Are there stakeholders in my school/district 

that still need this information? 
• What questions do I have? Ask your questions 

to your table mates.  If no one at your table has 
an answer be prepared to ask your question to 
the facilitator. 
 



Reflection 

 



 Created by Joan Barrett  Handout Session 1 

 

 
K-12 Domains  

K 1 2 3 4 5 6 7 8 M
1 

M
2 

M
3 

M
4 

G
o

al
 6

   
N

u
m

b
er

 

Counting and Cardinality X             

Number and Operation in Base Ten (NBT) X X X X X X        

Number and Operations – Fractions (NF)    X X X        

Ratios and Proportional Relationships (RP)       X X      

The Number System (NS)       X X X     

The Real Number System (N-RN)           X   

Quantities(N-Q)          X    

The Complex Number System (N-CN)           X X X 

Vector Quantities and Matrices             X 

               

G
o

al
 7

 

M
ea

s

u
re

m
e

n
t 

Measurement and Data X X X X X X        

               

G
o

al
 8

  A
lg

e
b

ra
 

Operations and Algebraic Thinking (OA) X X X X X X        

Expressions and Equations (EE)       X X X     

Functions (F)         X     

Reasoning with Equations and Inequalities (A-REI)          X X X X 

Creating Equations (A-CE)          X X X  

Arithmetic w Polynomials & Rational Express (A-APR)           X X  

Seeing Structure in Expressions (A-SSE)          X    

Interpreting Functions (F-IF)          X X X X 

Building Functions (F-BF)          X X X X 

Linear, Quadratic and exponential models (F-LE)          X X X  

Trigonometric Functions (F-TF)           X X X 

 

G
o

al
 9

 G
e

o
m

e
tr

y 

Geometry X X X X X X X X X     

Congruence (G-CO)          X X   

Similarity, Rt Triangles, and Trigonometry (G-SRT)            X X  

Circles (G-C)           X   
Expressing Geometric Properties with Equations (G-GPE)          X X  X 

Geometric Measurement and Dimension (G-MD)           X X X 

Modeling with Geometry (G-MG)            X  

 

G
o

al
 1

0
 D

at
a 

A
n

al
ys

is
 

an
d

 P
ro

b
ab

ili
ty

 

Measurement and Data X X X X X X        

Statistics and Probability       X X X     

Interpreting Categorical and Quantitative Data (S-ID)           X  X  

Making and Inferences and Justifying Conclusions (S-
IC) 

           X  

Conditional Probability & the Rules of Probability (S-
CP) 

          X   

Using Probability to Make Decisions (S-MD)           X X X 

 

HS Domains are written in italics 

K-12 Domains from Common Core 
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IL Goal 7 
Measurement 

 IL Goal 8 

Algebra 

 

IL Goal 6 

Number 

 

 K- 8 Domains related to the prior IL Goals 

Domains from Common Core K 1 2 3 4 5 6 7 8 

Counting and Cardinality   (CC) X         
Number & Operations in Base Ten (NBT) X X X X X X    

Number & Operations—Fractions¹ (NF)    X X X    
Ratios & Proportional Relationships (RP)       X X  

The Number System (NS)       X X X 

          
Measurement & Data (MD) X X X X X X    

          
Operations & Algebraic Thinking (OA) X X X X X X    

Expressions & Equations (EE)       X X X 

Functions (F)         X 
          

Geometry (G) X X X X X X X X X 
          

Statistics & Probability (SP)       X X X 

IL Goal 10  

Stats & Prob. 

IL Goal 9 

Geometry 
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Introduction to the  
Common Core State 
Standards  for 
Mathematics (CCSSM) 
and PARCC Assessments 
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logo taken from www.corestandards.org 3 

Created by: 
COUNCIL OF CHIEF STATE SCHOOL 

OFFICERS (CCSSO)  
& 

NATIONAL GOVERNORS ASSOCIATION  
 
 



corestandards.org 4 

Standards Development Process 

• College and career readiness standards were 
developed in summer 2009 

• Based on the college and career readiness 
standards, K-12 learning progressions were 
developed 

• Multiple rounds of feedback from states, 
teachers, researchers, higher education, and 
the general public 

• Final Common Core State Standards released 
on June 2, 2010 



Why is this important? 

• Previously, every state had their own set of academic standards, 
meaning public education students in each  state were  learning to 
different levels 

  
 
 

 
 

• It will be easier for transient students to move among states 
• All students must be prepared to compete with not only their 

American peers in the next state, but with students from around the 
world  

• Textbooks will be more focused 
• It will enable easier sharing of resources among states 
• Will enable easier comparisons of state data 

 
  

 

RI 

IL FL 

CA 

CT PA 

State silos of cost, effort, expertise 

adapted from corestandards.org 5 



45 States + DC Have Adopted the 
Common Core State Standards 

6 

*Minnesota adopted the CCSS in ELA/literacy only 



Creating Better Standards 

• Focus and Coherence  
• Phil Daro - Teach Less Learn More 

http://commoncore.pearsoned.com/index.cfm?l
ocator=PS11Ye  2.5 min 

 

http://commoncore.pearsoned.com/index.cfm?locator=PS11Ye
http://commoncore.pearsoned.com/index.cfm?locator=PS11Ye


Common Core State Standards 

•Fewer 
•Clearer  
•Higher 
• http://www.americaschoice.org/uploads/Common_Core_Standa

rds_Resources/PDaro_Transitioning/PDaro_Transitioning.html 

hyperlink taken from Pearson's America’s Choice 8 

http://www.americaschoice.org/uploads/Common_Core_Standards_Resources/PDaro_Transitioning/PDaro_Transitioning.html
http://www.americaschoice.org/uploads/Common_Core_Standards_Resources/PDaro_Transitioning/PDaro_Transitioning.html
http://www.americaschoice.org/uploads/Common_Core_Standards_Resources/PDaro_Transitioning/PDaro_Transitioning.html


corestandards.org 9 

The Common Core State Standards: 
 

 Include rigorous content and require higher 
order thinking and application of knowledge 

 Build upon strengths and lessons of current 
state standards 

 Internationally benchmarked so that all 
students are prepared to succeed in our 
global economy and society 

 Based on evidence and research 



corestandards.org 10 

 
Intentional Design Limitations 

What the Standards do NOT define: 
• All that can or should be taught 
• The nature of advanced work beyond the core 
• The interventions needed for students well below 

grade level 
• The full range of support for English language 

learners and students with special needs 
• Everything needed to be college and career ready 

 
 



corestandards.org 11 

Design and Organization 

Standards for Mathematical Practice 
• Carry across all grade levels 
• Describe habits of mind of a mathematically expert 

student 
Standards for Mathematical Content 
• K-8 standards presented by grade level 
• Organized into domains that progress over several 

grades 
• Grade introductions give 2–4 focal points at each grade 

level 
• High school standards presented by conceptual theme 

(Number & Quantity, Algebra, Functions, Modeling, 
Geometry, Statistics & Probability) 
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 Domains from Common Core K 1 2 3 4 5 6 7 8 M
1 

M
2 

M
3 

M
4 

G
oa

l 6
   

N
um

be
r 

Counting and Cardinality X             
Number and Operation in Base Ten (NBT) X X X X X X        
Number and Operations – Fractions (NF)    X X X        
Ratios and Proportional Relationships (RP)       X X      
The Number System (NS)       X X X     
The Real Number System (N-RN)           X   
Quantities(N-Q)          X    
The Complex Number System (N-CN)           X X X 
Vector Quantities and Matrices             X 

               
G

oa
l 7

 
M

ea
s

 

Measurement and Data X X X X X X        

               

G
oa

l 8
  A

lg
eb

ra
 

Operations and Algebraic Thinking (OA) X X X X X X        
Expressions and Equations (EE)       X X X     
Functions (F)         X     
Reasoning with Equations and Inequalities (A-REI)          X X X X 
Creating Equations (A-CE)          X X X  
Arithmetic w Polynomials & Rational Express (A-APR)           X X  
Seeing Structure in Expressions (A-SSE)          X    
Interpreting Functions (F-IF)          X X X X 
Building Functions (F-BF)          X X X X 
Linear, Quadratic and exponential models (F-LE)          X X X  
Trigonometric Functions (F-TF)           X X X 

 

G
oa

l 9
 G

eo
m

et
ry

 Geometry X X X X X X X X X     
Congruence (G-CO)          X X   
Similarity, Rt Triangles, and Trigonometry (G-SRT)            X X  
Circles (G-C)           X   
Expressing Geometric Properties with Equations (G-GPE)          X X  X 
Geometric Measurement and Dimension (G-MD)           X X X 
Modeling with Geometry (G-MG)            X  

 

G
oa

l 1
0 

Da
ta

 
 

 
 Statistics and Probability       X X X     

Interpreting Categorical and Quantitative Data (S-ID)           X  X  
Making and Inferences and Justifying Conclusions (S-IC)            X  
Conditional Probability & the Rules of Probability (S-CP)           X   
Using Probability to Make Decisions (S-MD)           X X X 

 created by Joan Barrett ROE41 13 



Look at your 3-8 gr standards handout 

• P.21 four critical areas  
• P. 22 Overview  

– Domains  
– Mathematical Practices 

• P. 23  
– Standards 
– Clusters 
– Domains (abbreviations for each domain) 
– Footnotes – find #5 
– See pg. 25, 7d.  “decompose”  

 
 Joan Barrett ROE41 14 



Understand fractions as numbers 
3.NF #1 page 24 

• 1. Understand a fraction 1/b as the quantity 
formed by 1 part when a whole is partitioned 
into b equal parts: understand a fraction a/b as 
the quantity formed by “a” parts of a size 1/b.  

• (Tip: substitute numbers for letters, i.e. a=3 
and b=4 to make it easier to understand) 

• 1. Understand a fraction 1/4 as the quantity 
formed by 1 part when a whole is partitioned 
into 4 equal parts: understand a fraction 3/4 as 
the quantity formed by “3” parts of a size 1/4.  

Joan Barrett ROE41 



Contains the overall 
Standards Introduction, 
Standards Writing-
Criteria,  Standards 
Setting Considerations, 
Applications of the 
Standards for English 
Language Learners (ELL) 
and Students with 
Disabilities, and the 
Mathematics Standards 
 
http://www.mathedleaders
hip.org/docs/ccss/CCSSI_
Math%20Standards%20E
xpanded.pdf  
 

http://www.mathedleadership.org/docs/ccss/CCSSI_Math Standards Expanded.pdf
http://www.mathedleadership.org/docs/ccss/CCSSI_Math Standards Expanded.pdf
http://www.mathedleadership.org/docs/ccss/CCSSI_Math Standards Expanded.pdf
http://www.mathedleadership.org/docs/ccss/CCSSI_Math Standards Expanded.pdf


Discussion time 

• What new information did I learn? 
• Are there teachers in my school/district that 

still need this information? 
• What questions do I have? 
• Ask your questions to your table mates.  If no 

one at your table has an answer be prepared to 
ask your question to the facilitator. 



Questions 
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Conclusion 

Standards: Important but insufficient 
 

• To be effective in improving education and 
getting all students ready for college, 
workforce training, and life, the Standards 
must be partnered with a content-rich 
curriculum and robust assessments, both 
aligned to the Standards. 



The Assessment Proposals 

The Process: 

• Proposals were due from multi-state consortia on 
June 23, 2010 

• Awards were made in September, 2010 

• New Consortia tests to replace current state NCLB 
tests in 2014-2015 

 

 



Two Comprehensive Assessment 
System Proposals Funded: 
 

 SMARTER Balanced Assessment Consortium 
(SBAC) 
31 states, over 20 million students K-12 

 
 Partnership for Assessment of Readiness for 

College and Careers (PARCC) 
www.PARCConline.org 
 
24 states and the District of Columbia, over 

25 million students K-12  
 

 

PARCC 21 



AL, 
AR, 
AZ, 
CO, 
DE, 
DC, 
FL, 
GA, 
IL, 
IN, 
KY, 
LA, 
MA, 
MD, 
MS, 
NJ, 
NY, 
ND, 
OH, 
OK, 
PA, 
RI, 
SC, 
TN Adapted  from parcconline.org 



K-12 and Postsecondary Roles in PARCC 

23 

K-12 Educators & Education Leaders 
• Educators will be involved throughout the development of the 

PARCC assessments and related instructional and reporting tools 
to help ensure the system provides the information and resources 
educators most need 

Postsecondary Faculty & Leaders 
• More than 200 institutions and systems covering hundreds of 

campuses across PARCC states have committed to help develop 
the high school assessments and set the college-ready cut score 
that they will then use to place incoming freshmen 

taken from parcconline.com 



Goal #1: Create High Quality Assessments 

24 

Priority Purposes of PARCC Assessments: 
1. Determine whether students are college- and career-ready or 

on track  
2. Assess the full range of the Common Core Standards, 

including standards that are difficult to measure 
3. Measure the full range of student performance, including the 

performance high and low performing students 
4. Provide data during the academic year to inform instruction, 

interventions and professional development 
5. Provide data for accountability, including measures of 

growth 
6. Incorporate innovative approaches throughout the system 

taken from parcconline.org 



Goal #2: Build a Pathway to 
College and Career Readiness 
for All Students 

25 

K-2 3-8 High 
School 

K-2 
formative 

assessment 
being 

developed, 
aligned to the 

PARCC 
system 

Timely student achievement 
data showing students, 
parents and educators 

whether ALL students are 
on-track to college and 

career readiness 

ONGOING STUDENT SUPPORTS/INTERVENTIONS 

College 
readiness score 
to identify who 

is ready for 
college-level 
coursework 

SUCCESS IN FIRST-
YEAR, CREDIT-

BEARING, 
POSTSECONDARY 

COURSEWORK 

Targeted 
interventions & 

supports: 
•12th-grade bridge 
courses 
• PD for educators 

 

taken from parcconline.org 



K-2 Assessments 

• PARCC will develop a bank of assessment 
resources for teachers of grades K–2 that are 
aligned to the Common Core State Standards, 
and vertically aligned to the PARCC 
assessment system.  

• The tasks will consist of developmentally-
appropriate assessment types, such as 
observations, checklists, classroom activities 
and protocols 

taken from parcconline.org 26 



3-8 Assessments 

• PARCC design for 3-8 includes through-course and 
end-of-year components  

• The 3-8 assessments will include a range of item types, 
including innovative constructed response, extended 
performance tasks, and selected response  

• The Governing Board discussed in Sept 2011 
refinements to the PARCC assessment design, 
including a shift from four to two summative 
components and the inclusion of teacher delivered 
diagnostic assessments in reading, writing and 
mathematics.  

 taken from parcconline.org 27 



HS Assessments 

• The distributed PARCC design for HS  includes through-course and 
end-of-year components so that assessments are given closer in time 
to when instruction happens. (gr. 9-11 & perhaps 12 for those not 
meeting standards) 

• PARCC states have endorsed a course-based design in math and a 
grade-based design in ELA/Literacy. 

• HS assessments will include a range of item types, including 
innovative constructed response, extended performance tasks, and 
selected response (all of which will be computer based).  

• There will be college-ready cut scores on HS tests in mathematics 
and ELA/Literacy, which will signify whether students are ready for 
college-level coursework. 
 taken from parcconline.org 28 



Goal #1: Create High-Quality Assessments 

End-of-Year  
Assessment 

• Innovative, computer-
based items 

 

Performance-Based 
Assessment (PBA) 

• Extended tasks 
• Applications of concepts 

and skills 

Summative 
assessment for 
accountability 

Formative assessment 

Early Assessment 
• Early indicator of 

student knowledge 
and skills to inform 
instruction, supports, 
and PD 

ELA/Literacy 
• Speaking 
• Listening 

29 

Flexible 

  Mid-Year Assessment 
• Performance-based 
• Emphasis on hard to 

measure standards 
• Potentially  

summative 



Goal #3: Support Educators in the Classroom 

30 

PROFESSIONAL DEVELOPMENT 
MODULES 

INSTRUCTIONAL TOOLS TO 
SUPPORT IMPLEMENTATION 

(Content Frameworks) 
 

EDUCATOR-LED TRAINING TO 
SUPPORT “PEER-TO-PEER” 

TRAINING 

TIMELY STUDENT 
ACHIEVEMENT DATA 

K-12 
Educator 

http://www.parcconline.org/parcc-content-frameworks


Goal #4: Develop 21st Century, 
Technology-Based Assessments 

31 

PARCC’s assessment will be computer-based and leverage 
technology in a range of ways to: 
• Item Development  

– Develop innovative tasks that engage students in the assessment process 

• Administration 
– Reduce paperwork, increase security, reduce shipping/receiving & storage 
– Increase access to and provision of accommodations for SWDs and ELLs 

• Scoring 
– Make scoring more efficient by combining human and automated approaches 

• Reporting 
– Produce timely reports of students performance throughout the year to inform 

instructional, interventions, and professional development 
 

 

 
taken from parcconline.org 



PARCC Timeline 

32 

SY 2011-12 
 

Development 
begins 

 

SY 2012-13 

First year 
pilot/field 
testing and 

related research 
and data 
collection 

SY 2013-14 

Second year 
pilot/field 
testing and 

related research 
and data 
collection 

SY 2014-15 

Full 
administration 

of PARCC 
assessments 

 

SY 2010-11 

 
Launch and 

design phase 

Summer 2015 

Set 
achievement 

levels, 
including 

college-ready 
performance 

levels 

taken from parcconline.org 



Discussion time 

• What new information did I learn? 
• Are there stakeholders in my school/district 

that still need this information? 
• What questions do I have? Ask your questions 

to your table mates.  If no one at your table has 
an answer be prepared to ask your question to 
the facilitator. 
 



Reflection 
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Facilitator’s Guide 
Exploring the Standards 

for Mathematical 
Practice 

 

 
Session 2 – Exploring the Standards for Mathematical Practice  

90-120 Minutes 
 
Session Description 
Participants will explore the Standards for Mathematical Practice. In groups, they will 
read and discuss the content of each practice. Participants will engage in a math task 
and discuss the practices embedded in the task. In addition, participants will view 
students involved in a re-engagement lesson.    
 
Goal of the Session 
Participants will understand the importance of the practice standards and generate 
ideas to implement in their classrooms. 
 
Expected Outcomes: 
By the conclusion of this section of the training, participants will: 

 Build their understanding of  the depth of the Standards for Mathematical 
Practice  

 Recognize the rigor of the Standards for Mathematical Practice 

 Enhance their skills in identifying the extent to which students exhibit the math 
practices 

 Begin to formalize ideas on how these practices will affect teaching, learning, 
and assessment in their environment 

 
Pre-session Preparation 
As a facilitator, review the standards for mathematical practices; preview the buttons 
tasks, Learner A & B, and the videos from Inside Mathematics 
(http://www.insidemathematics.org). The videos viewed from the website will need to 
be prepared in advance (downloaded and set to the start time designated in the PPT 
notes). The class videos have links on a slide to the Inside Mathematics websites. The 
website provides closed captioning, which can help participants better understand 
what the students are saying. Please see the detailed notes in the PPT for preparing 
the website for the videos, along with important information and points for the 
presentation. 
 
 
 

http://www.insidemathematics.org/
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TIME CONTENT/ACTIVITIES MATERIALS 

5 
min 

Introduction 

Slides 1-3 

Introduces the session, standards, and goals 

Facilitator notes:  NCSM background information – National 
Council of Supervisors of Mathematics. 
http://mathedleadership.org.  The organization has received 
money to develop PD materials for Common Core Math 
Standards with other national organizations. 

PP handout 
 
 
 

5 
min 

Background information on Practices 

Slides 4-6 show the development of the practices from the 
NCTM Process Standards and the NRC Adding it up, which are 
less familiar. 

Adding It Up: Helping Children Learn Mathematics 

National Research Council 

 

 

15 
min  
 
 
 
 
 

Getting Into the Practices 

Slides 7-10 

Participants will generate what verbs describe their classroom 
or ideal classroom.  Then participants will be assigned a 
practice to read and share in their table groups. 

Common Core 
pages 6-8; 
highlighters 
 
Bulleted List of 
Math Practices  

15 
min 

Seeing the Mathematical Practices in Action 

Slides 11 – 14 

Participants will be introduced to the MARS tasks and website 
of www.insidemathematics.org.  They will work through the 
actual Button Task and share their solutions. 

Inside Mathematics website is funded through the Noyce 
Foundation and developed for professional development use. The 
MARS tasks are developed and owned by the Shell Centre for 
Mathematical Education, University of Nottingham, England. 
Users of the Inside Mathematics website may use the tasks for 
professional development purposes and may not change the 
MARS tasks. 

Button Task 
Handout 
Color Tiles 
 
Refer to 
Bulleted List of 
Practices for 
verbs 

http://mathedleadership.org/
http://www.insidemathematics.org/
http://www.mathshell.com/
http://www.mathshell.com/
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TIME CONTENT/ACTIVITIES MATERIALS 

30 
min 

Exploring a Re-engagement Lesson and connecting to the 
practices 

Slides 15-23 

Participants will be involved in the re-engagement lesson.  The 
video introduction from the teacher will introduce participants 
to the re-engagement lesson.  They will continue to investigate 
the student work from Learner A and Learner B. 

After participants finish Learner A and B, they will watch 
videos of the actual classroom where students discuss the 
work and the closure of the lesson. 

Learner A and B 
Handouts 
Transcripts of 
the video 
discussions 
optional and 
found on 
website. 

20 
min 

Wrapping Up 

Slides 24-31 

Participants will brainstorm implications for teaching, learning 
and assessment and share information.  

Slide 28 reviews the practices and slide 29 provides a schema 
for understanding the connections of the practices. 

Participants will then read the sections on understanding – 
page 4 and Connecting the Standards for Mathematical 
Practice to the Standards for Mathematical Content on page 8 
of the CCSS document. They will share ideas on what 
mathematical understanding looks like.  Wrap up with slides 
30-32, letting participants read and compare to their ideas. 
Slide 33 is the reflection questions. 

CCSS page 4 and 
8 

 
 



Exploring the Standards for 
Mathematical Practices 

National Council of Supervisors of Mathematics 
www.mathedleadership.org 

1 

 
 

The Common Core State Standards  



National Council of Supervisors of Mathematics - CCSS Standards of Mathematical Practice: Getting Started 

Where to Start? 

Two types of mathematics standards 
 

• Standards for Content 
• Standards for Practice 

2 August 2011 



National Council of Supervisors of Mathematics - CCSS Standards of Mathematical Practice: Getting Started 

Session Goals 

• Explore the Standards for Mathematical Practice 
• Demonstrate how the Practice Standards bring 

Rigor to the grade level content standards 
• Answer the question - What implications might the 

standards of mathematical practice have on the 
teaching, learning, and assessment in your 
classroom or your position? 

3 August 2011 



National Council of Supervisors of Mathematics - CCSS Standards of Mathematical Practice: Getting Started 

Underlying Frameworks  

National Council of Teachers of Mathematics 
 

 5 Process Standards 
• Problem Solving 
• Reasoning and Proof 
• Communication 
• Connections 
• Representations 

 
 

4 

NCTM (2000). Principles and Standards for 
School Mathematics. Reston, VA: Author. 

August 2011 



National Council of Supervisors of Mathematics - CCSS Standards of Mathematical Practice: Getting Started 

Underlying Frameworks 

Strands of Mathematical Proficiency 
 

5 

Strategic 
Competence 

Adaptive 
Reasoning 

Conceptual 
Understanding Productive 

Disposition 

Procedural 
Fluency 

NRC (2001). Adding It Up. Washington, D.C.: 
National Academies Press. 
 

August 2011 



National Council of Supervisors of Mathematics - CCSS Standards of Mathematical Practice: Getting Started 

6 

Conceptual Understanding – comprehension 
of mathematical concepts, operations, and 
relations 
Procedural Fluency – skill in carrying out 
procedures flexibly, accurately, efficiently, and 
appropriately 
Strategic Competence – ability to formulate, 
represent, and solve mathematical problems 
Adaptive Reasoning – capacity for logical 
thought, reflection, explanation, and justification 
Productive Disposition – habitual inclination 
to see mathematics as sensible, useful, and 
worthwhile, coupled with a belief in diligence 
and one’s own efficacy. 

Strands of Mathematical Proficiency 

August 2011 

NCTM Process 
Standards 
•Problem Solving 
•Reasoning and 
Proof 

•Communication 
•Connections 
•Representations 
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Visualize a classroom of 
students 
DOING 

Mathematics  
 

What verbs describe what you 
hope to see them doing in your 

classroom? 

7 August 2011 
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8 

The Standards for Mathematical Practice 

Take a moment to examine the first three 
words of each of the 8 mathematical 

practices… what do you notice?  
 

Mathematically Proficient Students…   

August 2011 
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9 

A First Look . . . 
What are the verbs that illustrate the 

student actions for your assigned  
mathematical practice?  

Circle, highlight or underline them for your 
assigned practice… 

Discuss in your table group:  
How does this practice compare to your current 

practice? 

August 2011 



National Council of Supervisors of Mathematics - CCSS Standards of Mathematical Practice: Getting Started 

Comparison 

10 

 



Mathematical Practices   
   • Bulleted List 

During the MARS task, refer back to 
the bulleted list and check those 

practices your group is engaged in. 

11 August 2011 

http://www.nottingham.ac.uk/~ttzedweb/MARS/
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          Button Task 

1. Individually complete parts 1 - 3. 
 

2. Then work with a partner to compare your work and 
complete part 4. Look for as many ways to solve 
parts 3 and 4 as possible. 
 

3. Consider each of the following questions and be 
prepared to share your thinking with the group: 
a) What mathematics content is needed to complete the task? 
b) Which mathematical practices are needed to complete the 

task? 
 

Augu
st 

2011 
CTB/McGraw-Hill; Mathematics Assessment Resource Services, 2003 12 
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       Buttons Task 

 Pattern #1     Pattern #2             Pattern #3                    Pattern #4  

1. Draw pattern 4 next to pattern 3. 
2. How many white buttons does Gita need for Pattern 5 and Pattern 6?  Explain 

how you figured this out. 
3. How many buttons in all does Gita need to make Pattern 11?  Explain how 

you figured this out. 
4. Gita thinks she needs 69 buttons in all to make Pattern 24.  How do you know 

that she is not correct? 
 How many buttons does she need to make Pattern 24? 
 

CTB/McGraw-Hill; Mathematics Assessment Resource Services, 2003 13 

Gita plays with her grandmother’s collection of black & 
white buttons.  She arranges them in patterns.  Her first 3 
patterns are shown below. 
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          Button Task 

1. Individually complete parts 1 - 3. 
 

2. Then work with a partner to compare your work and 
complete part 4. Look for as many ways to solve 
parts 3 and 4 as possible. 
 

3. Consider each of the following questions and be 
prepared to share your thinking with the group: 
a) What mathematics content is needed to complete the task? 
b) Which mathematical practices are needed to complete the 

task? Refer to your Bulleted List of Math Practices. 
 

CTB/McGraw-Hill; Mathematics Assessment Resource Services, 2003 

14 
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The Nature of Tasks Used in the Classroom … 

Tasks as  
they appear  
in curricular 
materials Student 

learning 

Will Impact Student Learning! 

15 



National Council of Supervisors of Mathematics - CCSS Standards of Mathematical Practice: Getting Started 

But, WHAT TEACHERS DO  
with the tasks matters, too!  

Stein, Grover & Henningsen (1996) 
Smith & Stein (1998) 
Stein, Smith, Henningsen & Silver (2000) 

The Mathematical Tasks Framework 

  

Tasks as  
set up by  
teachers 

Tasks as  
they 
appear  
in 
curricular  
materials 

 

Tasks as  
enacted by 
teachers 
and 
students 

Student 
learning 

16 
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Inside Mathematics Website 

A re-engagement lesson using the  
Button Task  

Francis Dickinson,  
San Carlos Elementary, Grade 5   

17 August 2011 

http://www.insidemathematics.org  

http://www.insidemathematics.org/index.php/classroom-video-visits/public-lessons-numerical-patterning/223-numerical-patterning-problem-2?phpMyAdmin=NqJS1x3gaJqDM-1-8LXtX3WJ4e8
http://www.insidemathematics.org/
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Learner A 

Augu
st 

2011 

Pictorial Representation 
What does Learner A see staying the same?  What does Learner A see 
changing? Draw a picture to show how Learner A sees this pattern growing 
through the first 3 stages.  Color coding and modeling with square tiles may 
come in handy. 
 

Verbal Representation 
Describe in your own words how Learner A sees this pattern growing.  Be 
sure to mention what is staying the same and what is changing. 

18 
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Learner B 

August 2011 

Pictorial Representation 
What does Learner B see staying the same?  What does Learner B see changing? 
Draw a picture to show how Learner B sees this pattern growing through the first 3 
stages.  Color coding and modeling with square tiles may come in handy. 
 

Verbal Representation 
Describe in your own words how Learner B sees this pattern growing.  Be sure to 
mention what is staying the same and what is changing. 

19 
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Button Task Revisited 

• Which of the Standards of Mathematical Practice were 
evident? Cite explicit examples to support your thinking. 

• What math understanding is evident from the student 
work? 

• What did Mr. Dickinson get out of using the same math 
task two days in a row, rather than switching to a 
different task(s)? 

• How did the way the lesson was facilitated support the 
development of the Standards of Practice for students? 

August 2011 20 
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What practices do you see in students? 

• Students begin working on re-engagement 
task 

• Girls discussing Learner B work 
• Closure 

21 August 2011 

http://www.insidemathematics.org/index.php/classroom-video-visits/public-lessons-numerical-patterning/222-numerical-patterning-problem-1?phpMyAdmin=NqJS1x3gaJqDM-1-8LXtX3WJ4e8
http://www.insidemathematics.org/index.php/classroom-video-visits/public-lessons-numerical-patterning/222-numerical-patterning-problem-1?phpMyAdmin=NqJS1x3gaJqDM-1-8LXtX3WJ4e8
http://www.insidemathematics.org/index.php/classroom-video-visits/public-lessons-numerical-patterning/223-numerical-patterning-problem-2?phpMyAdmin=NqJS1x3gaJqDM-1-8LXtX3WJ4e8
http://www.insidemathematics.org/index.php/classroom-video-visits/public-lessons-numerical-patterning/223-numerical-patterning-problem-2?phpMyAdmin=NqJS1x3gaJqDM-1-8LXtX3WJ4e8
http://www.insidemathematics.org/index.php/classroom-video-visits/public-lessons-numerical-patterning/224-numerical-patterning-closure?phpMyAdmin=NqJS1x3gaJqDM-1-8LXtX3WJ4e8


National Council of Supervisors of Mathematics - CCSS Standards of Mathematical Practice: Getting Started 

Button Task Revisited 

• Which of the Standards of Mathematical Practice 
were evident? Cite explicit examples to support your 
thinking. 

• What math understanding is evident from the student 
work? 

• What did Mr. Dickinson get out of using the same 
math task two days in a row, rather than switching to 
a different task(s)? 

• How did the way the lesson was facilitated support the 
development of the Standards of Practice for 
students? 

August 2011 22 



National Council of Supervisors of Mathematics - CCSS Standards of Mathematical Practice: Getting Started 

 

Teachers and Tasks Matter  

Stein, Grover & Henningsen (1996) 
Smith & Stein (1998) 
Stein, Smith, Henningsen & Silver (2000) 

August 2011 

The Mathematical Tasks Framework 

  

Tasks as  
set up by  
teachers 

Tasks as  
they 
appear  
in 
curricular  
materials 

 

Tasks as  
enacted by 
teachers 
and 
students 

Student 
learning 

23 
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Standards for Mathematical Practice 

August 2011 

What implications 
might the standards 
of mathematical 
practice have on the 
teaching,  learning, 
and assessing in 
your setting? 

24 
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Standards for Mathematical Practice 
1. Make sense of problems and persevere in solving 

them. 
2. Reason abstractly and quantitatively. 
3. Construct viable arguments and critique the 

reasoning of others. 
4. Model with mathematics.  
5. Use appropriate tools strategically. 
6. Attend to precision. 
7. Look for and make use of structure. 
8. Look for and express regularity in repeated 

reasoning. 

25 August 2011 
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26 August 2011 

Reasoning & explaining 
 
Modeling and using tools 
 

Seeing structure and 
generalizing 
 
Overarching habits of 
mind of a productive 
mathematical thinker 

http://www.insidemathematics.org/index.php/commmon-core-math-intro
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What does mathematical 
understanding look like? 

• Read Understanding Mathematics, page 4 
• Read Connecting the Standards for 

Mathematical Practice to the Standards for 
Mathematical Content – page 8 

• Talk at your table – What does 
mathematical understanding look like? 

27 August 2011 
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What does Understand mean? 

 Understand is used in the CCSS to 
mean that students can explain the 
concept with mathematical 
reasoning, including: 
• giving concrete illustrations  
   and  
• providing mathematical representations 
and example applications. 

28 August 2011 
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In short, a lack of understanding 
effectively prevents a student 
from engaging in the 
mathematical practices.  
     Page 8, CCSS 

29 August 2011 

What does mathematical 
understanding look like? 
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Standards that begin with  

“understand” 
are good opportunities  
to connect the practices  

to the content. 
 

CCSS: p. 8 

30 August 2011 
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Reflections 
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Facilitator’s Guide 
Exploring the Standards of 

Mathematical Content 

 

Session 3- Exploring the Standards of Mathematical Content (60-90 min) 

Session Description 

This training involves 2 main activities:   
1)  Sorting of cards that demonstrate some of the key topics in each grade level/course 

and corresponding domains. Two examples are provided at the end of this 
document. 

2) Discussion of some of the key changes in content for each grade level/course and 
the professional development implications of these changes. 

Goal of the Session 

Participants will gain a working knowledge of the structure and developmental sequence of 
the CCSS for Mathematical Content. 

Expected Outcomes: 

By the conclusion of this section of the training, participants will: 
 Understand the structure and progression of the content standards. 
 Understand the coding system of the content standards. 
 Become familiar with differences in content for grade levels and high school 
 Develop a list of possible professional development needs based upon content 

changes 

Pre-session Preparation 

The session contains two different card sets.  The 3 x 5 set is an abbreviated version of the 
content standards. The 4 x 6 set is the full text of the content standards.  The facilitator has 
a choice on which cards to use.  The following directions apply to either set. 
 
Print out the sorting cards and row/column headings onto appropriate colored index cards 
(3 x 5 or 4 x 6).  The cards are color coded by grade level bands K-2, 3-5, 6-8, and 9-12.  The 
file name indicated the color of the cards.  Once all the cards are run on their appropriate 
color, group the cards into 4 domain groups in the following way: 

1) Bag 1 - Counting & Cardinality (CC), Number and Operations-Base Ten (NBT), 
Number and Operations-Fractions (NF), Number System (NS), Ratio and Proportional 
Relationships (RP), Number & Quantity (N-RN, N-Q, N-CN, N-NV), including the 
corresponding yellow domain name cards. 
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2) Bag 2 - Operations & Algebraic Thinking (OA), Expressions and Equations (EE), 
Algebra (A-SSE, A-APR, A-CED, A-REI), Functions (F), Functions (F-IF, F-BF, F-LE, F-TF), 
including the corresponding yellow domain name cards. 

3) Bag 3 - Geometry (G), Geometry (G-CO, G-SRT, G-C, G-GPE, G-GMD, G-MG), 
including the corresponding yellow domain name cards. 

4) Bag 4 - Measurement & Data (MD), Statistics & Probability (SP), Statistics & 
Probability (S-ID, S-IC, S-CP, S-MD), including the corresponding yellow domain name 
cards. 

 
Coaching tips:   

 If you are training K-2, only bag the K-5 cards (Bag 1: CC, NBT, NF), (Bag 2: OA), (Bag 
3: G), (Bag 4: MD) 

 If you are training K-5 or 3-5, only bag the K-8 cards (Bag 1:  CC, NBT, NF, NS, RP), 
(Bag 2: OA, EE, F), (Bag 3:  G), (Bag 4:  MD, SP) 

 If you are training 6-8 or 6-12, only bag 3-12 cards (Bag 1:  NBT, NF, NS, RP, N-RN, N-
Q, N-CN, N-NV), (Bag 2:  OA, EE, A-SSE, A-APR, A-CED, A-REI, F, F-IF, F-BF, F-LE, F-TF), 
(Bag 3: G, G-CO, G-SRT, G-C, G-GPE, G-GMD, G-MG), (Bag 4: MD, SP, S-ID, S-IC, S-CP, 
S-MD) 

 If you are training 9-12, only bag 6-12 cards (Bag 1:  RP, N-RN, N-Q, N-CN, N-NV), 
(Bag 2:   EE, A-SSE, A-APR, A-CED, A-REI, F, F-IF, F-BF, F-LE, F-TF), (Bag 3: G, G-CO, G-
SRT, G-C, G-GPE, G-GMD, G-MG), (Bag 4: SP, S-ID, S-IC, S-CP, S-MD) 

 If you are training K-12, use all the cards of one set, either abbreviated or full text 
version. 

 

TIME CONTENT/ACTIVITIES MATERIALS 

5 min Introduction 

Slides 1-2 

Introduces the session, standards, and goals 

PP handout 

5 min Background information on Content Standards 

Slides 3-9 show structure of the content standards and the coding system. 

Facilitator notes:  If this segment is presented immediately following 
Segment I, slides 3-6 can be omitted, as the content is also addressed in 
Segment I.  If this segment is presented on a different date than Segment I, 
slides 3-6 can be used to review previous content. 

PP handout 
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TIME CONTENT/ACTIVITIES MATERIALS 

15 min Progression Sort 

Slide 10 has the directions for the task that can be left posted for 
participants  

Divide the group into 4 groups:  Number, Algebra, Data, and Geometry.  
Have each group sort out their cards by determining the developmental 
sequence of each of the domains. 

Facilitator notes:  You may wish to subdivide each group into grade level 
clusters (K-2, 3-5, 6-8, 9-12) depending upon the representation of the 
grade levels.  See the preparation notes for the bagging of the cards prior 
to the training.  You can put magnets or tape on the backs of the cards to 
post the progressions, or you can have participants lay out the cards on 
the tables and allow the groups to rotate through the tables to view the 
other domain progressions.  There are two pictures at the end of this guide 
that show what a possible display could look like if a whole class chart is 
posted. 

The facilitator(s) will need to circulate during the sorting task to observe 
and pose questions to a group if needed 

 

15 min Debriefing the Progression Sort 

Slide 11 

Each group will rotate to the other groups to view and critique their card 
arrangement using their standard document as reference.  Provide each 
group about 3-5 minutes. 

Slides 12-15 provide a brief overview of the standard progressions 
through the grade levels. 
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TIME CONTENT/ACTIVITIES MATERIALS 

15-20 
min 

What’s New?/PD Implications 

Slides 16 

In their grade level cluster groups within each conceptual category groups, 
participants will examine the “What’s New?” document (K-8) for their 
particular domain/conceptual category and HS difference documents (9-
12).  There are several HS documents that can be used.  

 Algebra 1 changes (both Word and PDF)– From NCSM Leadership 
Conference that details what Algebra 1 content has moved down 
and what has been moved to Algebra 1 

 Algebra I-Math I, Algebra II-Math III, and Geometry-Math II (each 
Word or PDF) are documents that show the topics taught in the 
traditional pathways compared to the Integrated Pathways. 

Optional - They can create a document on chart paper that will be shared 
with the whole group. 

Chart Paper, 
markers, 
“What’s 
new?” (Word 
or PDF)and HS 
Difference 
documents 
located in the  

 

 

15-20 
min 

Wrapping Up 

Slides 17-19 are optional and summarize the main focus in each grade 
band. 

Slide 20 Reflection 

 

 

Handouts/ALGEBRA%201%20CHANGES.doc
Handouts/ALGEBRA%201%20CHANGES.pdf
Handouts
Handouts
Handouts/Whats_New.doc
Handouts/Whats_New.pdf
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Examples of the card sorting activity from Leslie Knicl, Champaign Unit 4 School 
District 

 

 



Company 

LOGO 
Exploring the Math Content 

Standards K-12 



Goals of this Segment 

• Become familiar with the CCSSM document, 
vocabulary, and its organization. 
 

• Learn the domains/conceptual themes and their 
abbreviations for grades K – 12. 
 

• See the progression of standards from K to 12. 

2 



K-8 Standards presented by grade level 
• Grade introductions give 2–4 critical areas at 

each grade level (p. 9) 
• Organized into domains that progress over 

several grades (p. 10) 
 

High School Standards presented by 
conceptual categories (Number & Quantity, 
Algebra, Functions, Modeling, Geometry, 
Statistics & Probability (p. 57-59) 

Standards for Mathematical Content 

3 



CCSSM Vocabulary 
Organization of the document  (p. 5) 
• Standards define what students should 

understand and be able to do. 
• Clusters summarize groups of related standards. 

Note that standards from different clusters may 
sometimes be closely related, because 
mathematics is a connected subject. 

• Domains are larger groups of related standards. 
Standards from different domains may 
sometimes be closely related. 

 
 

4 



K-8 

Write and interpret numerical expressions. 
•5.OA.1. Use parentheses, brackets, or braces in 
numerical expressions, and evaluate expressions 
with these symbols.  
•5.OA.2. Write simple expressions that record 
calculations with numbers, and interpret numerical 
expressions without evaluating them. For example, 
express the calculation “add 8 and 7, then multiply 
by 2” as 2 × (8 + 7). Recognize that 3 × (18932 + 
921) is three times as large as 18932 + 921, without 
having to calculate the indicated sum or product. 
 

Operations & Algebraic Thinking  5.OA 
Domain 

C
lu

st
er

 

5 



2.OA.1. Use addition and subtraction within 100 to solve 
one- and two-step word problems involving situations of 
adding to, taking from, putting together, taking apart, and 
comparing, with unknowns in all positions, e.g., by using 
drawings and equations with a symbol for the unknown 
number to represent the problem. 
 

Standard Number 

Grade 
Domain 

K-8 Standards 

6 



High School Standards 
Conceptual themes in high school 

• Number and Quantity 
• Algebra 
• Functions 
• Modeling 
• Geometry 
• Statistics and Probability 
 

College and career readiness threshold (+) standards 
indicate material beyond Math I, Math II, or Math III; 
they can be in courses required for all students. 

7 



Modeling 

Modeling is best interpreted not as a 
collection of isolated topics but rather in 
relation to other standards. Making 
mathematical models is a Standard for 
Mathematical Practice, and specific 
modeling standards appear throughout the 
high school standards indicated by a star 
symbol (★). 

8 



High School Standards 

A-CED.1. Create equations and inequalities in 
one variable and use them to solve problems. 
Include equations arising from linear and 
quadratic functions, and simple rational and 
exponential functions. 

Standard Number 

Conceptual Theme 
Domain 

9 



Activity 

• Each group will be given a bag of cards.   
• Your task is to make some sense of the content 

and persevere. 
 

 
 

10 



Rotation 

• Please move clockwise to the next group. 
• Take your standards document to critique the 

reasoning of others. 
• Each group will have about 5 minutes at each 

station. 

11 
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Common Core State Standards - 
  Mathematics 



13 



14 
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Guidance for Professional Development 
 

• Locate the “So What’s New” or 
choice of HS documents in your 
binder.  Skim a grade level that you 
are curious about.   

• Discuss in your group the 
following questions: 

• Are these topics new for your 
teachers? 

• What PD do your teachers need to 
support implementation of these 
standards? 

16 

New? PD 



•In Grades K-5 students gain a solid foundation 
in whole numbers, addition, subtraction, 
multiplication, division, fractions, and decimals.  
For example, students in Kindergarten focus on 
the basics of numbers (learning how numbers 
correspond to quantities and learning how to 
compose and decompose numbers) in order to 
prepare them for addition and subtraction. 
 

K-5 

17 



•In the Middle Grades, students build 
upon the strong foundation in grades 
K-5 through hands on learning in all of 
the domains: proportionality, geometry, 
algebra, probability, and statistics. 
 

6-8 

18 



•The High School standards summon 
students to practice mathematical ways of 
thinking to real world issues/challenges, 
and emphasize mathematical modeling 
and applications.  

High School 

19 



Reflections 
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ALGEBRA 1 CHANGES 
 

Algebra 1 content moved to a lower grade 
 

 Solve and graph simple absolute value equations and inequalities (Grade 6) 

 Compute simple probability with and without replacement (Grade 7) 

 Communicate real world problems graphically, algebraically, numerically and 

verbally (Grade 7) 

 Evaluate algebraic expressions, including radicals, by applying the order of 

operations (Grade 8) 

 Apply the laws of (integral) exponents and roots (Grade 8) 

 Solve problems involving scientific notation, including multiplication and division 

(Grade 8) 

 Solve problems involving scientific notation, including multiplication and division 

(Grade 8) 

 Describe the effects of parameter changes, slope and/or y-intercept, on graphs of 

linear functions and vice versa (Grade 8) 

 Calculate the slope given: 

 two points 

 the graph of a line 

 the equation of a line (Grade 8)  

 Determine by using slope whether a pair of lines are parallel, perpendicular or 

neither (Grade 8) 

 Write an equation in slope-intercept, point-slope, and standard form given: 

 two points   •   a point and y-intercept  

 x and y intercepts  •   a point and slope 

 the graph of a line  •   a table of data (Grade 8) 

 Solve multi-step equations and inequalities with rational coefficients: 

 numerically (from a table or guess and check), 

 algebraically (including the use of manipulatives), 

 graphically, 

 technologically (Grade 8) 

 Solve systems of two linear equations: 

 numerically (from a table or guess and check), 

 algebraically (including the use of manipulatives), 

 graphically,  

 technologically (Grade 8) 

 Distinguish between functions and non-functions/relations by inspecting graphs, 

ordered pairs, mapping diagrams and/or tables of data (Grade 8) 

 Determine domain and range of a relation from an algebraic expression, graphs, set 

of ordered pairs, or table of data (Grade 8) 
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Higher level content moved into Algebra 1  

 

 Extending the rules of integral exponents to the rational numbers 

 Rewriting radical expressions using rational exponents 

 Completing the square 

 Use properties of exponents to rewrite exponential functions and expressions 

 Understand that the polynomials are closed under addition, subtraction, and 

multiplication 

 Derive the quadratic formula 

 Use multiple methods to solve quadratic equations 

 Understand that some quadratic equations produce complex solutions 

 Construct proofs that relate to solving systems of equations 

 Indentify key characteristics of graphs of functions including intercepts, intervals over 

which a function is increasing and decreasing, relative extrema, symmetry, end 

behaviors, and periodicity 

 Graph square root, cube root, piecewise, step, absolute value, and polynomial 

functions 

 Write arithmetic and geometric sequences both recursively and explicitly  

 Understand even and odd functions as well as different transformations of functions 

 Find the inverse of a function 

 Construct functions using a graph 

 Fit a function to data including linear, quadratic, and exponential models 

 Compute the correlation coefficient of a linear fit 

 

 

This document was created for and by NCSM for the summer 2011 Leadership Academy in Atlanta, GA 
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 Domains Traditional - High School Algebra II Integrated - Mathematics III 

Number & 
Quantity 

The Real Number 
System 

  

 Quantities   

 The Complex 
Number System 

 Perform arithmetic operations with complex number.  
N.CN.1, 2 

 Use complex numbers in polynomial identities and 
equations.  Polynomials with real coefficients N.CN.7, 
(+)8, (+)9 

 Use complex numbers in polynomial identities and 
equations.  Polynomials with real coefficients; apply N.CN.9 
to higher degree polynomials  (+)N.CN.8, 9 

 Vector Quantities 
and Matrices 

    

    

Algebra Seeing Structure in 
Expressions 

 Interpret the structure of expressions.  Polynomial and 
rational  A.SSE.1a, 1b, 2 

 Write expressions in equivalent forms to solve 
problems.  A.SSE.4 

 Interpret the structure of expressions.  Polynomial and 
rational  A.SSE.2a, 1b, 2 

 Write expressions in equivalent forms to solve problems. 
A.SSE.4 

 Arithmetic with 
Polynomials and 
Rational 
Expressions 

 Perform arithmetic operations on polynomials.  
Beyond quadratic  A.APR.1 

 Understand the relationship between zeros and 
factors of polynomials. A.APR.2, 3 

 Use polynomial identities to solve problems.  A.APR.4, 
(+)5 

 Rewrite rational expressions.  Linear and quadratic 
denominators  A.APR.6, (+)7 

 Perform arithmetic operations on polynomials.  Beyond 
quadratic A.APR.1 

 Understand the relationship between zeros and factors of 
polynomials.  A.APR.2, 3 

 Use polynomial identities to solve problems.  A.APR.4, (+) 5 

 Rewrite rational expressions.  Linear and quadratic 
denominators A.APR.6, (+)7 

 Creating Equations  Create equations that describe numbers or 
relationships.  Equations using all available types of 
expressions, including simple root functions  A.CED.1, 
2, 3, 4 

 Create equations that describe numbers or relationships.  
Equations using all available types of expressions including 
simple root functions A.CED.1, 2, 3, 4  

 Reasoning with 
Equations and 
Inequalities 

 Understand solving equations as a process of 
reasoning and explain the reasoning.  Simple radical 
and rational A.REI.2 

 Represent and solve equations and inequalities 
graphically.  Combine polynomial, rational, radical, 
absolute value, and exponential functions  A.REI.11 

 Understand solving equations as a process of reasoning 
and explain the reasoning.  Simple radical and rational  
A.REI.2 

 Represent and solve equations and inequalities graphically.  
Combine polynomial, rational, radical, absolute value, and 
exponential functions A.REI.11 



 Author Joyce Krumtinger, ISBE Algebra II and Math III Comparison Page 2 of 3 
Handout Session 3 

 

 Domains Traditional - High School Algebra II Integrated - Mathematics III 

    

Functions Interpreting 
Functions 

 Interpret functions that arise in applications in terms 
of a context.  Emphasize selection of appropriate 
models  F.IF.4, 5, 6 

 Analyze functions using different representations.  
Focus on using key features to guide selection of 
appropriate type of model function  F.IF.7b, 7c, 7e, 8, 9 

 Interpret functions that arise in applications in terms of a 
context.  Include rational, square root and cube root; 
emphasize selection of appropriate models  F.IF,4, 5, 6 

 Analyze functions using different representations.  Include 
rational and radical; focus on using key features to guide 
selection of appropriate type of model function F.IF.7b, 7c, 
7e, 8, 9 

 Building Functions  Build a function that models a relationship between 
two quantities.  Include all types of functions studied  
F.BF.1b 

 Build new functions from existing functions.  Include 
simple radical, rational, and exponential functions; 
emphasize common effect of each transformation 
across function types  F.BF.3, 4a 

 Build a function that models a relationship between two 
quantities.  Include all types of functions studied F.BF.1b 

 Build new functions from existing functions.  Include simple 
radical, rational, and exponential functions; emphasize 
common effect of each transformation across function 
types  F.BF.3, 4a 

 Linear, Quadratic, 
and Exponential 
Models 

 Construct and compare linear, quadratic, and 
exponential models and solve problems.  Logarithms 
as solutions for exponentials F.LE.4 

 Construct and compare linear, quadratic, and exponential 
models and solve problems.  Logarithms as solutions for 
exponentials  F.LE.4 

 Trigonometric 
Functions 

 Extend the domain of trigonometric functions using 
the unit circle.  F.TF.1, 2 

 Model periodic phenomena with trigonometric 
functions.  F.TF.5 

 Prove and apply trigonometric identities.  F.TF.8 

 Extend the domain of trigonometric functions using the 
unit circle.  F.TF.1, 2 

 Model periodic phenomena with trigonometric functions.  
F.TF.5 
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Geometry Congruence   

 Similarity, Right 
Triangles, and 
Trigonometry 

  Apply trigonometry to general triangles.  (+)G.SRT.9, 10, 11 

 Circles   

 Expressing 
Geometric 
Properties with 
Equations 

  

 Geometric 
Measurement and 
dimension 

  Visualize the relation between two-dimensional and three-
dimensional objects.  G.GMD.4 

 Modeling with 
Geometry 

  Apply geometric concepts in modeling situations.  G.MG.1, 
2, 3 

    

Statistics 
and 
Probability 

Interpreting 
Categorical and 
Quantitative Data 

 Summarize, represent, and interpret data on a single 
count or measurement variable.  S.ID.4 

 Summarize, represent, and interpret data on a single count 
or measurement variable.  S.ID.4 

 Making Inferences 
and Justifying 
Conclusions 

 Understand and evaluate random processes 
underlying statistical experiments.  S.IC.1, 2 

 Make inferences and justify conclusions from sample 
surveys, experiments and observational studies.  
S.IC.3, 4, 5, 6 

 Understand and evaluate random processes underlying 
statistical experiments.  S.IC.1, 2 

 Make inferences and justify conclusions from sample 
surveys, experiments and observational studies.  S.IC.3, 4, 
5, 6 

 Conditional 
Probability and the 
Rules of 
Probability 

  

 Using Probability 
to Make Decisions 

 Use probability to evaluate outcomes of decisions.  
Include more complex situations (+)S.MD.6, 7 

 Use probability to evaluate outcomes of decisions.  Include 
more complex situations (+)S.MD.6, 7 
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Number 
and 
Quantity 

The Real Number 
System 

 Extend the properties of exponents to rational exponents.  
N.RN.1,2 

 Use properties of rational and irrational numbers.  N.RN.3 

 

 Quantities  Reason quantitatively and use units to solve problems.   
Foundation for work with expressions, equations and 
functions    N.Q.1,2,3 

 Reason quantitatively and use units to solve problems.   
Foundation for work with expressions, equations and functions    
N.Q.1,2,3 

 The Complex 
Number System 

  

 Vector Quantities 
and Matrices 

  

    

Algebra Seeing Structure in 
Expressions 

 Interpret the structure of expressions.  Linear, exponential, 
quadratic A.SSE.1a, 1b, 2 

 Write expressions in equivalent forms to solve problems.  
Quadratic and exponential  A.SSE.3a, 3b, 3c 

 Interpret the structure of expressions.  Linear expressions and 
exponential expressions with integer exponents A.SSE.1a, 1b 

 Arithmetic with 
Polynomials and 
Rational 
Expressions 

 Perform arithmetic operations on polynomials.  Linear and 
quadratic A.APR.1 

 

 Creating Equations  Create equations that describe numbers or relationships.  
Linear, quadratic, and exponential (integer inputs only); for 
A.CED.3 linear only  A.CED.1, 2, 3, 4 

 Create equations that describe numbers or relationships.  Linear, 
and exponential (integer inputs only); for A.CED.3, linear only 
A.CED.1, 2, 3, 4 

 Reasoning with 
Equations and 
Inequalities 

 Understand solving equations as a process of reasoning and 
explain the reasoning.  Master linear; learn as general 
principle A.REI.1 

 Solve equations and inequalities in one variable.  Linear 
inequalities; literal that are linear in the variables being 
solved for; quadratics with real solutions  A.REI.3, 4a, 4b 

 Solve systems of equations.  Linear-linear and linear-
quadratic A.REI.5,6,7 

 Represent and solve equations and inequalities graphically.  
Linear and exponential; learn as general principle A.REI.10, 
11, 12 

 Understand solving equations as a process of reasoning and 
explain the reasoning.  Master linear; learn as general principle 
A.REI.1 

 Solve equations and inequalities in one variable.  Linear 
inequalities; literal that are linear in the variables being solved for; 
exponential of a form, such as 2

x
=

1
/16  A.REI.3 

 Solve systems of equations.  Linear systems  A.REI.5,6 

 Represent and solve equations and inequalities graphically.  
Linear and exponential; learn as general principle A.REI.10, 11, 12 
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Functions Interpreting 
Functions 

 Understand the concept of a function and use function 
notation.  Learn as general principle; focus on linear and 
exponential and on arithmetic and geometric sequences  F. 
IF.1, 2, 3 

 Interpret functions that arise in applications in terms of a 
context.  Linear, exponential, and quadratic F.IF.4, 5, 6 

 Analyze functions using different representations.  Linear, 
exponential, quadratic, absolute value, step, piecewise-
defined F.IF.7a, 7b, 7e, 8a, 8b, 9 

 Understand the concept of a function and use function notation.  
Learn as general principle.  Focus on linear and exponential 
(integer domains) and on arithmetic and geometric sequences 
F.IF.1, 2, 3 

 Interpret functions that arise in applications in terms of a context.  
Linear and exponential, (linear domain) F.IF.4, 5, 6 

 Analyze functions using different representations.  Linear and 
exponential F.IF.7a, 7e, 9 

 Building Functions  Build a function that models a relationship between two 
quantities.  For F.BF.1, 2, linear, exponential, and quadratic  
F.BF.1a, 1b, 2 

 Build new functions from existing function.  Linear, 
exponential, quadratic, and absolute value; for F.BF.4a, 
linear only  F.BF.3, 4a 

 Build a function that models a relationship between two 
quantities.  For F.BF.1, 2, linear and exponential (integer inputs)  
F.BF.1a, 1b, 2 

 Build new functions from existing functions.  Linear and 
exponential; focus on vertical translations for exponential  F.BF.3 

 Linear, Quadratic, 
and Exponential 
Models 

 Construct and compare linear, quadratic, and exponential 
models and solve problems.  F.LE.1a, 1b, 1c, 2, 3 

 Interpret expressions for functions in terms of the situation 
they model.  Linear and exponential of form f(x)=b

x
+k   F.LE.5 

 Construct and compare linear, quadratic, and exponential models 
and solve problems.  Linear and exponential F.LE.1a, 1b, 1c, 2, 3 

 Interpret expressions for functions in terms of the situation they 
model.  Linear and exponential of form f(x)=b

x
+k F.LE.5 

 Trigonometric 
Functions 

  

    

Geometry Congruence   Experiment with transformations in the plane.  G.CO.1, 2, 3, 4, 5 

 Understand congruence in terms of rigid motions.  Build on rigid 
motions as a familiar starting point for development of concept of 
geometric proof  G.CO.6, 7, 8 

 Make geometric constructions.  Formalize and explain processes  
G.CO.12,13 

 Similarity, Right 
Triangles, and 
Trigonometry 

  

 Circles   

 Expressing 
Geometric 
Properties with 
Equations 

  Use coordinates to prove simple geometric theorems 
algebraically.  Include distance formula; relate to Pythagorean 
theorem  G.GPE.4, 5, 7 
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 Geometric 
Measurement and 
dimension 

  

 Modeling with 
Geometry 

  

    

Statistics 
and 
Probability 

Interpreting 
Categorical and 
Quantitative Data 

 Summarize, represent, and interpret data on a single count 
or measurement variable.  S.ID.1, 2, 3 

 Summarize, represent, and interpret data on two categorical 
and quantitative variables.  Linear focus, discuss general 
principle S.ID.5, 6a, 6b, 6c 

 Interpret linear models  S.ID.7, 8, 9 
 

 Summarize, represent, and interpret data on a single count or 
measurement variable.  S.ID.1, 2, 3 

 Summarize, represent, and interpret data on two categorical and 
quantitative variables.  Linear focus, discuss general principle 
S.ID.5, 6a, 6b, 6c 

 Interpret linear models  S.ID.7, 8, 9 
 

 Making Inferences 
and Justifying 
Conclusions 

  

 Conditional 
Probability and the 
Rules of Probability 

  

 Using Probability to 
Make Decisions 
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 Domains Traditional - Geometry Integrated - Mathematics II 
Number 
and 
Quantity 

The Real Number 
System 

  Extend the properties of exponents to rational exponents.  
N.RN.1, 2, 

 Use properties of rational and irrational number.  N.RN.3 

 Quantities   

 The Complex Number 
System 

  Perform arithmetic operations with complex numbers.  i2 as 
highest power of I  N.CN.1, 2 

 Use complex numbers in polynomial identities and equations.  
Quadratics with real coefficients  N.CN.7, (+)8, (+)9 

 Vector Quantities and 
Matrices 

  

    

Algebra Seeing Structure in 
Expressions 

  Interpret the structure of expressions.  Quadratic and 
exponential A.SSE.1a, 1b, 2 

 Write expressions in equivalent forms to solve problems.  
Quadratic and exponential  A.SSE.3a, 3b, 3c 

 Arithmetic with 
Polynomials and 
Rational Expressions 

  Perform arithmetic operations on polynomials.  Polynomials 
that simplify to quadratics   A.APR.1 

 Creating Equations   Create equations that describe numbers or relationships.  In 
A.CED.4, include formulas involving quadratic terms  A.CED.1, 
2, 4 

 Reasoning with 
Equations and 
Inequalities 

  Solve equations and inequalities in one variable.  Quadratics 
with real coefficients A.REI.4a, 4b 

 Solve systems of equations.  Linear-quadratic systems  A.REI.7 

    

Functions Interpreting Functions   Interpret functions that arise in applications in terms of a 
context.  Quadratic  F.IF.4, 5, 6 

 Analyze functions using different representation.  Linear, 
exponential, quadratic, absolute value, step, piecewise-
defined  F.IF.7a, 7b, 8a, 8b, 9 
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 Building Functions   Build a function that models a relationship between two 

quantities.  Quadratic and exponential  F.BF.1a, 1b 

 Build new functions from existing function.  Quadratic, 
absolute value  F.BF.3, 4 

 Linear, Quadratic, and 
Exponential Models 

  Construct and compare linear, quadratic, and exponential 
models and solve problems.  Include quadratic  F.LE.3 

 Trigonometric 
Functions 

  Prove and apply trigonometric identities.  F.TF.8 

    

Geometry Congruence  Experiment with transformations in the plane.  
G.CO.1, 2, 3, 4, 5 

 Understand congruence in terms of rigid 
motions.  Build on rigid motions as a familiar 
starting point for development of concept of 
geometric proof.  G.CO.6, 7, 8 

 Prove geometric theorems.  Focus on validity of 
underlying reasoning while using variety of 
ways of writing proofs  G.CO.9, 10, 11 

 Make geometric constructions.  Formalize and 
explain processes  G.CO.12, 13 

 Prove geometric theorems.  Focus on validity of underlying 
reasoning while using a variety of ways of writing proofs  
G.CO.9, 10, 11 

 Similarity, Right 
Triangles, and 
Trigonometry 

 Understand similarity in terms of similarity 
transformations.  G.SRT.1a, 1b, 2, 3 

 Prove theorems involving similarity.  G.SRT.4, 5 

 Define trigonometric ratios and solve problems 
involving right triangles.  G.SRT.6, 7, 8 

 Apply trigonometry to general triangles.  
G.SRT.9, 10, 11 

 Understand similarity in terms of similarity transformations.  
G.SRT.1a, 1b, 2, 3 

 Prove theorems involving similarity.  Focus on validity of 
underlying reasoning while using variety of formats  G.SRT.4, 5 

 Define trigonometric ratios and solve problems involving right 
triangles.  G.SRT.6, 7, 8 

 Circles  Understand and apply theorems about circles.  
G.C.1,2,3,(+) 4 

 Find arc lengths and areas of sectors of circles.  
Radian introduced only as unit of measure  
G.C.5 

 Understand and apply theorems about circles.  G.C.1, 2, 3, (+)4 

 Find arc lengths and areas of sectors of circles.  Radian 
introduced only as unit of measure  G.C.5 
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 Expressing Geometric 

Properties with 
Equations 

 Translate between the geometric description 
and the equation for a conic section.  G. GPE.1, 
2 

 Use coordinates to prove simple geometric 
theorems algebraically.  Include distance 
formula; relate to Pythagorean theorem G. 
GPE.4, 5, 6, 7 

 Translate between the geometric description and the equation 
for a conic section.  G.GPE.1, 2 

 Use coordinates to prove simple geometric theorems 
algebraically.  For G.GPE.4 include simple circle theorems  
G.GPE.4 

 Geometric 
Measurement and 
dimension 

 Explain volume formulas and use them to solve 
problems.  G. GMD.1, 3 

 Visualize the relation between two-dimensional 
and three-dimensional objects.  G.GMD.4 

 Explain volume formulas and use them to solve problems.  
G.GMD.1, 3 

 Modeling with 
Geometry 

 Apply geometric concepts in modeling 
situations.  G.MG.1, 2, 3 

 

    

Statistics 
and 
Probability 

Interpreting 
Categorical and 
Quantitative Data 

  

 Making Inferences 
and Justifying 
Conclusions 

  

 Conditional 
Probability and the 
Rules of Probability 

 Understand independence and conditional 
probability and use them to interpret data.  
Link to data from simulations or experiments 
S.CP.1, 2, 3, 4, 5 

 Use the rules of probability to compute 
probabilities of compound events in a uniform 
probability model  S.CP.6, 7, (+)8, (+)9 

 Understand independence and conditional probability and use 
them to interpret data.  Link to data from simulations of 
experiments  S.CP.1, 2, 3, 4, 5 

 Use the rules of probability to compute probabilities of 
compound events in a uniform probability model.  S.CP.6, 7, 
(+)8, (+)9 

 Using Probability to 
Make Decisions 

 Use probability to evaluate outcomes of 
decisions.  Introductory; apply counting rules     
(+)S.MD.6,7 

 Use probability to evaluate outcomes of decision.  
Introductory; apply counting rules  (+)S.MD.6, 7 
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Kindergarten 
Critical Area #1:  Students use numbers, including written numerals, to represent quantities and to solve quantitative 

problems, such as counting objects in a set; counting out a given number of objects; comparing sets or numerals; and 

modeling simple joining and separating situations with sets of objects, or eventually with equations such as 5 + 2 = 7 and 

7 -2 = 5. (Kindergarten students should see addition and subtraction equations, and student writing of equations in 

kindergarten is encouraged, but it is not required.)  students choose, combine and apply effective strategies for 

answering quantitative questions, including quickly recognizing the cardinalities of small sets of objects, counting and 

producing sets of given sizes, counting the number of objects in combined sets, or counting the number of objects that 

remain in a set after some are taken away. 

 K.CC.2 Count forward beginning from a given number. 

 K.OA.3  Decompose numbers less than or equal to 10 into pairs… 

 K.NBT.1  Work with numbers 11-19 understand that these numbers are composed of ten ones and …ones (teen 

numbers are hard and 11 and 12 are the hardest) 

Critical Area #2:  Students describe their physical world using geometric ideas (e.g., shape, orientation, spatial relations) 

and vocabulary.  They identify, name, and describe basic two-dimensional shapes, such as squares, triangles, circles, 

rectangles, and hexagons, presented in a variety of ways (e.g., with different sizes and orientations), as well as three-

dimensional shapes such as cones, cylinders, and spheres.  They use basic shapes and spatial reasoning to model objects 

in their environment and to construct more complex shapes. 

Topics no longer considered critical: 

 Time 

 Money 

 Patterning (as a content objective—now patterning is in mathematical practice #7) 
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Grade 1 
Critical Area #1:  Students develop strategies for adding and subtracting whole numbers based on their prior work with 

small numbers.  They use a variety of models, including discrete objects and length-based models (e.g., cubes connected 

to form lengths), to  model add-to, take-from, put-together, take-apart, and compare situations to develop meaning for 

the operations of addition and subtraction, and to develop strategies to solve arithmetic problems with these 

operations.  Students understand connections between counting and addition and subtraction (e.g., adding two is the 

same as counting on two).  They use properties of addition to add whole numbers and to create and use increasingly 

sophisticated strategies based on these properties (e.g., “making tens”) to solve addition and subtraction problems 

within 20.  By comparing a variety of solution strategies, children build their understanding of the relationship between 

addition and subtraction. 

 1.OA1  Solve word problems involving addition and subtraction … with unknowns in all 3 positions. 

 1.OA3  Strategies emphasized to add and subtract (rather than algorithms) 

 1.OA7  Understand the meaning of the equal sign. 

 1.NBT5  Mentally find 10  more or 10 less without having to count; explain the reasoning used. 

Critical Area #2:  Students develop, discuss, and use efficient, accurate, and generalizable methods to add within 100 

and subtract multiples of 10. They compare whole numbers (at least to 100) to develop understanding of and solve 

problems involving their relative sizes.  They think of whole numbers between 10 and 100 in terms of tens and ones 

(especially recognizing the numbers 11 to 19 as composed of a ten and some ones).  Through activities that build 

number sense, they understand the order of the counting numbers and their relative magnitudes. 

Critical Area #3:  Students develop an understanding of the meaning and processes of measurement, including 

underlying concepts such as iterating (the mental activity of building up the length of an object with equal-sized units) 

and the transitivity principle for indirect measurement. 

Critical Area #4:  Students compose and decompose plane or solid figures (e.g., put two triangles together to make a 

quadrilateral) and build understanding of part-whole relationships as well as the properties of the original and 

composite shapes.  As they combine shapes, they recognize them from different perspectives and orientations, describe 

their geometric attributes, and determine how they are alike and different, to develop the background for measurement 

and for initial understandings of properties such as congruence and symmetry. 

 1.G2  Compose 2-D or 3-D shapes to create composite shapes and compose new shapes from the composite 

shape. 

 1.G3  Partition circles and rectangles using the words halves, fourths and quarters. 
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Grade 2 
Critical Area #1:  Students extend their understanding of the base-ten system.  This includes ideas of counting in fives, 

tens, and multiples of hundreds, tens, and ones, as well as number relationships involving these units, including 

comparing.  Students understand multi-digit numbers (up to 1000) written in base-ten notation, recognizing that the 

digits in each place represent amounts of thousands, hundreds, tens, or ones (e.g., 853 is 8 hundreds + 5 tens + 3 ones). 

 2.OA1  Use addition and subtraction within 100 to solve one and two-step word problems…with unknowns in 

all 3 positions 

 2.OA2  Using mental strategies, know from memory all sums of two 1-digit numbers 

Critical Area #2:  Students use their understanding of addition to develop fluency with addition and subtraction within 

100.  They solve problems within 1000 by applying their understanding of models for addition and subtraction, and they 

develop, discuss, and use efficient, accurate, and generalizable methods to compute sums and differences of whole 

numbers in base-ten notation, using their understanding of place value and the properties of operations.  They select 

and accurately apply methods that are appropriate for the context and the numbers involved to mentally calculate sums 

and differences for numbers with only tens or only hundreds. 

 2.NBT 1-9  Use place value understanding and properties of operations to add and subtract (not just the 

algorithm) 

 2.MD7  Solve word problems involving dollar bills, quarters, dimes, nickels and pennies using $ and ₵ signs. 

(K and 1st no longer must address Money) 

Critical Area #3:  Students recognize the need for standard units of measure (centimeter and inch) and they use rulers 

and other measurement tools with the understanding that linear measure involves an iteration of units.  They recognize 

that the smaller the unit, the more iterations they need to cover a given length. 

 2.MD9  Show measurements by making a line plot 

Critical Area #4:  Students describe and analyze shapes by examining their sides and angles.  Students investigate, 

describe, and reason about decomposing and combining shapes to make other shapes.  Through building, drawing, and 

analyzing two- and three-dimensional shapes, students develop a foundation for understanding area, volume, 

congruence, similarity, and symmetry in later grades. 

 2.G3  Partition circles and rectangles into two, three or four equal shares, describe the shapes using the words 

two halves, three thirds, four fourths.  Recognize that equal shares of identical wholes need not have the 

same shape. 
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Grade 3 
Critical Area #1:  Students develop an understanding of the meanings of multiplications and division of whole numbers 

through activities and problems involving equal-sized groups, arrays, and area models; multiplication is finding an 

unknown product, and division is finding an unknown factor in these situations.  For equal-sized group situations, 

division can require finding the unknown number of groups or the unknown group size.  Students use properties of 

operations to calculate products of whole numbers, using increasingly sophisticated strategies based on these 

properties to solve multiplication and division problems involving single-digit factors.  By comparing a variety of solution 

strategies, students learn the relationship between multiplication and division. 

 3.OA1  Interpret products of whole numbers (using multiple models) 

 3.OA2  Interpret quotients of whole numbers (using multiple models) 

 3.OA3  Solve word problems using a drawing and equation with a symbol for the unknown. 

 3.OA4  Solve word problems involving multiplication and division … with unknowns in all 3 positions 

 3.OA5  Apply properties of operations as strategies. 

 3.OA6  Understand division as an unknown factor problem. (Teach the relationship between multiplication and 

division) 

 3.OA7  Know from memory all products of two 1-digit numbers. 

 3.OA8  Solve two-step word problems with all 4 operations and use variables in equations to represent the 

problems. 

Critical Area #2:  Students develop an understanding of fractions, beginning with unit fractions.  Students view 

fractions in general as being built out of unit fractions, and they use fractions along with visual fraction models to 

represent parts of a whole.  Students understand that the size of a fractional part is relative to the size of the whole.  For 

example, ½ of the paint in a small bucket could be less paint than 1/3 of the paint in a larger bucket, but 1/3 of a ribbon 

is longer than 1/5 of the same ribbon because when the ribbon is divided into 3 equal parts, the parts are longer than 

when the ribbon is divided into 5 equal parts.  Students are able to use fractions to represent numbers equal to, less 

than, and greater than one.  They solve problems that involve comparing fractions by using visual fraction models and 

strategies based on noticing equal numerators or denominators. 

 3.NF1-3 Represent fractions with denominators of 2, 3, 4, 6 and 8.  Understand the meaning of numerator and 

denominator. 

 3.NF2a Represent fractions on a number line diagram. 

 3.NF3b Recognize and generate simple equivalent fractions. 

 3.NF3c  Express whole numbers as fractions. 

 3.NF3d  Compare fractions with the same numerator or same denominator by reasoning about their size. 

 3.MD4  Show the data measured to the nearest whole, ½ or ¼ on a line plot.  
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Critical Area #3:  Students recognize area as an attribute of two-dimensional regions.  They measure the area of a shape 

by finding the total number of same-size units of area required to cover the shape without gaps or overlaps, a square 

with sizes of unit length being the standard unit for measuring area.  Students understand that rectangular arrays can be 

decomposed into identical rows or into identical columns.  By decomposing rectangles into rectangular arrays of 

squares, students connect area to multiplication, and justify using multiplication to determine the area of a rectangle. 

 3.MD7c  Use area models to represent the distributive property  

 Recognize area as additive.  Find areas of rectilinear figures by decomposing… 

 …rectangles with the same perimeter and different areas or with the same area and different perimeters. 

Critical Area #4:  Students describe, analyze, and compare properties of two-dimensional shapes.  They compare and 

classify shapes by their sides and angles, and connect these with definitions of shapes.  Students also relate their 

fraction work to geometry by expressing the area of part of a shape as a unit fraction of the whole. 

Topics no longer considered critical: 

 Measure and estimate liquid volumes and masses 
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Grade 4 
Critical Area #1:  Students generalize their understanding of place value to 1,000,000, understanding the relative sizes of 

numbers in each place.  They apply their understanding of models for multiplication (equal-sized groups, arrays, area 

models), place value, and properties of operations, in particular the distributive property, as they develop, discuss, and 

use efficient, accurate and generalizable methods to compute products of multi-digit whole numbers.  They develop 

fluency with efficient procedures for multiplying whole numbers; understand and explain why the procedures work 

based on place value and properties of operations; and use them to solve problems.  Students apply their understanding 

of models for division, place value, properties of operations, and the relationship of division to multiplication as they 

develop, discuss, and use efficient, accurate, and generalizable procedures to find quotients involving multi-digit 

dividends.  They select and accurately apply appropriate methods to estimate and mentally calculate quotients, and 

interpret remainders based upon the context. 

 4.OA2…divide to solve word problems involving multiplicative comparison by using drawings and equations 

with a symbol for the unknown 

 4.OA3  Solve multi-step word problems using the four operations (÷ added)…including problems in which 

remainders must be interpreted 

 4.OA5  Identify apparent features of the pattern that were not explicit in the rule itself. (analyze) 

 4.NBT1  Recognize that in a multi-digit whole number, a digit in one place represents ten times what it 

represents in the place to its right. 

 4.NBT5 Multiply two 2-digit numbers, using strategies based on place value and the properties of operations.  

Illustrate and explain the calculation by using equations, rectangular arrays and/or area models. 

 4.NBT6  Find whole number quotients and remainders with up to four digit dividends and one digit divisors using 

strategies based on place value and the properties of operations.  Illustrate and explain the calculation by 

using equations, rectangular arrays and/or area models. 

Critical Area #2:  Students develop understanding of fraction equivalence and operations with fractions.  They recognize 

that two different fractions can be equal (e.g., 15/9 = 5/3), and they develop methods for generating and recognizing 

equivalent fractions.  Students extend previous understandings about how fractions are built from unit fractions, 

composing fractions from unit fractions, decomposing fractions into unit fractions and using the meaning of fractions 

and the meaning of multiplications to multiply a fraction by a whole number. 

 4.NF1-7  All new and critically important 

 4.NF.6  Use decimal notation for fractions with denominators of 10 or 100 

 4.MD4 Make a line plot to display a data set of measurements in fractions of a unit 

 4.MD5a  An angle is measured in reference to a circle 

 4.MD6  Measure angles in whole number degrees using a protractor.  Sketch an angle of specified measure. 

 4.MD7 Recognize angle measure as additive.  …decomposed into non-overlapping parts 
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Critical Area #3:  Students describe, analyze, compare, and classify two-dimensional shapes.  Through building, drawing, 

and analyzing two-dimensional objects, students deepen their understanding of properties of two-dimensional objects  

and the use of them to solve problems involving symmetry. 

 4.G2  Classify 2-D figures based on presence or absence of parallel or perpendicular lines 

Topics no longer considered critical: 

 3-D figures 
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Grade 5 
Critical Area #1:  Students apply their understanding of fractions and fraction models to represent the addition and 

subtraction of fractions with unlike denominators as equivalent calculations with like denominators.  They develop 

fluency in calculating sums and differences of fractions, and make reasonable estimates of them.  Students also use 

the meaning of fractions, of multiplication and division to understand and explain why the procedures for multiplying 

and dividing fractions make sense. (Note:  this is limited to the case of dividing unit fractions by whole numbers and 

whole numbers by unit fraction.) 

 5.NF  All new and critical 

Critical Area #2:  Students develop understanding of why division procedures work based on the meaning of base-ten 

numerals and properties of operations.  They finalize fluency with multi-digit addition, subtraction, multiplication, and 

division.  They apply their understandings of models for decimals, decimal notation, and properties of operations to add 

and subtract decimals to hundredths.  They develop fluency in these computations, and make reasonable estimates of 

their results.  Students use the relationship between decimals and fractions, as well as the relationship between finite 

decimals and whole numbers (i.e., a finite decimal multiplied by an appropriate power of 10 is a whole number), to 

understand and explain why the procedures for multiplying and dividing finite decimals make sense.  They compute 

products and quotients of decimals to hundredths efficiently and accurately. 

 5.NBT2  Explain patterns when multiplying and dividing by powers of 10. 

 5.NBT7  Add, subtract, multiply and divide decimals using concrete models or drawings and strategies based 

on place value, properties of operations and/or the relationship between multiplication and division, 

illustrate and explain the calculation by using equations, rectangular arrays, and/or area models. 

Critical Area #3:  Students recognize volume as an attribute of three-dimensional space.  They understand that volume 

can be measured by finding the total number of same-size unites of volume required to fill the space without gaps or 

overlaps.  They understand that a 1-unit by 1-unit by 1-unit cube is the standard unit for measuring volume.  They select 

appropriate units, strategies, and tools for solving problems that involve estimating and measuring volume.  They 

decompose three-dimensional shapes and find volumes of right rectangular prisms by viewing them as decomposed into 

layers of arrays of cubes.  They measure necessary attributes of shapes in order to determine volumes to solve real 

world and mathematical problems.  

New to 5th Grade, but not aligned to one of the 3 critical areas. 

 5.OA1  Parentheses, brackets and braces 

 5.OA2  Interpret numerical expressions without evaluating them 

 5.OA3  Generate two numerical patterns using two given rules.  Identify apparent relationships between 

corresponding terms. 
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Grade 6 
 

Critical Area #1:  Students use reasoning about multiplication and division to solve ratio and rate problems about 

quantities.  By viewing equivalent ratios and rates a deriving from, and extending pairs of rows (or columns) in the 

multiplication table, and by analyzing simple drawings that indicate the relative size of quantities, students connect their 

understanding of multiplication and division with ratios and rates.  Thus students expand the scope of problems. 

 6.RP1  More in depth (use of ratio language) 

 6.RP2  More in depth (language to describe unit rates) 

 6.RP.3  Tape diagram (bar model), double number line, and equations to solve problems 

 6.RP3a  Plot pairs in coordinate plane (all 4 quadrants) 

 6.RP3d New to manipulate and transform units appropriately 

(All of the above are more in depth because students not only compute with ratios and rates, but must 

create models and explain what the ratios and rates represent.) 

Critical Area #2:  Students use the meaning of fractions, the meanings of multiplication and division, and the relationship 

between multiplication and division to understand and explain why the procedures for dividing fractions make sense.  

Students use these operations to solve problems. Students extend their previous understandings of number and the 

ordering of numbers to the full system of rational numbers, which includes negative rational numbers, and in particular 

negative integers.  They reason about the order and absolute value of rational numbers and about the location of points 

in all four quadrants of the coordinate plane. 

 6.NS2 Dividing multi-digit numbers is new from 5th grade. 

 6.NS5 New from IAF to use positive and negative numbers to describe quantities having opposite directions 

or values. 

 6.NS6b Locate ordered pairs in all four quadrants (used to be quadrant I) 

 6.NS6c  Locating integers on a number line or coordinate plane is different than the IAF expectations.  

 6.NS7a Interpret statements of inequalities is a higher depth of knowledge than past expectations 

 6.NS7c  Understand absolute value of a rational number as its distance from zero on a number line 

 6.NS7d Distinguish comparisons of absolute value from statements about order 

 6.NS8 Solve problems by graphing points in all four quadrants of the coordinate plane 

Critical Area #3:  Students understand the use of variables in mathematical expressions.  They write expressions and 

equations that correspond to given situations, evaluate expressions, and use expressions and formulas to solve 

problems.  Students understand that expressions in different forms can be equivalent, and they use the properties of 

operations to rewrite expressions in equivalent forms.  Students know that the solutions of an equation are the values of 

the variable that make the equation true.  Students use properties of operations and the idea of maintaining the 

equality of both sides of operations and the idea of maintaining the equality of both sides of an equation to solve simple 

one-step equations.  Students construct and analyze tables, such as tables of quantities that are in equivalent ration, and 

they use equations (such as 3x = y) to describe relationships between quantities. 
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 6.NS4 Use the distributive property to express the sum of two whole numbers with a common factor as a 

multiple of a sum of two whole numbers with no common factor. 

 6.EE2b Coefficient term is new to 6th 

 6.EE3 Distributive property to use for equivalent expressions is new to 6th 

 6.EE4 Identifying when 2 expressions are equivalent is a higher depth of knowledge than the IAF 

expectations. 

 6.EE5 Algebra point of view is more in depth than the IAF expectations. 

 6.EE9 Dependent and independent variable terms are new to 6th 

Critical Area #4:  Building on and reinforcing their understanding of number, students begin to develop their ability to 

think statistically.  Students recognize that a data distribution may not have a definite center and that different ways to 

measure center yield different values.  The median measures center in the sense that it is roughly the middle value.  The 

mean measures center in the sense that it is the value that each data point would take on if the total of the data values 

were redistributed equally, and also in the sense that it is a balance point.  Students recognize that a measure of 

variability (interquartile range or mean absolute deviation) can also be used for summarizing data because two very 

different sets of data can have the same mean and median yet be distinguished by their variability.  Students learn to 

describe and summarize numerical data sets, identifying clusters, peaks, gaps, and symmetry, considering the context in 

which the data were collected. 

 6.SP2 New vocabulary:  center, spread and overall shape 

 6.SP4 New to 6th: histogram, box plots 

 6.SP5c Measures of variability (interquartile range and/or mean absolute deviation) new to 6th 

 6.SP5d Relating the choice of measures of center and variability to the shape of the data distribution and the 
context in which the data were gathered is more in depth than the IAF expectations. 

Not in a critical area but new to 6th grade 

 6.G3 New to 6th to draw polygons in coordinate planes and use for solving problems 
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Grade 7 
Critical Area #1:  Students extend their understanding of ratios and develop understanding of proportionality to solve 

single- and multi-step problems.  Students use their understanding of ratios and proportionality to solve a wide variety 

of percent problems, including those involving discounts, interest, taxes, tips, and percent increase or decrease.  

Students solve problems about scale drawings by relating corresponding lengths between the objects or by using the 

fact that relationships of lengths within an object are preserved in similar objects.  Students graph proportional 

relationships and understand the unit rate informally as a measure of the steepness of the related line, called the 

slope.  They distinguish proportional relationships from other relationships. 

 7.RP2b  Identify the constant of proportionality (unit rate) in tables, graphs, equations, diagrams, and verbal 

descriptions of proportional relationships.  (New to connect multiple modes of representation) 

 7.RP2d New to connect graphs and algebraic representations. 

Critical Area #2:  Students develop a unified understanding of number, recognizing fractions, decimals (that have a finite 

or a repeating decimal representation), and percents as different representations of rational numbers.  Students extend 

addition, subtraction, and division to all rational numbers, maintaining the properties of operations and the 

relationships between addition and subtraction, and multiplication and division.  By applying these properties, and by 

viewing negative numbers in terms of everyday contexts (e.g., amounts owed or temperatures below zero), students 

explain and interpret the rules for adding, subtracting, multiplying, and dividing with negative numbers.  They use the 

arithmetic of rational numbers as they formulate expressions and equations in one variable and use these equations to 

solve problems. 

 7NS2d  New to know that decimal form of rational number terminates or repeats. 

 7.EE1  Coefficient is a new term 

 7.EE2  Understand that rewriting an expression in different forms in a problem context can shed light on the 
problem and how the quantities in it are related is more in depth than the IAF expectations. 

 7.EE4a  New to solve word problems with equations in px + q = r and p(x+q) = r formats. 

 7.EE.4b  Solve word problems with inequalities is new from 8th grade. 

Critical Area #3:  Students continue their work with area from Grade 6, solving problems involving the area and 

circumference of a circle and surface area of three-dimensional objects.  In preparation for work on congruence and 

similarity in Grade 8 they reason about relationships among two-dimensional figures using scale drawings and informal 

geometric constructions, and they gain familiarity with the relationship between angles formed by intersecting line.  

Students work with three-dimensional figures, relating them to two-dimensional figures by examining cross-sections.  

They solve real-world and mathematical problems involving area, surface area, and volume of two- and three-

dimensional objects composed of triangles, quadrilaterals, polygons, cubes and right prisms. 

 7.G3  New to slice 3-dimensional figures 

 7.G5  Writing equations to solve for angles (supplementary, complementary, vertical, and adjacent) in a multi-
step problem has been moved from 6th to 7th grade 
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Critical Area #4:  Students build on their previous work with single data distributions to compare and two data 

distributions and address questions about differences between populations.  They begin informal work with random 

sampling to generate data sets and learn about the importance of representative samples for drawing inferences. 

 7.SP1  More emphasis on random sampling. 

 7.SP4  Comparative inferences and populations are new vocabulary terms for 7th. 

 7.SP7a  Probability is now first introduced in 7th grade now. 

 7.SP8abc  More emphasis in compound events 
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Grade 8 
Critical Area #1:  Students use linear equations and systems of linear equations to represent, analyze, and solve a 

variety of problems.  Students recognize equations for proportions (y/ x= m or y = mx) as special linear equations (y = 

mx + b), understanding that the constant of proportionality (m) is the slope, and the graphs are lines through the 

origin.  They understand that slope (m) of a line is a constant rate of change, so that if the input or x-coordinate 

changes by an amount A, the output or y-coordinate changes by the amount m-A.  Students also use a linear equation 

to describe the association between two quantities in bivariate data (such as arm span vs. height for students in a 

classroom).  At this grade, fitting the model, and assessing its fit to the data are done informally.  Interpreting the 

model in the context of the data requires students to express a relationship between the two quantities in question and 

to interpret components of the relationship (such as slope and y-intercept) in terms of the situation. 

 

Students strategically choose and efficiently implement procedures to solve linear equations in one variable, 

understanding that when they use the properties of equality and the concept of logical equivalence, they maintain the 

solutions of the original equation.  Students solve systems of two linear equations in two variables and relate the 

systems ot pairs of lines in the plane, these intersect, are parallel or are the same line.  Students use linear  equations, 

systems of linear equations, linear functions, and their understanding of slope of a line to analyze situations and solve 

problems 

 8.NS1 Application of integer properties has more emphasis than in IAF 

 8.NS2 Using square root and cube root symbols has more emphasis than in IAF 

 8.EE1 New to have negative exponents 

 8.EE5 New to connect proportional relationships to graphing in Algebra 

 8.EE6 New connection between algebra and geometry to use similar triangles for interpreting slope. 

 8.EE8a New to 8th grade to have students connect intersections of 2 lines to solutions of 2 equations. 

 8.EE8b New to 8th grade to estimate solutions of 2 linear equations by graphing 

 8.EE8c New to 8th grade to solve 2 linear equations with 2 variables. 

Critical Area #2:  Students grasp the concept of a function as a rule that assigns to each input exactly one output.  They 

understand that functions describe situations where one quantity determines another.  They can translate among 

representations and partial representations of functions (noting that tabular and graphical representations may be 

partial representations), and they describe how aspects of the function are reflected in the different representations. 

 8.F3 New to give examples of functions that are not linear 

 8.F5 New to be exposed to nonlinear functions 
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Critical Area #3:  Students use ideas about distance and angles, how they behave under translations, rotations, 

reflections, and dilations, and ideas about congruence and similarity to describe and analyze two-dimensional figures 

and to solve problems.  Students show that the sum of the angles in a triangle is the angle formed by a straight line, and 

that various configurations of lines give rise to similar triangles because of the angles created when a transversal cuts 

parallel lines.   Students understand the statement of the Pythagorean Theorem and its converse, and can explain why 

the Pythagorean theorem holds, for example, by decomposing a square in two different ways.  They apply the 

Pythagorean Theorem to find distances between points on the coordinate plane, to find lengths, and to analyze 

polygons.  Students complete their work on volume by solving problems involving cones, cylinders, and spheres. 

 8.G1a  Geometry software is a new expectation 

 8.G3 New to establish facts about angle sum and exterior angle of triangles, and use angle-angle criterion for 

similarity of triangles 

 8.G8 New application of Pythagorean Theorem to distance in coordinate system 

 8.G9 New to know formulas for volumes of cones and spheres 

New to 8th grade curriculum that is not related to an 8th grade critical area - 8.SP1, 8.SP2, 8.SP3, 8.SP4 
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Session 4- Change in Instruction (60-90 min) 

Session Description 

There are three sections to this session.  During the first activity, participants will write a word 
problem, categorize it, and rewrite their problem in another category.  Then they will look at 
research related to solving problems and students’ understanding of the equal sign.  The middle 
section of this session includes slides and video of Phil Daro. He talks about the need to do away 
with the tricks that only work for certain chapters and teach the properties that always work.  
During the last section of this session, teachers will view two brief videos (12 min. and 3 min.) of 
Dan Meyer, a HS math teacher, talking about current instructional practices and textbooks.  
Participants will be given time to talk about the recommendations for instructional change in 
the videos.  
*The presenter may want to use only the sections of this session that are relevant to the 
audience. 

Goal of the Session 

To get teachers thinking and talking about instructional practices called for in the CCSSM and 
how they may differ from what some teachers are currently doing.  This session is also designed 
to lead into the grade level sessions.  Participants will experience some classroom activities and 
continue their discussion of instructional changes, as well as grade level content.    

Expected Outcomes: 

By the conclusion of this section of the training, participants will: 
 Understand that the great majority of teachers are not posing a wide enough variety of 

problems 
 Understand that our current textbooks and practices are not enabling our students to 

become independent problem solvers 
 Learn strategies that will enable their students to become better and more independent 

problem solvers 

Pre-session Preparation 

1. Prepare 3 large index cards.  The first will have the words “Result Unknown” the second 
card will have “Change Unknown” and the third card will have “Start Unknown”.  These 
cards will be posted on a wall or board to create a class chart where teachers can post 
the word problems that they write.  Do NOT put the chart up at the beginning of the 
session but rather after the participants have written their word problems.  This chart 
can also be created by just writing the three labels on a board visible to everyone.   

2. Review the facilitator notes and power point slide notes. 
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3. Check out the internet connection in the facility where you will be presenting to ensure 
that you will be able to successfully show the videos.  If there is no internet connection 
or insufficient bandwidth, the presenter should download the videos onto a jump drive 
or computer. 

 

TIME CONTENT/ACTIVITIES MATERIALS 

15 min  Writing Word Problems 

Slides 1-5 

DO NOT post the Class Category Chart until after participants 
have written their word problems. The class chart would simply 
be a place on the wall with three pieces of paper or large index 
cards (one saying “initial unknown” one saying “change 
unknown” and a third saying “result unknown”) arranged in 
column or horizontal line. Participants will then post their post-it 
in the category of their story problem.  The chart can be just 
drawn on a board if there is one available.   

Post-it note for each 
participant placed on 
the table prior to the 
session 
 
Chart made from 
index cards or drawn 
on the board for 
participants to post 
their problem in the 
appropriate 
category.   

10 min A look at Carpenter’s Research 

Slides 6-7  

See PPT slide notes 

 

5- min  
 
 
 
 
 

Statement of standard calling for variables in all 3 positions and 
tools to use in the classroom to aid students understanding 

Slides – 8-10 

Teachers may have adaptations to these tools. 

Samples of foldable 
three-door tool (in 
Handout folder) to 
place on the tables 

10 minutes  Switching from Tricks to Properties 

Slide 11 - 

Phil Daro (video is 2 min. 53 sec ) 

 

25 minutes Changing Instruction in the HS 

Slide 12 

 

5-10 minutes Mix-Freeze-Pair 

Slide 13-16 

Reflection 

Slide 17 – Spend a few minutes on the reflection questions to 
close the session. 

Sound (bell, clicker, 
music, etc) to signal 
beginning and end of 
pair talk 

 

Handouts
Handouts


Company 

LOGO Change in Instruction 

Author Joan Barrett 



Word problems 

• Please write a one-step addition word 
problem appropriate for an elementary 
grade level on a post-it note. 
 

Author Joan Barrett 



Word Problems – Page 88-89 

• Three kinds of addition word problems  
• Start unknown        
• I had some cookies, my mom gave me 3 more 

cookies.  Now I have 5.  How many did I have at the 
beginning.   ? + 3 = 5 

• Change Unknown 
• I had 2 cookies.  My mom gave me some more. Now 

I have 5.   How many cookies did my mom give me? 
 2 +  ? = 5   

• Result unknown  
• I had 4 cookies and then my mom gave me 2 more.  

How many cookies do I have altogether?    
• 4 +  2 = ? 

 Author Joan Barrett 



Read the problem you wrote 

• Decide which of the three kinds of addition 
problems you wrote.  Check with a table mate 
to verify that you have classified your problem 
correctly. 

• Place your post-it note on the class chart  
• What does the class chart tell us?  Speculate in 

your group about why we are getting these 
results. 

  
 Author Joan Barrett 



Re-Write 

• Change your word problem so that the 
unknown will be in a different position. 

• Use the Glossary of your Common Core State 
Standards p. 88 as a reference 

• Be ready to read your newly rewritten problem 
aloud to the group 
 

Author Joan Barrett 



Grade Answers Given Number
Of

Children
7      12       17      12       Other

and
17*

1 0 79 7 0 14 42
1 and 2 6 54 20 0 20 84

2 6 55 10 14 15 174
3 10 60 20 5 5 208
4 7 9 44 30 11 57
5 7 48 45 0 0 42
6 0 84 14 2 0 145

Percent of Children Offering Various Solutions to:

8 + 4 = + 5

Data comes from : Falkner, K., Levi, L., Carpenter, T. “Children’s Understanding of Equality: A Foundation for Algebra.” Teaching 
Children Mathematics vol. 6 (December 1999): 232–236 
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Percent of Children Offering Various Solutions to: 

8 + 4 =        + 5     
 

Grade 

Answers Given 
Number 

of 
Children 7 12 17 

12 
And 
17 

Other 

1 0 79 7 0 14 42 
1 and 2 6 54 20 0 20 84 
2 6 55 10 14 15 174 
3 10 60 20 5 5 208 
4 7 9 44 30 11 57 
5 7 48 45 0 0 42 
6 0 84 14 2 0 145 
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Operations and Algebraic 
Thinking (1.OA) 

• Represent and solve problems involving 
addition and subtraction  

• 1. Use addition and subtraction within 20 to solve 
word problems involving situations of adding to, 
taking from, putting together, taking apart and 
comparing with unknowns in all three positions, e.g. 
by using objects, drawings and equations with a 
symbol for the unknown number to represent the 
problem 

Author Joan Barrett 
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I had some cookies My mom gave me some 

Now I have  

Author Joan Barrett 



From Tricks to Properties 

Phil Daro, writer of CCSSM 
• http://www.youtube.com/watch?v=B6UQcwzy

E1U  

Author Joan Barrett 

http://www.youtube.com/watch?v=B6UQcwzyE1U
http://www.youtube.com/watch?v=B6UQcwzyE1U


Changing Instruction in HS 

HS Math Teacher Dan Meyer  
• Video 1 - 

http://www.youtube.com/watch?v=BlvKWEvK
Si8   

• Video 2 
http://vimeo.com/1228744?pg=embed&sec=12
28744 

Author Joan Barrett 

http://www.youtube.com/watch?v=BlvKWEvKSi8
http://www.youtube.com/watch?v=BlvKWEvKSi8
http://vimeo.com/1228744?pg=embed&sec=1228744
http://vimeo.com/1228744?pg=embed&sec=1228744


Mix-Freeze-Pair 

• Stand up and walk- around room 
• When signaled, pair up with nearest person 
•  Discuss question provided by facilitator 

 
• On signal, mix again and repeat 
 

Author Joan Barrett 



Mix-Freeze-Pair 

What kind of results do you think you would get 
if you replicated the “write a simple 1-step 
addition problem” activity in your 
school/district?  

 
 
 
  

Author Joan Barrett 



Mix-Freeze-Pair 

• What do you think the reaction would be in 
your school/district to Phil Daro’s video  
where he suggests dispensing with tricks and 
mnemonics? 
 
 

Author Joan Barrett 



Mix-Freeze-Pair 

1. Use multimedia – brings real world into classroom 
2. Encourage student intuition – levels the playing field 
3. Ask the shortest question 
4. Let students build the problem (because Einstein said so) 
5. Be less helpful 
 

What are possible obstacles to making these 
changes and how could you overcome them? 
 

 

Dan Meyer’s Recommendations for improving 
instruction 

Author Joan Barrett 



Reflections  

 

Author Joan Barrett 
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Session 5- Looking Deeper at the CCSSM through Progression Documents (60-
90 min) 

 

Session Description 

This training is an opportunity for a guided jigsaw of the progression documents that 
have been released by Bill McCallum on the website 
http://commoncoretools.wordpress.com/.  These documents not only describe the 
expected progression students will make as they develop their understanding within 
each domain, but they include examples and diagrams that will help deepen 
understanding of the content for both educators and students.  
*In viewing this document, for 2007 or later version, go to View and check Navigation 
Pane in the ribbon.  In older versions, under view, select to show the Document Map.  
This will allow easy navigation to the guiding questions. 

Goal of the Session 

Participants will gain a deeper understanding of the developmental progression of 
mathematics understanding within a domain.   

Expected Outcomes: 

By the conclusion of this section of the training, participants will: 
 Be aware of the draft Progressions documents and how they support the 

implementation of the Common Core State Standards 
 Understand implications for curriculum, instruction, assessment and professional 

development based upon the draft documents 

http://commoncoretools.wordpress.com/
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Pre-session Preparation 

1. Select a progression document to read and discuss with participants along with the 
corresponding Progression Guiding Questions section at the end of this document. 
Progression documents are located in the Handouts folder for this session, along 
with a separate file for the guiding questions. 

2. Read the document and corresponding guiding questions. 
3. Determine how participants will be divided into smaller groups for the jigsaw. 
4. Review the PowerPoint to determine if it will be needed with your group.  (The 

PowerPoint presentation is an optional resource for this session.) 
5. Determine appropriate questions for the Mix-Freeze-Pair. 
6. Duplicate the progression document(s) or distribute electronically to participants.  
 
 

TIME CONTENT/ACTIVITIES MATERIALS 

5 min Introduction 

Slides 2-4 

Introduces the session, background of the progression documents, and website. 

Slide 4 contains the website for the Progression documents.  This is Bill McCallum’s 
website.  The blog posts the latest news on the front page.  The “Progression” navigation 
link under Categories, to the right, will link directly to all the documents. 

Facilitator notes:  This segment can be repeated using different progression documents 
each time.  If repeated, you may choose to use a facilitation strategy as the Mix Freeze 
Pair to refresh their memory of the previous document and debrief how their instruction 
may have been influenced.  In this case, you would alter the questions based upon 
whichever document or session preceded this one.   

PP  
 
 
 

7 min Progression documents 

Slide 5 

Contains the current progression document titles as of 12/1/11.  This slide will need to 
be updated if more progression documents are posted. Each of the titles will link to 
guiding questions slides.  The last slide for the domain has an arrow that will link back to 
this slide. 

For most of the progressions, there is an overview section that the participants will read 
silently and then reflect upon in small groups. 

Facilitator notes:  Select the corresponding guiding questions at the end of this document 
for the chosen progression document. This document is also provided in the Handout 
Folder. 

Progression 
Document 

Handouts
Handouts
Handouts


 Authors Polly Hill and Leslie Knicl    Facilitator Guide Session 5 
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TIME CONTENT/ACTIVITIES MATERIALS 

3 min Grouping for Jigsaw 

Divide up the participants into groups that correspond to the sections of your 
progression document.  You may choose to number off, divide by grade level, divide 
randomly using a tool (like a deck of cards or selecting a piece of candy). 

Deck of 
cards 

10-15 
min  

Jigsaw Reading 

Have participants read their assigned portion and be prepared to share out key ideas of 
that portion. 

Progression 
Document  

15-30 
min 
 

Debrief of Jigsaw Reading 

Have participants share out about their portions.  You can capture big ideas on chart 
paper or electronically. 

 Slides 7-8 – Questions for CC & OA 

 Slides 9-11 – Questions for NBT 

 Slide 12-13 – Questions for NF 

 Slide 14 – Questions for MD 

 Slides 15-16 – Questions for RP 

 Slide 18 – Questions for EE 

 

5 min Reflections 

Slide 8 - Reflections 
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K, Counting and Cardinality; and K-5, Operations and Algebraic Thinking  

1) Have participants read the Overview (pages 2-3).  Allow them time to process what they 

have read by discussing in small groups.  

2) Counting and Cardinality:   

a. Which aspects of the counting progression are currently high priorities in your 

Kindergarten program? 

b. Which aspects of the counting progression are new or different from your 

current Kindergarten program?  

3) Have the participants compose an addition word problem (if K-2) or multiplication 

problem (if 3-5).  After they have composed the problem, have them determine which 

unknown does the problem address (result unknown, change unknown, start unknown) 

Have the participants examine and discuss the table on page 7 (for K-2) and page 23 (for 

3-5).  Allow them to discuss the balance between the types of problem solving situations 

students are exposed to in their current practices. 

4) You can divide the group into groups to read the following: 

 Kindergarten (page 8-11) 

 Grade 1 (pages 12-17) 

 Grade 2 (pages 18-19) 

 Grade 3 (pages 22-28) 

 Grade 4 (pages 29-31) 

 Grade 5 (pages 32) 

Allow them time to process what they have read by discussing in small groups.  
a. What concepts addressed in this domain are similar in difficulty to the concepts 

you are already teaching?  In what ways are they similar? 

b. What concepts addressed in this domain are more challenging than the 

concepts you are have been teaching?  In what ways are they more challenging? 

c. What resources or information will you need to be able to implement the 

standards in this domain? 

5) Bring the groups together to share out.  How did the examples support your 

understanding of this progression? 

6) Have the participants read “Extending Beyond Grade 5” on page 19 and discuss the 

following: 

a. How is your grade level instruction critical to student success beyond grade 5? 

7) Divide the participants into 4 groups to read Appendix A: 

 Level I (page 36) 

 Level II (page 37-38) 

 Level III (page 38) 

 Level IV (page 39) 
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K-5, Number and Operations in Base Ten 

1) Have participants read the Overview (pages 2-4).  Allow them time to process 

what they have read by discussing in small groups.  

2) Choose from the following questions to ask the whole group: 

a. Consider how the descriptions of “position,”  “base-ten units,” and 

“computations” described here compare to your current instruction of 

these topics. 

b. How are strategies and algorithms different? 

c. How will the mathematical practices influence instruction of this domain? 

3) Divide the group into groups to read the following: 

 Kindergarten (page 5) 

 Grade 1 (pages 6-7) 

 Grade 2 (pages 8-10) 

 Grade 3 (page 11) 

 Grade 4 (pages 12-15) 

 Grade 5 (pages 16-18) 

 Allow them time to process what they have read by discussing in small 
groups.  

a. What concepts addressed in this domain are similar in difficulty to the 

concepts you are already teaching?  In what ways are they similar? 

b. What concepts addressed in this domain are more challenging than the 

concepts you are have been teaching?  In what ways are they more 

challenging? 

c. What resources or information will you need to be able to implement the 

standards in this domain? 

4) Bring the groups together to share out.   

a. How did the examples support your understanding of this progression? 

b. If the goal is mastery at each grade level, what supports might be needed 

for students who are struggling? 

5) Have the participants read “Extending Beyond Grade 5” on page 19 and discuss 

the following: 

a. How is your grade level instruction critical to student success beyond 

grade 5? 
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3-5 Number and Operations – Fractions 

1) Divide the group into 3 groups and have one of the smaller groups read the 3rd 

grade (pages 2-4), another read the 4th grade (pages 5-9), and the third group 

read the 5th grade (pages 10-13).  Allow them time to process what they have 

read by discussing in small groups.  

a. What concepts addressed in this domain are similar in difficulty to the 

concepts you are already teaching?  In what ways are they similar? 

b. What concepts addressed in this domain are more challenging than the 

concepts you are have been teaching?  In what ways are they more 

challenging? 

c. What resources or information will you need to be able to implement the 

standards in this domain? 

2) Bring the 2 groups together to share out and address the following: 

a. In what ways are the fraction concepts described here new or different 

than the way you learned fractions? 

b. In what ways are the fraction concepts described here similar to your 

own learning experience? 

c.  How did the examples support your understanding of this progression? 

d. How might you use visuals and manipulatives to deepen your students’ 

understanding of fractions? 
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K-3, Categorical Data; Grades 2-5, Measurement Data 

1) Have participants read silently Overview, pages 2-4 and then discuss in their 

small groups. 

a) In what ways are the measurement data standards and the number sense 

standards mutually supportive of each other? 

b) In what ways are the standards for mathematical practice applied in 

measurement and data? 

2) Next have participants divide into 2 groups: 

 One group will read  Categorical Data:  Pages 5-8 

 The other group will read Measurement Data:  Pages 9-13 

Have the groups share out the major ideas from their reading. 
3) Ask participants to consider:  How do the visuals and examples support your 

understanding of the standards in this domain? 
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6-7, Ratios and Proportional Relationships 

1)  Have participants read the Overview (pages 2-4).  Allow them time to process 

what they have read by discussing in small groups.  

2) Choose from the following questions to ask the whole group: 

a. What did you read that is new or different from your own experience in 

learning about Ratios and Proportions? 

b. What precise language would you want to emphasize with students? 

c. How are the examples and/or diagrams useful in understanding the Ratio 

and Proportion standards? 

3) Divide the group into 2 groups and have one of the smaller groups read the 6th 

grade (pages 5-7) while the other group reads the 7th grade (pages 8-12).  Allow 

them time to process what they have read by discussing in small groups.  

a. What concepts addressed in this domain are similar in difficulty to the 

concepts you are already teaching?  In what ways are they similar? 

b. What concepts addressed in this domain are more challenging than the 

concepts you are have been teaching?  In what ways are they more 

challenging? 

c. What resources or information will you need to be able to implement the 

standards in this domain? 

4) Bring the 2 groups together to share out.  How did the examples support your 

understanding of this progression? 

5) Have the participants read the appendix (pages 13-15) and discuss the following: 

a. How might you use the definitions and characteristics of ratios rates and 

proportional relationships go guide your instruction? 

b. How do the 2 perspectives on ratios and rates influence instruction and 

assessment? 
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6-8, Expressions and Equations 

1)  Have participants read silently Overview, pages 2-3 and discuss in small groups. 

a) How does the analogy of the facial expression support your understanding 

of this domain? 

b) Who might benefit from reading this overview?  How could it be used?  

2) Divide the group into 3 smaller groups: 

 Grade 6, Pages 4-7 

 Grade 7, Pages 8-10 

 Grade 8, Pages 11-13 

3)  Have participants consider: 

a) In what ways are the standards for mathematical practice applied in 

expressions and equations? 

b) How do the visuals and examples support your understanding of the 

standards in this domain? 
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Progressions 

• K,  Counting and Cardinality; K-5, Operations and 
Algebraic Thinking 

• K-3, Categorical Data; Grades 2-5, Measurement 
Data 

• K-5, Number and Operations — Base 10 
• 3-5, Numbers and Operations – Fractions (early 

stages of development) 
• 6-8, Expressions and Equations 
• 6-7, Ratios and Proportional Reasoning 
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Reflections 
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CC & OA 

• Which aspects of the counting progression are 
currently high priorities in your Kindergarten 
program? 

• Which aspects of the counting progression are 
new or different from your current 
Kindergarten program?  

• What concepts addressed in this domain are 
similar in difficulty to the concepts you are 
already teaching?  In what ways are they 
similar? 

Authors Polly Hill and Leslie Knicl 



CC & OA 

• What concepts addressed in this domain are 
more challenging than the concepts you have 
been teaching?  In what ways are they more 
challenging? 

• What resources or information will you need 
to be able to implement the standards in this 
domain? 

• How is your grade level instruction critical to 
student success beyond grade 5? 
 Authors Polly Hill and Leslie Knicl 

Back to  
Progression Slide 



NBT 

• Consider how the descriptions of “position,”  
“base-ten units,” and “computations” 
described here compare to your current 
instruction of these topics. 

• How are strategies and algorithms different? 
• How will the mathematical practices influence 

instruction of this domain? 
 

Authors Polly Hill and Leslie Knicl 



NBT 

• What concepts addressed in this domain are similar in 
difficulty to the concepts you are already teaching?  
In what ways are they similar? 

• What concepts addressed in this domain are more 
challenging than the concepts you are have been 
teaching?  In what ways are they more challenging? 

• What resources or information will you need to be 
able to implement the standards in this domain? 
 

Authors Polly Hill and Leslie Knicl 



NBT 

• How did the examples support your 
understanding of this progression? 

• If the goal is mastery at each grade level, what 
supports might be needed for students who are 
struggling? 

• How is your grade level instruction critical to student 
success beyond grade 5? 
 

Authors Polly Hill and Leslie Knicl 

Back to  
Progression Slide 



NF 

• What concepts addressed in this domain are 
similar in difficulty to the concepts you are 
already teaching?  In what ways are they similar? 

• What concepts addressed in this domain are more 
challenging than the concepts you are have been 
teaching?  In what ways are they more 
challenging? 

• What resources or information will you need to be 
able to implement the standards in this domain? 
 

Authors Polly Hill and Leslie Knicl 



NF 

• In what ways are the fraction concepts described 
here new or different than the way you learned 
fractions? 

• In what ways are the fraction concepts described 
here similar to your own learning experience? 

•  How did the examples support your 
understanding of this progression? 

• How might you use visuals and manipulatives to 
deepen your students’ understanding of fractions? 
 

Authors Polly Hill and Leslie Knicl 

Back to  
Progression Slide 



MD 

• In what ways are the measurement data 
standards and the number sense standards 
mutually supportive of each other? 

• In what ways are the standards for 
mathematical practice applied in measurement 
and data? 

• How do the visuals and examples support your 
understanding of the standards in this domain? 

Authors Polly Hill and Leslie Knicl 

Back to  
Progression Slide 



RP 

• What did you read that is new or different from 
your own experience in learning about Ratios and 
Proportions? 

• What precise language would you want to 
emphasize with students? 

• How are the examples and/or diagrams useful in 
understanding the Ratio and Proportion 
standards? 
 

Authors Polly Hill and Leslie Knicl 



RP 

• What concepts addressed in this domain are 
similar in difficulty to the concepts you are 
already teaching?  In what ways are they similar? 

• What concepts addressed in this domain are more 
challenging than the concepts you are have been 
teaching?  In what ways are they more 
challenging? 

• What resources or information will you need to be 
able to implement the standards in this domain? 
 

Authors Polly Hill and Leslie Knicl 



RP 

• How might you use the definitions and 
characteristics of ratios rates and proportional 
relationships go guide your instruction? 

• How do the 2 perspectives on ratios and rates 
influence instruction and assessment? 

Authors Polly Hill and Leslie Knicl 

Back to  
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EE 

• How does the analogy of the facial expression 
support your understanding of this domain? 

• Who might benefit from reading this overview?  
How could it be used?  

• In what ways are the standards for 
mathematical practice applied in expressions 
and equations? 

• How do the visuals and examples support your 
understanding of the standards in this domain? 
 

Authors Polly Hill and Leslie Knicl 

Back to  
Progression Slide 
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K, Counting and
Cardinality; K–5,
Operations and Algebraic
Thinking

Counting and Cardinality and Operations and Algebraic Thinking are
about understanding and using numbers. Counting and Cardinality
underlies Operations and Algebraic Thinking as well as Number
and Operations in Base Ten. It begins with early counting and
telling how many in one group of objects. Addition, subtraction,
multiplication, and division grow from these early roots. From its
very beginnings, this Progression involves important ideas that are
neither trivial nor obvious; these ideas need to be taught, in ways
that are interesting and engaging to young students.

The Progression in Operations and Algebraic Thinking deals with
the basic operations—the kinds of quantitative relationships they
model and consequently the kinds of problems they can be used
to solve as well as their mathematical properties and relationships.
Although most of the standards organized under the OA heading
involve whole numbers, the importance of the Progression is much
more general because it describes concepts, properties, and repre-
sentations that extend to other number systems, to measures, and to
algebra. For example, if the mass of the sun is x kilograms, and the
mass of the rest of the solar system is y kilograms, then the mass
of the solar system as a whole is the sum x � y kilograms. In this
example of additive reasoning, it doesn’t matter whether x and y
are whole numbers, fractions, decimals, or even variables. Likewise,
a property such as distributivity holds for all the number systems
that students will study in K–12, including complex numbers.

The generality of the concepts involved in Operations and Al-
gebraic Thinking means that students’ work in this area should be
designed to help them extend arithmetic beyond whole numbers (see
the NF and NBT Progressions) and understand and apply expres-
sions and equations in later grades (see the EE Progression).

Addition and subtraction are the first operations studied. Ini-
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tially, the meaning of addition is separate from the meaning of sub-
traction, and students build relationships between addition and sub-
traction over time. Subtraction comes to be understood as reversing
the actions involved in addition and as finding an unknown ad-
dend. Likewise, the meaning of multiplication is initially separate
from the meaning of division, and students gradually perceive re-
lationships between division and multiplication analogous to those
between addition and subtraction, understanding division as revers-
ing the actions involved in multiplication and finding an unknown
product.

Over time, students build their understanding of the properties
of arithmetic: commutativity and associativity of addition and multi-
plication, and distributivity of multiplication over addition. Initially,
they build intuitive understandings of these properties, and they use
these intuitive understandings in strategies to solve real-world and
mathematical problems. Later, these understandings become more
explicit and allow students to extend operations into the system of
rational numbers.

As the meanings and properties of operations develop, students
develop computational methods in tandem. The OA Progression in
Kindergarten and Grade 1 describes this development for single-
digit addition and subtraction, culminating in methods that rely on
properties of operations. The NBT Progression describes how these
methods combine with place value reasoning to extend computa-
tion to multi-digit numbers. The NF Progression describes how the
meanings of operations combine with fraction concepts to extend
computation to fractions.

Students engage in the Standards for Mathematical Practice in
grade-appropriate ways from Kindergarten to Grade 5. Pervasive
classroom use of these mathematical practices in each grade affords
students opportunities to develop understanding of operations and
algebraic thinking.

Draft, 5/29/2011, comment at commoncoretools.wordpress.com .
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Counting and Cardinality
Several progressions originate in knowing number names and the
count sequence:K.CC.1 K.CC.1Count to 100 by ones and by tens.

From saying the counting words to counting out objects Students
usually know or can learn to say the counting words up to a given
number before they can use these numbers to count objects or to tell
the number of objects. Students become fluent in saying the count
sequence so that they have enough attention to focus on the pairings
involved in counting objects. To count a group of objects, they pair
each word said with one object.K.CC.4a This is usually facilitated by

K.CC.4a Understand the relationship between numbers and
quantities; connect counting to cardinality.

a When counting objects, say the number names in the
standard order, pairing each object with one and only one
number name and each number name with one and only
one object.

an indicating act (such as pointing to objects or moving them) that
keeps each word said in time paired to one and only one object
located in space. Counting objects arranged in a line is easiest;
with more practice, students learn to count objects in more difficult
arrangements, such as rectangular arrays (they need to ensure they
reach every row or column and do not repeat rows or columns); cir-
cles (they need to stop just before the object they started with); and
scattered configurations (they need to make a single path through
all of the objects).K.CC.5 Later, students can count out a given number

K.CC.5Count to answer “how many?” questions about as many
as 20 things arranged in a line, a rectangular array, or a circle, or
as many as 10 things in a scattered configuration; given a number
from 1–20, count out that many objects.of objects,K.CC.5 which is more difficult than just counting that many

objects, because counting must be fluent enough for the student to
have enough attention to remember the number of objects that is
being counted out.

From subitizing to single-digit arithmetic fluency Students come
to quickly recognize the cardinalities of small groups without having
to count the objects; this is called perceptual subitizing. Perceptual
subitizing develops into conceptual subitizing—recognizing that a
collection of objects is composed of two subcollections and quickly
combining their cardinalities to find the cardinality of the collec-
tion (e.g., seeing a set as two subsets of cardinality 2 and saying
“four”). Use of conceptual subitizing in adding and subtracting small
numbers progresses to supporting steps of more advanced methods
for adding, subtracting, multiplying, and dividing single-digit num-
bers (in several OA standards from Grade 1 to 3 that culminate in
single-digit fluency).

From counting to counting on Students understand that the last
number name said in counting tells the number of objects counted.K.CC.4b

K.CC.4b Understand the relationship between numbers and
quantities; connect counting to cardinality.

b Understand that the last number name said tells the num-
ber of objects counted. The number of objects is the same
regardless of their arrangement or the order in which they
were counted.

Prior to reaching this understanding, a student who is asked “How
many kittens?” may regard the counting performance itself as the
answer, instead of answering with the cardinality of the set. Ex-
perience with counting allows students to discuss and come to un-
derstand the second part of K.CC.4b—that the number of objects is
the same regardless of their arrangement or the order in which they
were counted. This connection will continue in Grade 1 with the
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more advanced counting-on methods in which a counting word rep-
resents a group of objects that are added or subtracted and addends
become embedded within the total1.OA.6 (see page 14). Being able

1.OA.6Add and subtract within 20, demonstrating fluency for ad-
dition and subtraction within 10. Use strategies such as counting
on; making ten (e.g., 8� 6 � 8� 2� 4 � 10� 4 � 14); decom-
posing a number leading to a ten (e.g., 13� 4 � 13� 3� 1 �
10�1 � 9); using the relationship between addition and subtrac-
tion (e.g., knowing that 8� 4 � 12, one knows 12� 8 � 4); and
creating equivalent but easier or known sums (e.g., adding 6� 7
by creating the known equivalent 6� 6� 1 � 12� 1 � 13).

to count forward, beginning from a given number within the known
sequence,K.CC.2 is a prerequisite for such counting on. Finally, un-

K.CC.2Count forward beginning from a given number within the
known sequence (instead of having to begin at 1).

derstanding that each successive number name refers to a quantity
that is one largerK.CC.4c is the conceptual start for Grade 1 counting

K.CC.4c Understand the relationship between numbers and
quantities; connect counting to cardinality.

c Understand that each successive number name refers to
a quantity that is one larger.

on. Prior to reaching this understanding, a student might have to
recount entirely a collection of known cardinality to which a single
object has been added.

From spoken number words to written base-ten numerals to base-
ten system understanding The NBT Progression discusses the
special role of 10 and the difficulties that English speakers face be-
cause the base-ten structure is not evident in all the English number
words.

From comparison by matching to comparison by numbers to com-
parison involving adding and subtracting The standards about
comparing numbersK.CC.6 ,K.CC.7 focus on students identifying which

K.CC.6Identify whether the number of objects in one group is
greater than, less than, or equal to the number of objects in an-
other group, e.g., by using matching and counting strategies.

K.CC.7Compare two numbers between 1 and 10 presented as
written numerals.

of two groups has more than (or fewer than, or the same amount
as) the other. Students first learn to match the objects in the two
groups to see if there are any extra and then to count the objects
in each group and use their knowledge of the count sequence to
decide which number is greater than the other (the number farther
along in the count sequence). Students learn that even if one group
looks as if it has more objects (e.g., has some extra sticking out),
matching or counting may reveal a different result. Comparing num-
bers progresses in Grade 1 to adding and subtracting in comparing
situations (finding out “how many more” or “how many less”1.OA.1

1.OA.1Use addition and subtraction within 20 to solve word prob-
lems involving situations of adding to, taking from, putting to-
gether, taking apart, and comparing, with unknowns in all posi-
tions, e.g., by using objects, drawings, and equations with a sym-
bol for the unknown number to represent the problem.

and not just “which is more” or “which is less”).
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Operations and Algebraic Thinking
Overview of Grades K–2
Students develop meanings for addition and subtraction as they en-
counter problem situations in Kindergarten, and they extend these
meanings as they encounter increasingly difficult problem situations
in Grade 1. They represent these problems in increasingly sophis-
ticated ways. And they learn and use increasingly sophisticated
computation methods to find answers. In each grade, the situations,
representations, and methods are calibrated to be coherent and to
foster growth from one grade to the next.

Methods used for solving single-digit addition and
subtraction problems

Level 1. Direct Modeling by Counting All or Taking Away.
Represent situation or numerical problem with groups of objects,
a drawing, or fingers. Model the situation by composing two
addend groups or decomposing a total group. Count the
resulting total or addend.

Level 2. Counting On. Embed an addend within the total (the
addend is perceived simultaneously as an addend and as part of
the total). Count this total but abbreviate the counting by omitting
the count of this addend; instead, begin with the number word of
this addend. Some method of keeping track (fingers, objects,
mentally imaged objects, body motions, other count words) is
used to monitor the count.

For addition, the count is stopped when the amount of the
remaining addend has been counted. The last number word is
the total. For subtraction, the count is stopped when the total
occurs in the count. The tracking method indicates the
difference (seen as an unknown addend).

Level 3. Convert to an Easier Problem. Decompose an addend
and compose a part with another addend.

See Appendix for examples and further details.

The main addition and subtraction situations students work with
are listed in Table 1. The computation methods they learn to use
are summarized in the margin and described in more detail in the
Appendix.
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Table 1: Addition and subtraction situations

Result Unknown Change Unknown Start Unknown

Add To

A bunnies sat on the grass. B more
bunnies hopped there. How many
bunnies are on the grass now?

A� B � l

A bunnies were sitting on the grass.
Some more bunnies hopped there.
Then there were C bunnies. How
many bunnies hopped over to the
first A bunnies?

A�l � C

Some bunnies were sitting on the
grass. B more bunnies hopped
there. Then there were C bun-
nies. How many bunnies were on the
grass before?

l� B � C

Take
From

C apples were on the table. I ate B
apples. How many apples are on the
table now?

C � B � l

C apples were on the table. I ate
some apples. Then there were A ap-
ples. How many apples did I eat?

C �l � A

Some apples were on the table. I ate
B apples. Then there were A apples.
How many apples were on the table
before?

l� B � A

Total Unknown Both Addends Unknown1 Addend Unknown2

Put
Together
/Take
Apart

A red apples and B green apples are
on the table. How many apples are
on the table?

A� B � l

Grandma has C flowers. How many
can she put in her red vase and how
many in her blue vase?

C � l�l

C apples are on the table. A are red
and the rest are green. How many
apples are green?

A�l � C
C � A � l

Difference Unknown Bigger Unknown Smaller Unknown

“How many more?” version. Lucy
has A apples. Julie has C apples.
How many more apples does Julie
have than Lucy?

“More” version suggests operation.
Julie has B more apples than Lucy.
Lucy has A apples. How many ap-
ples does Julie have?

“Fewer” version suggests operation.
Lucy has B fewer apples than Julie.
Julie has C apples. How many ap-
ples does Lucy have?

Compare
“How many fewer?” version. Lucy
has A apples. Julie has C apples.
How many fewer apples does Lucy
have than Julie?

A�l � C
C � A � l

“Fewer” version suggests wrong op-
eration. Lucy has B fewer apples
than Julie. Lucy has A apples. How
many apples does Julie have?

A� B � l

“More” suggests wrong operation.
Julie has B more apples than Lucy.
Julie has C apples. How many ap-
ples does Lucy have?

C � B � l

l� B � C

In each type (shown as a row), any one of the three quantities in the situation can be unknown, leading to the subtypes shown in each
cell of the table. The table also shows some important language variants which, while mathematically the same, require separate
attention. Other descriptions of the situations may use somewhat different names. Adapted from CCSS, p. 88, which is based on
Mathematics Learning in Early Childhood: Paths Toward Excellence and Equity, National Research Council, 2009, pp. 32–33.
1 This can be used to show all decompositions of a given number, especially important for numbers within 10. Equations with totals

on the left help children understand that = does not always mean “makes” or “results in” but always means “is the same number as.”
Such problems are not a problem subtype with one unknown, as is the Addend Unknown subtype to the right. These problems are a
productive variation with two unknowns that give experience with finding all of the decompositions of a number and reflecting on the
patterns involved.

2 Either addend can be unknown; both variations should be included.
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Kindergarten
Students act out adding and subtracting situations by representing
quantities in the situation with objects, their fingers, and math draw-
ings (MP5).K.OA.1 To do this, students must mathematize a real-world

K.OA.1Represent addition and subtraction with objects, fingers,
mental images, drawings, sounds (e.g., claps), acting out situa-
tions, verbal explanations, expressions, or equations.situation (MP4), focusing on the quantities and their relationships

rather than non-mathematical aspects of the situation. Situations
can be acted out and/or presented with pictures or words. Math
drawings facilitate reflection and discussion because they remain
after the problem is solved. These concrete methods that show all
of the objects are called Level 1 methods.

Students learn and use mathematical and non-mathematical lan-
guage, especially when they make up problems and explain their
representation and solution. The teacher can write expressions (e.g.,
3�1) to represent operations, as well as writing equations that rep-
resent the whole situation before the solution (e.g., 3 � 1 � l) or
after (e.g., 3� 1 � 2). Expressions like 3� 1 or 2� 1 show the oper-
ation, and it is helpful for students to have experience just with the
expression so they can conceptually chunk this part of an equation.

Working within 5 Students work with small numbers first, though
many kindergarteners will enter school having learned parts of the
Kindergarten standards at home or at a preschool program. Focus-
ing attention on small groups in adding and subtracting situations
can help students move from perceptual subitizing to conceptual
subitizing in which they see and say the addends and the total,•

• Note on vocabulary: The term “total” is used here instead of the
term “sum.” “Sum” sounds the same as “some,” but has the oppo-
site meaning. “Some” is used to describe problem situations with
one or both addends unknown, so it is better in the earlier grades
to use “total” rather than “sum.” Formal vocabulary for subtrac-
tion (“minuend” and “subtrahend”) is not needed for Kindergarten,
Grade 1, and Grade 2, and may inhibit students seeing and dis-
cussing relationships between addition and subtraction. At these
grades, the terms “total” and “addend” are sufficient for classroom
discussion.

e.g., “Two and one make three.”
Students will generally use fingers for keeping track of addends

and parts of addends for the Level 2 and 3 methods used in later
grades, so it is important that students in Kindergarten develop rapid
visual and kinesthetic recognition of numbers to 5 on their fingers.
Students may bring from home different ways to show numbers with
their fingers and to raise (or lower) them when counting. The three
major ways used around the world are starting with the thumb, the
little finger, or the pointing finger (ending with the thumb in the
latter two cases). Each way has advantages physically or math-
ematically, so students can use whatever is familiar to them. The
teacher can use the range of methods present in the classroom, and
these methods can be compared by students to expand their un-
derstanding of numbers. Using fingers is not a concern unless it
remains at the first level of direct modeling in later grades.

Students in Kindergarten work with the following types of addi-
tion and subtraction situations: Add To with Result Unknown; Take
From with Result Unknown; and Put Together/Take Apart with Total
Unknown and Both Addends Unknown (see the dark shaded types
in Table 2). Add To/Take From situations are action-oriented; they
show changes from an initial state to a final state. These situations
are readily modeled by equations because each aspect of the situ-
ation has a representation as number, operation (� or �), or equal
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sign (�, here with the meaning of “becomes,” rather than the more
general “equals”).

Table 2: Addition and subtraction situations by grade level.

Result Unknown Change Unknown Start Unknown

Add To

A bunnies sat on the grass. B more
bunnies hopped there. How many
bunnies are on the grass now?

A� B � l

A bunnies were sitting on the grass.
Some more bunnies hopped there.
Then there were C bunnies. How
many bunnies hopped over to the
first A bunnies?

A�l � C

Some bunnies were sitting on the
grass. B more bunnies hopped
there. Then there were C bun-
nies. How many bunnies were on the
grass before?

l� B � C

Take
From

C apples were on the table. I ate B
apples. How many apples are on the
table now?

C � B � l

C apples were on the table. I ate
some apples. Then there were A ap-
ples. How many apples did I eat?

C �l � A

Some apples were on the table. I ate
B apples. Then there were A apples.
How many apples were on the table
before?

l� B � A

Total Unknown Both Addends Unknown1 Addend Unknown2

Put
Together
/Take
Apart

A red apples and B green apples are
on the table. How many apples are
on the table?

A� B � l

Grandma has C flowers. How many
can she put in her red vase and how
many in her blue vase?

C � l�l

C apples are on the table. A are red
and the rest are green. How many
apples are green?

A�l � C
C � A � l

Difference Unknown Bigger Unknown Smaller Unknown

“How many more?” version. Lucy
has A apples. Julie has C apples.
How many more apples does Julie
have than Lucy?

“More” version suggests operation.
Julie has B more apples than Lucy.
Lucy has A apples. How many ap-
ples does Julie have?

“Fewer” version suggests operation.
Lucy has B fewer apples than Julie.
Julie has C apples. How many ap-
ples does Lucy have?

Compare
“How many fewer?” version. Lucy
has A apples. Julie has C apples.
How many fewer apples does Lucy
have than Julie?

A�l � C
C � A � l

“Fewer” version suggests wrong
operation. Lucy has B fewer ap-
ples than Julie. Lucy has A ap-
ples. How many apples does Julie
have?

A� B � l

“More” version suggests wrong op-
eration. Julie has B more ap-
ples than Lucy. Julie has C ap-
ples. How many apples does Lucy
have?

C � B � l

l� B � C

Darker shading indicates the four Kindergarten problem subtypes. Grade 1 and 2 students work with all subtypes and variants.
Unshaded (white) problems are the four difficult subtypes or variants that students should work with in Grade 1 but need not master
until Grade 2. Adapted from CCSS, p. 88, which is based on Mathematics Learning in Early Childhood: Paths Toward Excellence and
Equity, National Research Council, 2009, pp. 32–33.
1 This can be used to show all decompositions of a given number, especially important for numbers within 10. Equations with totals

on the left help children understand that = does not always mean “makes” or “results in” but always means “is the same number as.”
Such problems are not a problem subtype with one unknown, as is the Addend Unknown subtype to the right. These problems are a
productive variation with two unknowns that give experience with finding all of the decompositions of a number and reflecting on the
patterns involved.

2 Either addend can be unknown; both variations should be included.
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In Put Together/Take Apart situations, two quantities jointly com-
pose a third quantity (the total), or a quantity can be decomposed
into two quantities (the addends). This composition/decomposition
may be physical or conceptual. These situations are acted out with
objects initially and later children begin to move to conceptual men-
tal actions of shifting between seeing the addends and seeing the
total (e.g., seeing children or seeing boys and girls, or seeing red
and green apples or all the apples).

The relationship between addition and subtraction in the Add
To/Take From and the Put Together/Take Apart action situations
is that of reversibility of actions: an Add To situation undoes a
Take From situation and vice versa and a composition (Put Together)
undoes a decomposition (Take Apart) and vice versa.

Put Together/Take Apart situations with Both Addends Unknown
play an important role in Kindergarten because they allow students
to explore various compositions that make each number.K.OA.3 This

K.OA.3Decompose numbers less than or equal to 10 into pairs in
more than one way, e.g., by using objects or drawings, and record
each decomposition by a drawing or equation (e.g., 5 � 2�3 and
5 � 4� 1).will help students to build the Level 2 embedded number represen-

tations used to solve more advanced problem subtypes. As students
decompose a given number to find all of the partners• that com- • The two addends that make a total can also be called partners

in Kindergarten and Grade 1 to help children understand that they
are the two numbers that go together to make the total.pose the number, the teacher can record each decomposition with

an equation such as 5 � 4� 1, showing the total on the left and the
two addends on the right.• Students can find patterns in all of the

• For each total, two equations involving 0 can be written, e.g.,
5 � 5 � 0 and 5 � 0 � 5. Once students are aware that such
equations can be written, practice in decomposing is best done
without such 0 cases.

decompositions of a given number and eventually summarize these
patterns for several numbers.

Equations with one number on the left and an operation on the
right (e.g., 5 � 2 � 3 to record a group of 5 things decomposed
as a group of 2 things and a group of 3 things) allow students to
understand equations as showing in various ways that the quantities
on both sides have the same value.MP6 MP6 Working toward “using the equal sign consistently and ap-

propriately.”

Working within 10 Students expand their work in addition and
subtraction from within 5 to within 10. They use the Level 1 methods
developed for smaller totals as they represent and solve problems
with objects, their fingers, and math drawings. Patterns such as
“adding one is just the next counting word”K.CC.4c and “adding zero

K.CC.4c Understand the relationship between numbers and
quantities; connect counting to cardinality.

c Understand that each successive number name refers to
a quantity that is one larger.gives the same number” become more visible and useful for all of

the numbers from 1 to 9. Patterns such as the 5 � n pattern used
widely around the world play an important role in learning partic-
ular additions and subtractions, and later as patterns in steps in
the Level 2 and 3 methods. Fingers can be used to show the same

5� n pattern

5-patterns, but students should be asked to explain these relation-
ships explicitly because they may not be obvious to all students.MP3

As the school year progresses, students internalize their external MP3 Students explain their conclusions to others.representations and solution actions, and mental images become
important in problem representation and solution.

Student drawings show the relationships in addition and sub-
traction situations for larger numbers (6 to 9) in various ways, such
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as groupings, things crossed out, numbers labeling parts or totals,
and letters or words labeling aspects of the situation. The symbols
�, �, or � may be in the drawing. Students should be encouraged
to explain their drawings and discuss how different drawings are
the same and different.MP1 MP1 Understand the approaches of others and identify corre-

spondencesLater in the year, students solve addition and subtraction equa-
tions for numbers within 5, for example, 2 � 1 � l or 3 � 1 � l,
while still connecting these equations to situations verbally or with
drawings. Experience with decompositions of numbers and with Add
To and Take From situations enables students to begin to fluently
add and subtract within 5.K.OA.5 K.OA.5Fluently add and subtract within 5.

Finally, composing and decomposing numbers from 11 to 19 into
ten ones and some further ones builds from all this work.K.NBT.1 This

K.NBT.1Compose and decompose numbers from 11 to 19 into
ten ones and some further ones, e.g., by using objects or draw-
ings, and record each composition or decomposition by a drawing
or equation (e.g., 18 = 10 + 8); understand that these numbers
are composed of ten ones and one, two, three, four, five, six,
seven, eight, or nine ones.

is a vital first step kindergarteners must take toward understand-
ing base-ten notation for numbers greater than 9. (See the NBT
Progression.)

The Kindergarten standards can be stated succinctly, but they
represent a great deal of focused and rich interactions in the class-
room. This is necessary in order to enable all students to under-
stand all of the numbers and concepts involved. Students who enter
Kindergarten without knowledge of small numbers or of counting
to ten will require extra teaching time in Kindergarten to meet the
standards. Such time and support are vital for enabling all students
to master the Grade 1 standards in Grade 1.
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Grade 1
Students extend their work in three major and interrelated ways,
by:

• Representing and solving a new type of problem situation
(Compare);

• Representing and solving the subtypes for all unknowns in all
three types;

• Using Level 2 and Level 3 methods to extend addition and
subtraction problem solving beyond 10, to problems within 20.
In particular, the OA progression in Grade 1 deals with adding
two single-digit addends, and related subtractions.•

• Other Grade 1 problems within 20, such as 14 � 5, are best
viewed in the context of place value, i.e., associated with 1.NBT.4.
See the NBT Progression.

Representing and solving a new type of problem situation (Com-
pare) In a Compare situation, two quantities are compared to find
“How many more” or “How many less.”•K.CC.6 ,K.CC.7 One reason Com-

• Compare problems build upon Kindergarten comparisons, in
which students identified ”Which is more?” or “Which is less?”
without ascertaining the difference between the numbers.

K.CC.6Identify whether the number of objects in one group is
greater than, less than, or equal to the number of objects in an-
other group, e.g., by using matching and counting strategies.

K.CC.7Compare two numbers between 1 and 10 presented as
written numerals.

pare problems are more advanced than the other two major types
is that in Compare problems, one of the quantities (the difference)
is not present in the situation physically, and must be conceptu-
alized and constructed in a representation, by showing the “extra”

Representing the difference in a Compare problem

that when added to the smaller unknown makes the total equal to
the bigger unknown or by finding this quantity embedded within the
bigger unknown.

The language of comparisons is also difficult. For example, “Julie
has three more apples than Lucy” tells both that Julie has more ap-
ples and that the difference is three. Many students “hear” the
part of the sentence about who has more, but do not initially hear
the part about how many more; they need experience hearing and
saying a separate sentence for each of the two parts in order to
comprehend and say the one-sentence form. Another language is-
sue is that the comparing sentence might be stated in either of two
related ways, using “more” or “less.” Students need considerable
experience with “less” to differentiate it from “more”; some children
think that “less” means “more.” Finally, as well as the basic “How
many more/less” question form, the comparing sentence might take
an active, equalizing and counterfactual form (e.g., “How many more
apples does Lucy need to have as many as Julie?”) or might be
stated in a static and factual way as a question about how many
things are unmatched (e.g., “If there are 8 trucks and 5 drivers, how

Compare problem solved by matching

Compare problem represented in tape diagram

many trucks do not have a driver?”). Extensive experience with a
variety of contexts is needed to master these linguistic and situa-
tional complexities. Matching with objects and with drawings, and
labeling each quantity (e.g., J or Julie and L or Lucy) is helpful. Later
in Grade 1, a tape diagram can be used. These comparing diagrams
can continue to be used for multi-digit numbers, fractions, decimals,
and variables, thus connecting understandings of these numbers in
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comparing situations with such situations for single-digit numbers.
The labels can get more detailed in later grades.

Some textbooks represent all Compare problems with a sub-
traction equation, but that is not how many students think of the
subtypes. Students represent Compare situations in different ways,
often as an unknown addend problem (see Table 1). If textbooks and
teachers model representations of or solution methods for Compare
problems, these should reflect the variability students show. In all
mathematical problem solving, what matters is the explanation a
student gives to relate a representation to a context, and not the
representation separated from its context.

Representing and solving the subtypes for all unknowns in all
three types In Grade 1, students solve problems of all twelve sub-
types (see Table 2) including both language variants of Compare
problems. Initially, the numbers in such problems are small enough
that students can make math drawings showing all the objects in
order to solve the problem. Students then represent problems with
equations, called situation equations. For example, a situation equa-
tion for a Take From problem with Result Unknown might read
14� 8 � l.

Put Together/Take Apart problems with Addend Unknown afford
students the opportunity to see subtraction as the opposite of ad-
dition in a different way than as reversing the action, namely as
finding an unknown addend.1.OA.4 The meaning of subtraction as an 1.OA.4Understand subtraction as an unknown-addend problem.
unknown-addend addition problem is one of the essential under-
standings students will need in middle school in order to extend
arithmetic to negative rational numbers.

Students next gain experience with the more difficult and more
“algebraic” problem subtypes in which a situation equation does not
immediately lead to the answer. For example, a student analyzing a
Take From problem with Change Unknown might write the situation
equation 14 � l � 8. This equation does not immediately lead
to the answer. To make progress, the student can write a related
equation called a solution equation—in this case, either 8�l � 14
or 14� 8 � l. These equations both lead to the answer by Level 2
or Level 3 strategies (see discussion in the next section).

Students thus begin developing an algebraic perspective many
years before they will use formal algebraic symbols and methods.
They read to understand the problem situation, represent the situ-
ation and its quantitative relationships with expressions and equa-
tions, and then manipulate that representation if necessary, using
properties of operations and/or relationships between operations.
Linking equations to concrete materials, drawings, and other rep-
resentations of problem situations affords deep and flexible under-
standings of these building blocks of algebra. Learning where the
total is in addition equations (alone on one side of the equal sign)
and in subtraction equations (to the left of the minus sign) helps stu-
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dents move from a situation equation to a related solution equation.
Because the language and conceptual demands are high, some

students in Grade 1 may not master the most difficult subtypes
of word problems, such as Compare problems that use language
opposite to the operation required for solving (see the unshaded
subtypes and variants in Table 2). Some students may also still have
difficulty with the conceptual demands of Start Unknown problems.
Grade 1 children should have an opportunity to solve and discuss
such problems, but proficiency on grade level tests with these most
difficult subtypes should wait until Grade 2 along with the other
extensions of problem solving.

Using Level 2 and Level 3 strategies to extend addition and sub-
traction problem solving beyond 10, to problems within 20 As
Grade 1 students are extending the range of problem types and
subtypes they can solve, they are also extending the range of num-
bers they deal with1.OA.6 and the sophistication of the methods they

1.OA.6Add and subtract within 20, demonstrating fluency for ad-
dition and subtraction within 10. Use strategies such as counting
on; making ten (e.g., 8� 6 � 8� 2� 4 � 10� 4 � 14); decom-
posing a number leading to a ten (e.g., 13� 4 � 13� 3� 1 �
10�1 � 9); using the relationship between addition and subtrac-
tion (e.g., knowing that 8� 4 � 12, one knows 12� 8 � 4); and
creating equivalent but easier or known sums (e.g., adding 6� 7
by creating the known equivalent 6� 6� 1 � 12� 1 � 13).

use to add and subtract within this larger range.1.OA.1 ,1.OA.8

1.OA.1Use addition and subtraction within 20 to solve word prob-
lems involving situations of adding to, taking from, putting to-
gether, taking apart, and comparing, with unknowns in all posi-
tions, e.g., by using objects, drawings, and equations with a sym-
bol for the unknown number to represent the problem.

1.OA.8Determine the unknown whole number in an addition or
subtraction equation relating three whole numbers.

The advance from Level 1 methods to Level 2 methods can be
clearly seen in the context of situations with unknown addends.1
These are the situations that can be represented by an addition
equation with one unknown addend, e.g., 9�l � 13. Students can
solve some unknown addend problems by trial and error or by know-
ing the relevant decomposition of the total. But a Level 2 counting
on solution involves seeing the 9 as part of 13, and understanding
that counting the 9 things can be “taken as done” if we begin the
count from 9: thus the student may say,

“Niiiiine, ten, eleven, twelve, thirteen.”
1 2 3 4

Students keep track of how many they counted on (here, 4) with
fingers, mental images, or physical actions such as head bobs. Elon-
gating the first counting word (“Niiiiine...”) is natural and indicates
that the student differentiates between the first addend and the
counts for the second addend. Counting on enables students to add
and subtract easily within 20 because they do not have to use fin-
gers to show totals of more than 10 which is difficult. Students might
also use the commutative property to shorten tasks, by counting on
from the larger addend even if it is second (e.g., for 4 � 9, counting
on from 9 instead of from 4).

Counting on should be seen as a thinking strategy, not a rote
method. It involves seeing the first addend as embedded in the total,
and it involves a conceptual interplay between counting and the
cardinality in the first addend (shifting from the cardinal meaning of
the first addend to the counting meaning). Finally, there is a level of
abstraction involved in counting on, because students are counting

1Grade 1 students also solve the easy Kindergarten problem subtypes by counting
on.
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the words rather than objects. Number words have become objects
to students.

Counting on can be used to add (find a total) or subtract (find an
unknown addend). To an observer watching the student, adding and
subtracting look the same. Whether the problem is 9� 4 or 13� 9,
we will hear the student say the same thing: “Niiiiine, ten, eleven,
twelve, thirteen” with four head bobs or four fingers unfolding. The
differences are in what is being monitored to know when to stop,
and what gives the answer.

Counting on to add and subtract

9� 4
“Niiiiine, ten, eleven, twelve, thirteen.”

1 2 3 4

13� 9
“Niiiiine, ten, eleven, twelve, thirteen.”

1 2 3 4

When counting on to add 9� 4, the student is counting the
fingers or head bobs to know when to stop counting aloud, and
the last counting word said gives the answer. For counting on to
subtract 13� 9, the opposite is true: the student is listening to
counting words to know when to stop, and the accumulated
fingers or head bobs give the answer.

Students in many countries learn counting forward methods of
subtracting, including counting on. Counting on for subtraction is
easier than counting down. Also, unlike counting down, counting on
reinforces that subtraction is an unknown-addend problem. Learn-
ing to think of and solve subtractions as unknown addend problems
makes subtraction as easy as addition (or even easier), and it empha-
sizes the relationship between addition and subtraction. The taking
away meaning of subtraction can be emphasized within counting on
by showing the total and then taking away the objects that are at
the beginning. In a drawing this taking away can be shown with a
horizontal line segment suggesting a minus sign. So one can think

“Taking away” indicated with horizontal line segment and
solving by counting on to 13

of the 9 � l � 13 situation as “I took away 9. I now have 10, 11,
12, 13 [stop when I hear 13], so 4 are left because I counted on
4 from 9 to get to 13.” Taking away objects at the end suggests
counting down, which is more difficult than counting on. Showing
13 decomposed in groups of five as in the illustration to the right
also supports students seeing how to use the Level 3 make-a-ten
method; 9 needs 1 more to make 10 and there are 3 more in 13, so
4 from 9 to 13.

Level 3 methods involve decomposing an addend and composing
it with the other addend to form an equivalent but easier problem.
This relies on properties of operations.1.OA.3 Students do not neces- 1.OA.3Apply properties of operations as strategies to add and

subtract.sarily have to justify their representations or solution using prop-
erties, but they can begin to learn to recognize these properties in
action and discuss their use after solving.

There are a variety of methods to change to an easier prob-
lem. These draw on addition of three whole numbers.1.OA.2 A known

1.OA.2Solve word problems that call for addition of three whole
numbers whose sum is less than or equal to 20, e.g., by using
objects, drawings, and equations with a symbol for the unknown
number to represent the problem.addition or subtraction can be used to solve a related addition or

subtraction by decomposing one addend and composing it with the
other addend. For example, a student can change 8�6 to the easier
10 � 4 by decomposing 6 � 2 � 4 and composing the 2 with the 8
to make 10: 8� 6 � 8� 2� 4 � 10� 4 � 14.

This method can also be used to subtract by finding an unknown
addend: 14�8 � l, so 8�l � 14, so 14 � 8�2�4 � 8�6, that is
14� 8 � 6. Students can think as for adding above (stopping when
they reach 14), or they can think of taking 8 from 10, leaving 2 with
the 4, which makes 6. One can also decompose with respect to ten:
13� 4 � 13� 3� 1 � 10� 1 � 9, but this can be more difficult than
the forward methods.

These make-a-ten methods• have three prerequisites reaching

• Computing 8 + 6 by making a ten
a. 8’s partner to 10 is 2, so decompose 6 as 2 and its partner.

b. 2’s partner to 6 is 4.

c. 10 + 4 is 14.
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back to Kindergarten: K.OA.4For any number from 1 to 9, find the number that makes
10 when added to the given number, e.g., by using objects or
drawings, and record the answer with a drawing or equation.

K.OA.3Decompose numbers less than or equal to 10 into pairs in
more than one way, e.g., by using objects or drawings, and record
each decomposition by a drawing or equation (e.g., 5 � 2�3 and
5 � 4� 1).

K.NBT.1Compose and decompose numbers from 11 to 19 into
ten ones and some further ones, e.g., by using objects or draw-
ings, and record each composition or decomposition by a drawing
or equation (e.g., 18 = 10 + 8); understand that these numbers
are composed of ten ones and one, two, three, four, five, six,
seven, eight, or nine ones.

1.NBT.2b Understand that the two digits of a two-digit number
represent amounts of tens and ones. Understand the following
as special cases:

b The numbers from 11 to 19 are composed of a ten and
one, two, three, four, five, six, seven, eight, or nine ones.

a. knowing the partner that makes 10 for any number (K.OA.4
sets the stage for this),

b. knowing all decompositions for any number below 10 (K.OA.3
sets the stage for this), and

c. knowing all teen numbers as 10 � n (e.g., 12 � 10 � 2, 15 �
10� 5, see K.NBT.1 and 1.NBT.2b).

The make-a-ten methods are more difficult in English than in East
Asian languages in which teen numbers are spoken as ten, ten one,
ten two, ten three, etc. In particular, prerequisite c is harder in En-
glish because of the irregularities and reversals in the teen number
words.•

• For example, “four” is spoken first in “fourteen,” but this order is
reversed in the numeral 14.

Another Level 3 method that works for certain numbers is a dou-
bles �1 or �2 method: 6�7 � 6�p6�1q � p6�6q�1 � 12�1 � 13.
These methods do not connect with place value the way make-a-ten
methods do.

The Add To and Take From Start Unknown situations are par-
ticularly challenging with the larger numbers students encounter in
Grade 1. The situation equation l � 6 � 15 or l � 6 � 9 can be

• Bigger Unknown: “Fewer” version suggests wrong operation.
Lucy has B fewer apples than Julie. Lucy has A apples. How
many apples does Julie have?

Smaller Unknown. “More” version suggests wrong opera-
tion. Julie has B more apples than Lucy. Julie has C apples.
How many apples does Lucy have?

Additive relationship shown in tape, part-whole, and
number-bond figures

The tape diagram shows the addends as the tapes and the total
(indicated by a bracket) as a composition of those tapes. The
part-whole diagram and number-bond diagram capture the
composing-decomposing action to allow the representation of
the total at the top and the addends at the bottom either as
drawn quantities or as numbers.

Additive relationships shown in static diagrams

Students sometimes have trouble with static part-whole
diagrams because these display a double representation of the
total and the addends (the total 7 above and the addends 4 and
3 below), but at a given time in the addition or subtraction
situation not all three quantities are present. The action of
moving from the total to the addends (or from the addends to the
total) in the number-bond diagram reduces this conceptual
difficulty.

rewritten to provide a solution. Students might use the commutative
property of addition to change l � 6 � 15 to 6 � l � 15, then
count on or use Level 3 methods to compose 4 (to make ten) plus 5
(ones in the 15) to find 9. Students might reverse the action in the
situation represented by l�6 � 9 so that it becomes 9�6 � l. Or
they might use their knowledge that the total is the first number in
a subtraction equation and the last number in an addition equation
to rewrite the situation equation as a solution equation: l� 6 � 9
becomes 9� 6 � l or 6� 9 � l.

The difficulty levels in Compare problems differ from those in Put
Together/Take Apart and Add To and Take From problems. Difficul-
ties arise from the language issues mentioned before and especially
from the opposite language variants where the comparing sentence
suggests an operation opposite to that needed for the solution.•

As students progress to Level 2 and Level 3 methods, they no
longer need representations that show each quantity as a group of
objects. Students now move on to diagrams that use numbers and
show relationships between these numbers. These can be extensions
of drawings made earlier that did show each quantity as a group
of objects. Add To/Take From situations at this point can continue
to be represented by equations. Put Together/Take Apart situations
can be represented by the example drawings shown in the margin.
Compare situations can be represented with tape diagrams showing
the compared quantities (one smaller and one larger) and the differ-
ence. Other diagrams showing two numbers and the unknown can
also be used. Such diagrams are a major step forward because the
same diagrams can represent the adding and subtracting situations
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for all of the kinds of numbers students encounter in later grades
(multi-digit whole numbers, fractions, decimals, variables). Students
can also continue to represent any situation with a situation equa-
tion and connect such equations to diagrams.MP1 Such connections

MP1 By relating equations and diagrams, students work toward
this aspect of MP1: Mathematically proficient students can ex-
plain correspondences between equations, verbal descriptions,
tables, and graphs.can help students to solve the more difficult problem situation sub-

types by understanding where the totals and addends are in the
equation and rewriting the equation as needed.
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Grade 2
Grade 2 students build upon their work in Grade 1 in two ma-
jor ways.2.OA.1 They represent and solve situational problems of all

2.OA.1Use addition and subtraction within 100 to solve one- and
two-step word problems involving situations of adding to, tak-
ing from, putting together, taking apart, and comparing, with un-
knowns in all positions, e.g., by using drawings and equations
with a symbol for the unknown number to represent the problem.

three types which involve addition and subtraction within 100 rather
than within 20, and they represent and solve two-step situational
problems of all three types.

Diagrams used in Grade 1 to show how quantities in the situation
are related continue to be useful in Grade 2, and students continue
to relate the diagrams to situation equations. Such relating helps
students rewrite a situation equation like l � 38 � 49 as 49 �
38 � l because they see that the first number in the subtraction
equation is the total. Each addition and subtraction equation has
seven related equations. Students can write all of these equations,

Related addition and subtraction equations

87� 38 � 49 87� 49 � 38 38� 49 � 87 49� 38 � 87

49 � 87� 38 38 � 87� 49 87 � 38� 49 87 � 49� 38continuing to connect addition and subtraction, and their experience
with equations of various forms.

Because there are so many problem situation subtypes, there
are many possible ways to combine such subtypes to devise two-
step problems. Because some Grade 2 students are still develop-
ing proficiency with the most difficult subtypes, two-step problems
should not involve these subtypes. Most work with two-step prob-
lems should involve single-digit addends.

Most two-step problems made from two easy subtypes are easy
to represent with an equation, as shown in the first two examples
to the right. But problems involving a comparison or two middle
difficulty subtypes may be difficult to represent with a single equa-
tion and may be better represented by successive drawings or some
combination of a diagram for one step and an equation for the other
(see the last three examples). Students can make up any kinds of
two-step problems and share them for solving.

Examples of two-step Grade 2 word problems

Two easy subtypes with the same operation, resulting in
problems represented as, for example, 9� 5� 7 � l or
16� 8� 5 � l and perhaps by drawings showing these steps:

Example for 9� 5� 7: There were 9 blue balls and 5 red
balls in the bag. Aki put in 7 more balls. How many balls
are in the bag altogether?

Two easy subtypes with opposite operations, resulting in
problems represented as, for example, 9� 5� 7 � l or
16� 8� 5 � l and perhaps by drawings showing these steps:

Example for 9� 5� 7: There were 9 carrots on the
plate. The girls ate 5 carrots. Mother put 7 more carrots
on the plate. How many carrots are there now?

One easy and one middle difficulty subtype:

For example: Maria has 9 apples. Corey has 4 fewer
apples than Maria. How many apples do they have in all?

For example: The zoo had 7 cows and some horses in
the big pen. There were 15 animals in the big pen. Then
4 more horses ran into the big pen. How many horses
are there now?

Two middle difficulty subtypes:

For example: There were 9 boys and some girls in the
park. In all, 15 children were in the park. Then some
more girls came. Now there are 14 girls in the park. How
many more girls came to the park?

The deep extended experiences students have with addition and
subtraction in Kindergarten and Grade 1 culminate in Grade 2 with
students becoming fluent in single-digit additions and the related
subtractions using the mental Level 2 and 3 strategies as needed.2.OA.2

2.OA.2Fluently add and subtract within 20 using mental strate-
gies. By end of Grade 2, know from memory all sums of two
one-digit numbers.

So fluency in adding and subtracting single-digit numbers has pro-
gressed from numbers within 5 in Kindergarten to within 10 in Grade
1 to within 20 in Grade 2. The methods have also become more ad-
vanced.

The word fluent is used in the Standards to mean “fast and ac-
curate.” Fluency in each grade involves a mixture of just knowing
some answers, knowing some answers from patterns (e.g., “adding
0 yields the same number”), and knowing some answers from the
use of strategies. It is important to push sensitively and encourag-
ingly toward fluency of the designated numbers at each grade level,
recognizing that fluency will be a mixture of these kinds of thinking
which may differ across students. The extensive work relating addi-
tion and subtraction means that subtraction can frequently be solved
by thinking of the related addition, especially for smaller numbers.
It is also important that these patterns, strategies and decomposi-
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tions still be available in Grade 3 for use in multiplying and dividing
and in distinguishing adding and subtracting from multiplying and
dividing. So the important press toward fluency should also allow
students to fall back on earlier strategies when needed. By the end
of the K–2 grade span, students have sufficient experience with ad-
dition and subtraction to know single-digit sums from memory;2.OA.2

2.OA.2Fluently add and subtract within 20 using mental strate-
gies. By end of Grade 2, know from memory all sums of two
one-digit numbers.as should be clear from the foregoing, this is not a matter of instill-

ing facts divorced from their meanings, but rather as an outcome of
a multi-year process that heavily involves the interplay of practice
and reasoning.

Extensions to other standard domains and to higher grades In
Grades 2 and 3, students continue and extend their work with adding
and subtracting situations to length situations2.MD.5 ,2.MD.6 (addition

2.MD.5Use addition and subtraction within 100 to solve word
problems involving lengths that are given in the same units, e.g.,
by using drawings (such as drawings of rulers) and equations with
a symbol for the unknown number to represent the problem.

2.MD.6Represent whole numbers as lengths from 0 on a num-
ber line diagram with equally spaced points corresponding to the
numbers 0, 1, 2, . . . , and represent whole-number sums and dif-
ferences within 100 on a number line diagram.

and subtraction of lengths is part of the transition from whole num-
ber addition and subtraction to fraction addition and subtraction)
and to bar graphs.2.MD.10 ,3.MD.3 Students solve two-step3.OA.8 and

2.MD.10Draw a picture graph and a bar graph (with single-unit
scale) to represent a data set with up to four categories. Solve
simple put-together, take-apart, and compare problems using in-
formation presented in a bar graph.

3.MD.3Draw a scaled picture graph and a scaled bar graph to
represent a data set with several categories. Solve one- and two-
step “how many more” and “how many less” problems using in-
formation presented in scaled bar graphs.

3.OA.8Solve two-step word problems using the four operations.
Represent these problems using equations with a letter stand-
ing for the unknown quantity. Assess the reasonableness of an-
swers using mental computation and estimation strategies includ-
ing rounding.

multistep4.OA.3 problems involving all four operations. In Grades 3,

4.OA.3Solve multistep word problems posed with whole numbers
and having whole-number answers using the four operations, in-
cluding problems in which remainders must be interpreted. Rep-
resent these problems using equations with a letter standing for
the unknown quantity. Assess the reasonableness of answers
using mental computation and estimation strategies including
rounding.

4, and 5, students extend their understandings of addition and sub-
traction problem types in Table 1 to situations that involve fractions
and decimals. Importantly, the situational meanings for addition and
subtraction remain the same for fractions and decimals as for whole
numbers.
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Summary of K–2 Operations and Algebraic Thinking
Kindergarten Students in Kindergarten work with three kinds of
problem situations: Add To with Result Unknown; Take From with
Result Unknown; and Put Together/Take Apart with Total Unknown
and Both Addends Unknown. The numbers in these problems involve
addition and subtraction within 10. Students represent these prob-
lems with concrete objects and drawings, and they find the answers
by counting (Level 1 method). More specifically,

• For Add To with Result Unknown, they make or draw the start-
ing set of objects and the change set of objects, and then they
count the total set of objects to give the answer.

• For Take From with Result Unknown, they make or draw the
starting set and “take away” the change set; then they count
the remaining objects to give the answer.

• For Put Together/Take Apart with Total Unknown, they make
or draw the two addend sets, and then they count the total
number of objects to give the answer.

Grade 1 Students in Grade 1 work with all of the problem situ-
ations, including all subtypes and language variants. The numbers
in these problems involve additions involving single-digit addends,
and the related subtractions. Students represent these problems
with math drawings and with equations.

Students master the majority of the problem types. They might
sometimes use trial and error to find the answer, or they might just
know the answer based on previous experience with the given num-
bers. But as a general method they learn how to find answers to
these problems by counting on (a Level 2 method), and they un-
derstand and use this method.1.OA.5 ,1.OA.6 Students also work with

1.OA.5Relate counting to addition and subtraction (e.g., by count-
ing on 2 to add 2).

1.OA.6Add and subtract within 20, demonstrating fluency for ad-
dition and subtraction within 10. Use strategies such as counting
on; making ten (e.g., 8� 6 � 8� 2� 4 � 10� 4 � 14); decom-
posing a number leading to a ten (e.g., 13� 4 � 13� 3� 1 �
10�1 � 9); using the relationship between addition and subtrac-
tion (e.g., knowing that 8� 4 � 12, one knows 12� 8 � 4); and
creating equivalent but easier or known sums (e.g., adding 6� 7
by creating the known equivalent 6� 6� 1 � 12� 1 � 13).

Level 3 methods that change a problem to an easier equivalent
problem.1.OA.3,1.OA.6 The most important of these Level 3 methods

1.OA.3Apply properties of operations as strategies to add and
subtract.

1.OA.6Add and subtract within 20, demonstrating fluency for ad-
dition and subtraction within 10. Use strategies such as counting
on; making ten (e.g., 8� 6 � 8� 2� 4 � 10� 4 � 14); decom-
posing a number leading to a ten (e.g., 13� 4 � 13� 3� 1 �
10�1 � 9); using the relationship between addition and subtrac-
tion (e.g., knowing that 8� 4 � 12, one knows 12� 8 � 4); and
creating equivalent but easier or known sums (e.g., adding 6� 7
by creating the known equivalent 6� 6� 1 � 12� 1 � 13).

involve making a ten, because these methods connect with the place
value concepts students are learning in this grade (see the NBT
Progression) and work for any numbers. Students also solve the
easier problem subtypes with these Level 3 methods.

The four problem subtypes that Grade 1 students should work
with, but need not master, are:

• Add To with Start Unknown

• Take From with Start Unknown

• Compare with Bigger Unknown using “fewer” language (mis-
leading language suggesting the wrong operation)

• Compare with Smaller Unknown using “more” language (mis-
leading language suggesting the wrong operation)
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Grade 2 Students in Grade 2 master all of the problem situations
and all of their subtypes and language variants. The numbers in
these problems involve addition and subtraction within 100. They
represent these problems with diagrams and/or equations. For prob-
lems involving addition and subtraction within 20, more students
master Level 3 methods; increasingly for addition problems, stu-
dents might just know the answer (by end of Grade 2, students
know all sums of two-digit numbers from memory2.OA.2). For other

2.OA.2Fluently add and subtract within 20 using mental strate-
gies. By end of Grade 2, know from memory all sums of two
one-digit numbers.problems involving numbers to 100, Grade 2 students use their de-

veloping place value skills and understandings to find the answer
(see the NBT Progression). Students work with two-step problems,
especially with single-digit addends, but do not work with two-step
problems in which both steps involve the most difficult problem sub-
types and variants.
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Grade 3
Students focus on understanding the meaning and properties of mul-
tiplication and division and on finding products of single-digit multi-
plying and related quotients.3.OA.1–7 These skills and understand-

3.OA.1Interpret products of whole numbers, e.g., interpret 5� 7
as the total number of objects in 5 groups of 7 objects each.

3.OA.2Interpret whole-number quotients of whole numbers, e.g.,
interpret 56 � 8 as the number of objects in each share when
56 objects are partitioned equally into 8 shares, or as a number
of shares when 56 objects are partitioned into equal shares of 8
objects each.

3.OA.3Use multiplication and division within 100 to solve word
problems in situations involving equal groups, arrays, and mea-
surement quantities, e.g., by using drawings and equations with
a symbol for the unknown number to represent the problem.

3.OA.4Determine the unknown whole number in a multiplication
or division equation relating three whole numbers.

3.OA.5Apply properties of operations as strategies to multiply
and divide.

3.OA.6Understand division as an unknown-factor problem.

3.OA.7Fluently multiply and divide within 100, using strategies
such as the relationship between multiplication and division (e.g.,
knowing that 8 � 5 � 40, one knows 40 � 5 � 8) or properties
of operations. By the end of Grade 3, know from memory all
products of two one-digit numbers.

ings are crucial; students will rely on them for years to come as they
learn to multiply and divide with multi-digit whole number and to
add, subtract, multiply and divide with fractions and with decimals.
Note that mastering this material, and reaching fluency in single-
digit multiplications and related divisions with understanding,3.OA.7

may be quite time consuming because there are no general strate-
gies for multiplying or dividing all single-digit numbers as there are
for addition and subtraction. Instead, there are many patterns and
strategies dependent upon specific numbers. So it is imperative that
extra time and support be provided if needed.

Common types of multiplication and division situations. Common
multiplication and division situations are shown in Table 3. There
are three major types, shown as rows of Table 3. The Grade 3
standards focus on Equal Groups and on Arrays.• As with addi-

• Multiplicative Compare situations are more complex than Equal
Groups and Arrays, and must be carefully distinguished from ad-
ditive Compare problems. Multiplicative comparison first enters
the Standards at Grade 4.4.OA.1 For more information on multi-
plicative Compare problems, see the Grade 4 section of this pro-
gression.

4.OA.1Interpret a multiplication equation as a comparison, e.g.,
interpret 35 � 5 � 7 as a statement that 35 is 5 times as many
as 7 and 7 times as many as 5. Represent verbal statements of
multiplicative comparisons as multiplication equations.

tion and subtraction, each multiplication or division situation in-
volves three quantities, each of which can be the unknown. Because
there are two factors and one product in each situation (product �
factor � factor), each type has one subtype solved by multiplica-
tion (Unknown Product) and two unknown factor subtypes solved
by division.
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Table 3: Multiplication and division situations

A � B � l A �l � C and C� A � l l� B � C and C� B � l

Equal
Groups of
Objects

Unknown Product

There are A bags with B plums in
each bag. How many plums are
there in all?

Group Size Unknown

If C plums are shared equally into A
bags, then how many plums will be
in each bag?

Number of Groups Unknown

If C plums are to be packed B to
a bag, then how many bags are
needed?

Equal groups language

Unknown Product

There are A rows of apples with B
apples in each row. How many ap-
ples are there?

Unknown Factor

If C apples are arranged into A equal
rows, how many apples will be in
each row?

Unknown Factor

If C apples are arranged into equal
rows of B apples, how many rows will
there be?

Arrays of
Objects

Row and column language

Unknown Product

The apples in the grocery window
are in A rows and B columns. How
many apples are there?

Unknown Factor

If C apples are arranged into an array
with A rows, how many columns of
apples are there?

Unknown Factor

If C apples are arranged into an array
with B columns, how many rows are
there?

A ¡ 1

Larger Unknown

A blue hat costs $B. A red hat costs
A times as much as the blue hat.
How much does the red hat cost?

Smaller Unknown

A red hat costs $C and that is A times
as much as a blue hat costs. How
much does a blue hat cost?

Multiplier Unknown

A red hat costs $C and a blue hat
costs $B. How many times as much
does the red hat cost as the blue
hat?

Compare A   1

Smaller Unknown

A blue hat costs $B. A red hat costs
A as much as the blue hat. How
much does the red hat cost?

Larger Unknown

A red hat costs $C and that is A of
the cost of a blue hat. How much
does a blue hat cost?

Multiplier Unknown

A red hat costs $C and a blue hat
costs $B. What fraction of the cost
of the blue hat is the cost of the red
hat?

Adapted from box 2–4 of Mathematics Learning in Early Childhood: Paths Toward Excellence and Equity, National Research Council,
2009, pp. 32–33.

Notes
Equal groups problems can also be stated in terms of columns, exchanging the order of A and B, so that the same array is described.
For example: There are B columns of apples with A apples in each column. How many apples are there?

In the row and column situations (as with their area analogues), number of groups and group size are not distinguished.

Multiplicative Compare problems appear first in Grade 4, with whole-number values for A, B, and C, and with the “times as much”
language in the table. In Grade 5, unit fractions language such as “one third as much” may be used. Multiplying and unit fraction
language change the subject of the comparing sentence, e.g., “A red hat costs A times as much as the blue hat” results in the same
comparison as “A blue hat costs 1{A times as much as the red hat,” but has a different subject.
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In Equal Groups, the roles of the factors differ. One factor is
the number of objects in a group (like any quantity in addition and
subtraction situations), and the other is a multiplier that indicates
the number of groups. So, for example, 4 groups of 3 objects is
arranged differently than 3 groups of 4 objects. Thus there are
two kinds of division situations depending on which factor is the
unknown (the number of objects in each group or the number of
groups). In the Array situations, the roles of the factors do not differ.
One factor tells the number of rows in the array, and the other factor
tells the number of columns in the situation. But rows and columns
depend on the orientation of the array. If an array is rotated 900,
the rows become columns and the columns become rows. This is
useful for seeing the commutative property for multiplication3.OA.5 in 3.OA.5Apply properties of operations as strategies to multiply

and divide.rectangular arrays and areas. This property can be seen to extend
to Equal Group situations when Equal Group situations are related
to arrays by arranging each group in a row and putting the groups
under each other to form an array. Array situations can be seen
as Equal Group situations if each row or column is considered as
a group. Relating Equal Group situations to Arrays, and indicating
rows or columns within arrays, can help students see that a corner
object in an array (or a corner square in an area model) is not double
counted: at a given time, it is counted as part of a row or as a part
of a column but not both.

As noted in Table 3, row and column language can be difficult.
The Array problems given in the table are of the simplest form in
which a row is a group and Equal Groups language is used (“with 6
apples in each row”). Such problems are a good transition between
the Equal Groups and array situations and can support the gen-
eralization of the commutative property discussed above. Problems
in terms of “rows” and “columns,” e.g., “The apples in the grocery
window are in 3 rows and 6 columns,” are difficult because of the
distinction between the number of things in a row and the number
of rows. There are 3 rows but the number of columns (6) tells

2.MD.1Measure the length of an object by selecting and using
appropriate tools such as rulers, yardsticks, meter sticks, and
measuring tapes.

2.MD.2Measure the length of an object twice, using length units
of different lengths for the two measurements; describe how the
two measurements relate to the size of the unit chosen.

2.MD.3Estimate lengths using units of inches, feet, centimeters,
and meters.

2.MD.4Measure to determine how much longer one object is
than another, expressing the length difference in terms of a stan-
dard length unit.

how many are in each row. There are 6 columns but the number of
rows (3) tells how many are in each column. Students do need to
be able to use and understand these words, but this understanding
can grow over time while students also learn and use the language
in the other multiplication and division situations.

Variations of each type that use measurements instead of dis-
crete objects are given in the Measurement and Data Progression.
Grade 2 standards focus on length measurement2.MD.1–4 and Grade
3 standards focus on area measurement.3.MD.5–7 The measurement

3.MD.5Recognize area as an attribute of plane figures and un-
derstand concepts of area measurement.

3.MD.6Measure areas by counting unit squares (square cm,
square m, square in, square ft, and improvised units).

3.MD.7Relate area to the operations of multiplication and addi-
tion.

examples are more difficult than are the examples about discrete ob-
jects, so these should follow problems about discrete objects. Area
problems where regions are partitioned by unit squares are foun-
dational for Grade 3 standards because area is used as a model for
single-digit multiplication and division strategies,3.MD.7 in Grade 4
as a model for multi-digit multiplication and division and in Grade 5
and Grade 6 as a model for multiplication and division of decimals
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and of fractions.5.NBT.6 The distributive property is central to all of 5.NBT.6Find whole-number quotients of whole numbers with up
to four-digit dividends and two-digit divisors, using strategies
based on place value, the properties of operations, and/or the
relationship between multiplication and division. Illustrate and
explain the calculation by using equations, rectangular arrays,
and/or area models.

these uses and will be discussed later.
The top row of Table 3 shows the usual order of writing multipli-

cations of Equal Groups in the United States. The equation 3�6 � l
means how many are in 3 groups of 6 things each: three sixes. But
in many other countries the equation 3 � 6 � l means how many
are 3 things taken 6 times (6 groups of 3 things each): six threes.
Some students bring this interpretation of multiplication equations
into the classroom. So it is useful to discuss the different interpre-
tations and allow students to use whichever is used in their home.
This is a kind of linguistic commutativity that precedes the reasoning
discussed above arising from rotating an array. These two sources
of commutativity can be related when the rotation discussion occurs.

Levels in problem representation and solution Multiplication and
division problem representations and solution methods can be con-
sidered as falling within three levels related to the levels for addition
and subtraction (see Appendix). Level 1 is making and counting all
of the quantities involved in a multiplication or division. As before,
the quantities can be represented by objects or with a diagram, but
a diagram affords reflection and sharing when it is drawn on the
board and explained by a student. The Grade 2 standards 2.OA.3
and 2.OA.4 are at this level but set the stage for Level 2. Standard

2.OA.3Determine whether a group of objects (up to 20) has an
odd or even number of members, e.g., by pairing objects or count-
ing them by 2s; write an equation to express an even number as
a sum of two equal addends.

2.OA.4Use addition to find the total number of objects arranged
in rectangular arrays with up to 5 rows and up to 5 columns; write
an equation to express the total as a sum of equal addends.

2.OA.3 relates doubles additions up to 20 to the concept of odd and
even numbers and to counting by 2s (the easiest count-by in Level 2)
by pairing and counting by 2s the things in each addend. 2.OA.4 fo-
cuses on using addition to find the total number of objects arranged
in rectangular arrays (up to 5 by 5).

Supporting Level 2 methods with arrays

Small arrays (up to 5� 5) support seeing and beginning to learn
the Level 2 count-bys for the first five equal groups of the small
numbers 2 through 5 if the running total is written to the right of
each row (e.g., 3, 6, 9, 12, 15). Students may write repeated
additions and then count by ones without the objects, often
emphasizing each last number said for each group. Grade 3
students can be encouraged to move as early as possible from
equal grouping or array models that show all of the quantities to
similar representations using diagrams that show relationships
of numbers because diagrams are faster and less error-prone
and support methods at Level 2 and Level 3. Some
demonstrations of methods or of properties may need to fall
back to initially showing all quantities along with a diagram.

Level 2 is repeated counting on by a given number, such as for 3:
3, 6, 9, 12, 15, 18, 21, 24, 27, 30. The count-bys give the running total.
The number of 3s said is tracked with fingers or a visual or physical
(e.g., head bobs) pattern. For 8� 3, you know the number of 3s and
count by 3 until you reach 8 of them. For 24�3, you count by 3 until
you hear 24, then look at your tracking method to see how many
3s you have. Because listening for 24 is easier than monitoring the
tracking method for 8 3s to stop at 8, dividing can be easier than
multiplying.

The difficulty of saying and remembering the count-by for a given
number depends on how closely related it is to 10, the base for our
written and spoken numbers. For example, the count-by sequence
for 5 is easy, but the count-by sequence for 7 is difficult. Decompos-
ing with respect to a ten can be useful in going over a decade within
a count-by. For example in the count-by for 7, students might use
the following mental decompositions of 7 to compose up to and then
go over the next decade, e.g., 14�7 � 14�6�1 � 20�1 � 21. The

Composing up to, then over the next decade

7 14 21 28 35 42 49 56 63 70

6� 1 2� 5 5� 2 1� 6 4� 3

There is an initial 3� 4 for 7� 7 that completes the reversing
pattern of the partners of 7 involved in these mental
decompositions with respect to the decades.

count-by sequence can also be said with the factors, such as “one
times three is three, two times three is six, three times three is nine,
etc.” Seeing as well as hearing the count-bys and the equations for
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the multiplications or divisions can be helpful.
Level 3 methods use the associative property or the distributive

property to compose and decompose. These compositions and de-
compositions may be additive (as for addition and subtraction) or
multiplicative. For example, students multiplicatively compose or
decompose:

4� 6 is easier to count by 3 eight times:

4� 6 � 4� p2� 3q � p4� 2q � 3 � 8� 3.

Students may know a product 1 or 2 ahead of or behind a given
product and say:

I know 6� 5 is 30, so 7� 5 is 30� 5 more which is 35.
This implicitly uses the distributive property:

7� 5 � p6� 1q � 5 � 6� 5� 1� 3 � 30� 5 � 35.
Decomposing 4� 7

4� 7 � 4� p5� 2q

� p4� 5q � p4� 2q

� 20� 8

� 28

Students may decompose a product that they do not know in terms
of two products they know (for example, 4� 7 shown in the margin).

Students may not use the properties explicitly (for example, they
might omit the second two steps), but classroom discussion can iden-
tify and record properties in student reasoning. An area diagram can
support such reasoning.

Supporting reasoning with area diagram

7 � 5� 2

4

20� 8 � 28
4� 5� 4� 2 � 4� 7

The 5 � n pattern students used earlier for additions can now
be extended to show how 6, 7, 8, and 9 times a number are 5 � 1,
5 � 2, 5 � 3, and 5 � 4 times that number. These patterns are
particularly easy to do mentally for the numbers 4, 6, and 8. The

The 5� n pattern for multiplying the numbers 4, 6, and 8

n 4� n 6� n 8� n
1 5� 1 4 24 6 36 8 48
2 5� 2 8 28 12 42 16 56
3 5� 3 12 32 18 48 24 64
4 5� 4 16 36 24 54 32 72
5 5� 5 20 40 30 60 40 80

9s have particularly rich patterns based on 9 � 10� 1. The pattern
of the tens digit in the product being 1 less than the multiplier, the
ones digit in the product being 10 minus the multiplier, and that the
digits in nines products sum to 9 all come from this pattern.

Patterns in multiples of 9

1� 9 � 9

2� 9 � 2� p10� 1q � p2� 10q � p2� 1q � 20� 2 � 18

3� 9 � 3� p10� 1q � p3� 10q � p3� 1q � 30� 3 � 27, etc

There are many opportunities to describe and reason about the
many patterns involved in the Level 2 count-bys and in the Level 3
composing and decomposing methods. There are also patterns in
multiplying by 0 and by 1. These need to be differentiated from the
patterns for adding 0 and adding 1 because students often confuse
these three patterns: n � 0 � n but n � 0 � 0, and n � 1 is the
pattern that does not change n (because n� 1 � n). Patterns make
multiplication by some numbers easier to learn than multiplication
by others, so approaches may teach multiplications and divisions
in various orders depending on what numbers are seen as or are
supported to be easiest.

Multiplications and divisions can be learned at the same time
and can reinforce each other. Level 2 methods can be particularly
easy for division, as discussed above. Level 3 methods may be more
difficult for division than for multiplication.

Throughout multiplication and division learning, students gain
fluency and begin to know certain products and unknown factors.
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All of the understandings of multiplication and division situations,
of the levels of representation and solving, and of patterns need to
culminate by the end of Grade 3 in fluent multiplying and divid-
ing of all single-digit numbers and 10.3.OA.7 Such fluency may be

3.OA.7Fluently multiply and divide within 100, using strategies
such as the relationship between multiplication and division (e.g.,
knowing that 8 � 5 � 40, one knows 40 � 5 � 8) or properties
of operations. By the end of Grade 3, know from memory all
products of two one-digit numbers.

reached by becoming fluent for each number (e.g., the 2s, the 5s,
etc.) and then extending the fluency to several, then all numbers
mixed together. Organizing practice so that it focuses most heavily
on understood but not yet fluent products and unknown factors can
speed learning. To achieve this by the end of Grade 3, students
must begin working toward fluency for the easy numbers as early
as possible. Because an unknown factor (a division) can be found
from the related multiplication, the emphasis at the end of the year
is on knowing from memory all products of two one-digit numbers.
As should be clear from the foregoing, this isn’t a matter of instilling
facts divorced from their meanings, but rather the outcome of a care-
fully designed learning process that heavily involves the interplay
of practice and reasoning. All of the work on how different numbers
fit with the base-ten numbers culminates in these “just know” prod-
ucts and is necessary for learning products. Fluent dividing for all
single-digit numbers, which will combine just knows, knowing from
a multiplication, patterns, and best strategy, is also part of this vital
standard.

Using a letter for the unknown quantity, the order of operations,
and two-step word problems with all four operations Students
in Grade 3 begin the step to formal algebraic language by using a
letter for the unknown quantity in expressions or equations for one-
and two-step problems.3.OA.8 But the symbols of arithmetic, � or �

3.OA.8Solve two-step word problems using the four operations.
Represent these problems using equations with a letter stand-
ing for the unknown quantity. Assess the reasonableness of an-
swers using mental computation and estimation strategies includ-
ing rounding.

or � for multiplication and � or { for division, continue to be used
in Grades 3, 4, and 5.

Understanding and using the associative and distributive proper-
ties (as discussed above) requires students to know two conventions
for reading an expression that has more than one operation:

1. Do the operation inside the parentheses before an operation
outside the parentheses (the parentheses can be thought of as
hands curved around the symbols and grouping them).

2. If a multiplication or division is written next to an addition
or subtraction, imagine parentheses around the multiplication
or division (it is done before these operations). At Grades 3
through 5, parentheses can usually be used for such cases so
that fluency with this rule can wait until Grade 6. MP7 Making use of structure to make computation easier:

13� 29� 77� 11 � p13� 77q � p29� 11q
These conventions are often called the Order of Operations and
can seem to be a central aspect of algebra. But actually they
are just simple “rules of the road” that allow expressions involv-
ing more than one operation to be interpreted unambiguously and
thus are connected with the mathematical practice of communicating
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precisely.MP6 Use of parentheses is important in displaying struc-
ture and thus is connected with the mathematical practice of making
use of structure.MP7 Parentheses are important in expressing the as-
sociative and especially the distributive properties. These properties
are at the heart of Grades 3 to 5 because they are used in the Level
3 multiplication and division strategies, in multi-digit and decimal
multiplication and division, and in all operations with fractions.

A two-step problem with diagram showing problem
situation and equations showing the two parts

Carla has 4 packages of silly bands. Each package has 8 silly
bands in it. Agustin is supposed to get 15 fewer silly bands than

Carla. How many silly bands should Agustin get?

Carla: 8 8 8 8

Agustin: 15

C � number of Carla’s silly bands
A � number of Agustin’s silly bands

C � 4� 8 � 32

A� 15 � C
A� 15 � 32

A � 17

Students may be able to solve this problem without writing such
equations.

As with two-step problems at Grade 2,2.OA.1, 2.MD.5 which involve
only addition and subtraction, the Grade 3 two-step word problems
vary greatly in difficulty and ease of representation. More diffi-
cult problems may require two steps of representation and solution
rather than one. Use of two-step problems involving easy or middle
difficulty adding and subtracting within 1,000 or one such adding
or subtracting with one step of multiplication or division can help
to maintain fluency with addition and subtraction while giving the
needed time to the major Grade 3 multiplication and division stan-
dards.
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Grade 4
Multiplication Compare Consider two diving boards, one 40 feet
high, the other 8 feet high. Students in earlier grades learned to
compare these heights in an additive sense—“This one is 32 feet
higher than that one”—by solving additive Compare problems2.OA.1

2.OA.1Use addition and subtraction within 100 to solve one- and
two-step word problems involving situations of adding to, tak-
ing from, putting together, taking apart, and comparing, with un-
knowns in all positions, e.g., by using drawings and equations
with a symbol for the unknown number to represent the problem.

and using addition and subtraction to solve word problems involving
length.2.MD.5 Students in Grade 4 learn to compare these quanti-

2.MD.5Use addition and subtraction within 100 to solve word
problems involving lengths that are given in the same units, e.g.,
by using drawings (such as drawings of rulers) and equations with
a symbol for the unknown number to represent the problem.

ties multiplicatively as well: “This one is 5 times as high as that
one.”4.OA.1,4.OA.2,4.MD.1,4.MD.2 In an additive comparison, the underly-

4.OA.1Interpret a multiplication equation as a comparison, e.g.,
interpret 35 � 5 � 7 as a statement that 35 is 5 times as many
as 7 and 7 times as many as 5. Represent verbal statements of
multiplicative comparisons as multiplication equations.

4.OA.2Multiply or divide to solve word problems involving multi-
plicative comparison, e.g., by using drawings and equations with
a symbol for the unknown number to represent the problem, dis-
tinguishing multiplicative comparison from additive comparison.

4.MD.1Know relative sizes of measurement units within one sys-
tem of units including km, m, cm; kg, g; lb, oz.; l, ml; hr, min, sec.
Within a single system of measurement, express measurements
in a larger unit in terms of a smaller unit. Record measurement
equivalents in a two-column table.

4.MD.2Use the four operations to solve word problems involving
distances, intervals of time, liquid volumes, masses of objects,
and money, including problems involving simple fractions or deci-
mals, and problems that require expressing measurements given
in a larger unit in terms of a smaller unit. Represent measure-
ment quantities using diagrams such as number line diagrams
that feature a measurement scale.

ing question is what amount would be added to one quantity in order
to result in the other. In a multiplicative comparison, the underly-
ing question is what factor would multiply one quantity in order to
result in the other. Multiplication Compare situations are shown in
Table 3.

Language can be difficult in Multiplication Compare problems.
The language used in the three examples in Table 3 is fairly simple,
e.g., “A red hat costs 3 times as much as the blue hat.” Saying the
comparing sentence in the opposite way is more difficult. It could
be said using division, e.g., “The cost of a red hat divided by 3 is
the cost of a blue hat.” It could also be said using a unit fraction,
e.g., “A blue hat costs one-third as much as a red hat”; note however
that multiplying by a fraction in not an expectation of the Stan-
dards in Grade 4. In any case, many languages do not use either
of these options for saying the opposite comparison. They use the
terms three times more than and three times less than to describe
opposite multiplicative comparisons. These did not used to be ac-
ceptable usages in English because they mix the multiplicative and
additive comparisons and are ambiguous. If the cost of a red hat is
three times more than a blue hat that costs $5, does a red hat cost
$15 (three times as much) or $20 (three times more than: a differ-
ence that is three times as much)? However, the terms three times
more than and three times less than are now appearing frequently

Tape diagram used to solve the Compare problem in Table 3

B is the cost of a blue hat in dollars
R is the cost of a red hat in dollars

$6 3� B � R

$6 $6 $6 3� $6 � $18

in newspapers and other written materials. It is recommended to
discuss these complexities with Grade 4 students while confining
problems that appear on tests or in multi-step problems to the well-
defined multiplication language in Table 3. The tape diagram for the
additive Compare situation that shows a smaller and a larger tape
can be extended to the multiplication Compare situation.

A tape diagram used to solve a Compare problem

A big penguin will eat 3 times as much fish as a small penguin.
The big penguin will eat 420 grams of fish. All together, how

much will the two penguins eat?

420g

Big penguin:

hkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkj

Small penguin:

B � number of grams the big penguin eats
S � number of grams the small penguin eats

3 � S � B
3 � S � 420

S � 140

S � B � 140� 420

� 560

Fourth graders extend problem solving to multi-step word prob-
lems using the four operations posed with whole numbers. The same
limitations discussed for two-step problems concerning representing
such problems using equations apply here. Some problems might
easily be represented with a single equation, and others will be
more sensibly represented by more than one equation or a diagram
and one or more equations. Numbers can be those in the Grade 4
standards, but the number of steps should be no more than three
and involve only easy and medium difficulty addition and subtraction
problems.
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Remainders In problem situations, students must interpret and use
remainders with respect to context.4.OA.3 For example, what is the

4.OA.3Solve multistep word problems posed with whole numbers
and having whole-number answers using the four operations, in-
cluding problems in which remainders must be interpreted. Rep-
resent these problems using equations with a letter standing for
the unknown quantity. Assess the reasonableness of answers
using mental computation and estimation strategies including
rounding.

smallest number of busses that can carry 250 students, if each bus
holds 36 students? The whole number quotient in this case is 6
and the remainder is 34; the equation 250 � 6� 36� 34 expresses
this result and corresponds to a picture in which 6 busses are com-
pletely filled while a seventh bus carries 34 students. Notice that
the answer to the stated question (7) differs from the whole number
quotient.

On the other hand, suppose 250 pencils were distributed among
36 students, with each student receiving the same number of pen-
cils. What is the largest number of pencils each student could have
received? In this case, the answer to the stated question (6) is the
same as the whole number quotient. If the problem had said that
the teacher got the remaining pencils and asked how many pencils
the teacher got, then the remainder would have been the answer to
the problem.

Factors, multiples, and prime and composite numbers Students
extend the idea of decomposition to multiplication and learn to use
the term multiple.4.OA.4 Any whole number is a multiple of each of

4.OA.4Find all factor pairs for a whole number in the range 1–
100. Recognize that a whole number is a multiple of each of its
factors. Determine whether a given whole number in the range 1–
100 is a multiple of a given one-digit number. Determine whether
a given whole number in the range 1–100 is prime or composite.

its factors, so for example, 21 is a multiple of 3 and a multiple of 7
because 21 � 3 � 7. A number can be multiplicatively decomposed
into equal groups and expressed as a product of these two factors
(called factor pairs). A prime number has only one and itself as
factors. A composite number has two or more factor pairs. Students
examine various patterns in factor pairs by finding factor pairs for
all numbers 1 to 100 (e.g., no even number other than 2 will be prime
because it always will have a factor pair including 2). To find all
factor pairs for a given number, students can search systematically,
by checking if 2 is a factor, then 3, then 4, and so on, until they
start to see a “reversal” in the pairs (for example, after finding the
pair 6 and 9 for 54, students will next find the reverse pair, 9 and
6; all subsequent pairs will be reverses of previously found pairs).
Students understand and use of the concepts and language in this
area, but need not be fluent in finding all factor pairs. Determining
whether a given whole number in the range 1 to 100 is a multiple of
a given one-digit number is a matter of interpreting prior knowledge
of division in terms of the language of multiples and factors.

Generating and analyzing patterns This standard4.OA.5 begins a
4.OA.5Generate a number or shape pattern that follows a given
rule. Identify apparent features of the pattern that were not ex-
plicit in the rule itself.small focus on reasoning about number or shape patterns, connect-

ing a rule for a given pattern with its sequence of numbers or shapes.
Patterns that consist of repeated sequences of shapes or growing
sequences of designs can be appropriate for the grade. For example,
students could examine a sequence of dot designs in which each de-
sign has 4 more dots than the previous one and they could reason
about how the dots are organized in the design to determine the
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total number of dots in the 100th design. In examining numerical se-
quences, fourth graders can explore rules of repeatedly adding the
same whole number or repeatedly multiplying by the same whole
number. Properties of repeating patterns of shapes can be explored
with division. For example, to determine the 100th shape in a pattern
that consists of repetitions of the sequence “square, circle, triangle,”
the fact that when we divide 100 by 3 the whole number quotient
is 33 with remainder 1 tells us that after 33 full repeats, the 99th

shape will be a triangle (the last shape in the repeating pattern), so
the 100th shape is the first shape in the pattern, which is a square.
Notice that the Standards do not require students to infer or guess
the underlying rule for a pattern, but rather ask them to generate a
pattern from a given rule and identify features of the given pattern.
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Grade 5
As preparation for the Expressions and Equations Progression in the
middle grades, students in Grade 5 begin working more formally with
expressions.5.OA.1, 5.OA.2 They write expressions to express a calcu-

5.OA.1Use parentheses, brackets, or braces in numerical expres-
sions, and evaluate expressions with these symbols.

5.OA.2Write simple expressions that record calculations with
numbers, and interpret numerical expressions without evaluating
them.

lation, e.g., writing 2� p8� 7q to express the calculation “add 8 and
7, then multiply by 2.” They also evaluate and interpret expressions,
e.g., using their conceptual understanding of multiplication to inter-
pret 3�p18932�921q as being three times as large as 18932�921,
without having to calculate the indicated sum or product. Thus, stu-
dents in Grade 5 begin to think about numerical expressions in ways
that prefigure their later work with variable expressions (e.g., three
times an unknown length is 3 � L). In Grade 5, this work should be
viewed as exploratory rather than for attaining mastery; for example,
expressions should not contain nested grouping symbols, and they
should be no more complex than the expressions one finds in an ap-
plication of the associative or distributive property, e.g., p8� 27q� 2
or p6� 30q� p6� 7q. Note however that the numbers in expressions
need not always be whole numbers.

Students extend their Grade 4 pattern work by working briefly
with two numerical patterns that can be related and examining these
relationships within sequences of ordered pairs and in the graphs
in the first quadrant of the coordinate plane.5.OA.3 This work pre-

5.OA.3Generate two numerical patterns using two given rules.
Identify apparent relationships between corresponding terms.
Form ordered pairs consisting of corresponding terms from the
two patterns, and graph the ordered pairs on a coordinate plane.pares students for studying proportional relationships and functions

in middle school.
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Connections to NF and NBT in Grades 3 through 5
Students extend their whole number work with adding and sub-
tracting and multiplying and dividing situations to decimal numbers
and fractions. Each of these extensions can begin with problems
that include all of the subtypes of the situations in Tables 1 and 2.
The operations of addition, subtraction, multiplication, and division
continue to be used in the same way in these problem situations
when they are extended to fractions and decimals (although making
these extensions is not automatic or easy for all students). The con-
nections described for Kindergarten through Grade 3 among word
problem situations, representations for these problems, and use of
properties in solution methods are equally relevant for these new
kinds of numbers. Students use the new kinds of numbers, frac-
tions and decimals, in geometric measurement and data problems
and extend to some two-step and multi-step problems involving all
four operations. In order to keep the difficulty level from becom-
ing extreme, there should be a tradeoff between the algebraic or
situational complexity of any given problem and its computational
difficulty taking into account the kinds of numbers involved.

As students’ notions of quantity evolve and generalize from dis-
crete to continuous during Grades 3–5, their notions of multiplication
evolves and generalizes. This evolution deserves special attention
because it begins in OA but ends in NF. Thus, the concept of multipli-
cation begins in Grade 3 with an entirely discrete notion of “equal
groups.”3.OA.1 By Grade 4, students can also interpret a multipli-

3.OA.1Interpret products of whole numbers, e.g., interpret 5� 7
as the total number of objects in 5 groups of 7 objects each.cation equation as a statement of comparison involving the notion

“times as much.”4.OA.1 This notion has more affinity to continuous 4.OA.1Interpret a multiplication equation as a comparison, e.g.,
interpret 35 � 5 � 7 as a statement that 35 is 5 times as many
as 7 and 7 times as many as 5. Represent verbal statements of
multiplicative comparisons as multiplication equations.

quantities, e.g., 3 � 4 � 3
4 might describe how 3 cups of flour are

4 times as much as 3
4 cup of flour.4.NF.4,4.MD.2 By Grade 5, when

4.NF.4Apply and extend previous understandings of multiplica-
tion to multiply a fraction by a whole number.

4.MD.2Use the four operations to solve word problems involving
distances, intervals of time, liquid volumes, masses of objects,
and money, including problems involving simple fractions or deci-
mals, and problems that require expressing measurements given
in a larger unit in terms of a smaller unit. Represent measure-
ment quantities using diagrams such as number line diagrams
that feature a measurement scale.

students multiply fractions in general,5.NF.4 products can be larger

5.NF.4Apply and extend previous understandings of multiplica-
tion to multiply a fraction or whole number by a fraction.

or smaller than either factor, and multiplication can be seen as an
operation that “stretches or shrinks” by a scale factor.5.NF.5 This view

5.NF.5Interpret multiplication as scaling (resizing), by:

of multiplication as scaling is the appropriate notion for reasoning
multiplicatively with continuous quantities.
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Where the Operations and Algebraic Thinking
Progression is heading
Connection to the Number System The properties of and rela-
tionships between operations that students worked with in Grades
K–5 will become even more prominent in extending arithmetic to
systems that include negative numbers; meanwhile the meanings of
the operations will continue to evolve, e.g., subtraction will become
“adding the opposite.”

Connection to Expressions and Equations In Grade 6, students
will begin to view expressions not just as calculation recipes but
as entities in their own right, which can be described in terms of
their parts. For example, students see 8 � p5� 2q as the product of 8
with the sum 5� 2. In particular, students must use the conventions
for order of operations to interpret expressions, not just to evaluate
them. Viewing expressions as entities created from component parts
is essential for seeing the structure of expressions in later grades
and using structure to reason about expressions and functions.

As noted above, the foundation for these later competencies is
laid in Grade 5 when students write expressions to record a “calcu-
lation recipe” without actually evaluating the expression, use paren-
theses to formulate expressions, and examine patterns and relation-
ships numerically and visually on a coordinate plane graph.5.OA.1 ,5.OA.2 5.OA.1Use parentheses, brackets, or braces in numerical expres-

sions, and evaluate expressions with these symbols.

5.OA.2Write simple expressions that record calculations with
numbers, and interpret numerical expressions without evaluating
them.

Before Grade 5, student thinking that also builds toward the Grade
6 EE work is focusing on the expressions on each side of an equa-
tion, relating each expression to the situation, and discussing the
situational and mathematical vocabulary involved to deepen the un-
derstandings of expressions and equations.

In Grades 6 and 7, students begin to explore the systematic al-
gebraic methods used for solving algebraic equations. Central to
these methods are the relationships between addition and subtrac-
tion and between multiplication and division, emphasized in several
parts of this Progression and prominent also in the 6–8 Progression
for the Number System. Students’ varied work throughout elemen-
tary school with equations with unknowns in all locations and in
writing equations to decompose a given number into many pairs of
addends or many pairs of factors are also important foundations for
understanding equations and for solving equations with algebraic
methods. Of course, any method of solving, whether systematic or
not, relies on an understanding of what solving itself is—namely, a
process of answering a question: which values from a specified set,
if any, make the equation true?6.EE.5

6.EE.5Understand solving an equation or inequality as a process
of answering a question: which values from a specified set, if
any, make the equation or inequality true? Use substitution to
determine whether a given number in a specified set makes an
equation or inequality true.

Students represent and solve word problems with equations in-
volving one unknown quantity in K through 5. The quantity was
expressed by a l or other symbol in K–2 and by a letter in Grades
3 to 5. Grade 6 students continue the K–5 focus on representing a
problem situation using an equation (a situation equation) and then
(for the more difficult situations) writing an equivalent equation that
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is easier to solve (a solution equation). Grade 6 students discuss
their reasoning more explicitly by focusing on the structures of ex-
pressions and using the properties of operations explicitly. Some of
the math drawings that students have used in K through 5 to rep-
resent problem situations continue to be used in the middle grades.
These can help students throughout the grades deepen the connec-
tions they make among the situation and problem representations
by a drawing and/or by an equation, and support the informal K–5
and increasingly formal 6–8 solution methods arising from under-
standing the structure of expressions and equations.
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Appendix. Methods used for solving
single-digit addition and subtraction
problems
Level 1. Direct Modeling by Counting All or Taking
Away.
Represent situation or numerical problem with groups of objects, a
drawing, or fingers. Model the situation by composing two addend
groups or decomposing a total group. Count the resulting total or
addend.

Adding (8 � 6 � l): Represent each addend by a
group of objects. Put the two groups together. Count
the total. Use this strategy for Add To/Result Unknown
and Put Together/Total Unknown.

Subtracting (14 � 8 � l): Represent the total by
a group of objects. Take the known addend number
of objects away. Count the resulting group of objects
to find the unknown added. Use this strategy for Take
From/Result Unknown.

Levels 8 + 6 = 14 14 – 8 = 6 

Level 1: 
Count all 

Count All 
 

   
 
 

Take Away 
 
 
 
 

Level 2: 
Count on 

Count On 
 
 
 
 

To solve 14 – 8 I count on 8 + ? = 14 
 
 
 
 
 

8 to 14 is 6 so 14 – 8 = 6 
 

Level 3:   
Recompose 
   Make a ten (general): 

one addend breaks 
apart to make 10 
with the other 
addend 

 
   Make a ten (from 5’s 
   within each addend) 
 

Recompose: Make a Ten 
 
 
 
 
 
 
 
 

14 – 8: I make a ten for 8 + ? = 14 

Doubles ± n    6 + 8   
 
 

 

 
Note: Many children attempt to count down for subtraction, but counting down is difficult and error-prone.   
          Children are much more successful with counting on; it makes subtraction as easy as addition. 
 

8 

8 

10 + 4 

2 4 1 3 5 

2 4 1 3 5 

8 6 7 

8 6 7 

10 + 4 

= 6 + 6 + 2  
=   12   + 2 = 14 

2 4 1 3 5 

2 4 3 1 5 

7 9 6 8 10 

7 1 6 8 2 

11 13 12 14 

3 5 4 6 

I took away 8 
9 

10 11 12 
13 

14 

8 + 2 + 4 

6 

8     +              6     =     14 

14 

6 

14 

10 12 9 13 11 

2 4 1 3 5 

10 12 9 13 11 

c b 

a 

c 

b a 
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Level 2. Counting On.
Embed an addend within the total (the addend is perceived simul-
taneously as an addend and as part of the total). Count this total
but abbreviate the counting by omitting the count of this addend;
instead, begin with the number word of this addend. Some method
of keeping track (fingers, objects, mentally imaged objects, body mo-
tions, other count words) is used to monitor the count.

For addition, the count is stopped when the amount of the re-
maining addend has been counted. The last number word is the
total. For subtraction, the count is stopped when the total occurs in
the count. The tracking method indicates the difference (seen as an
unknown addend).

Counting on can be used to find the total or to find an addend.
These look the same to an observer. The difference is what is mon-
itored: the total or the known addend. Some students count down
to solve subtraction problems, but this method is less accurate and
more difficult than counting on. Counting on is not a rote method. It
requires several connections between cardinal and counting mean-
ings of the number words and extended experience with Level 1
methods in Kindergarten.

Adding (e. g., 8 � 6 � l) uses counting on to find a
total: One counts on from the first addend (or the larger
number is taken as the first addend). Counting on is
monitored so that it stops when the second addend has
been counted on. The last number word is the total.

Finding an unknown addend (e.g., 8�l � 14): One
counts on from the known addend. The keeping track
method is monitored so that counting on stops when
the known total has been reached. The keeping track
method tells the unknown addend.

Subtracting (14� 8 � l): One thinks of subtracting
as finding the unknown addend, as 8�l � 14 and uses
counting on to find an unknown addend (as above).

The problems in Table 2 which are solved by Level 1 methods in
Kindergarten can also be solved using Level 2 methods: counting on
to find the total (adding) or counting on to find the unknown addend
(subtracting).

The middle difficulty (lightly shaded) problem types in Table 2
for Grade 1 are directly accessible with the embedded thinking of
Level 2 methods and can be solved by counting on.

Finding an unknown addend (e.g., 8 � l � 14) is
used for Add To/Change Unknown, Put Together/Take
Apart/Addend Unknown, and Compare/Difference Unknown.
It is also used for Take From/Change Unknown (14�l �
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8) after a student has decomposed the total into two ad-
dends, which means they can represent the situation as
14� 8 � l.

Adding or subtracting by counting on is used by some
students for each of the kinds of Compare problems (see
the equations in Table 2). Grade 1 students do not neces-
sarily master the Compare Bigger Unknown or Smaller
Unknown problems with the misleading language in the
bottom row of Table 2.

Solving an equation such as 6 � 8 � l by counting on from
8 relies on the understanding that 8 � 6 gives the same total, an
implicit use of the commutative property without the accompanying
written representation 6� 8 � 8� 6.

Level 3. Convert to an Easier Equivalent Problem.
Decompose an addend and compose a part with another addend.

These methods can be used to add or to find an unknown addend
(and thus to subtract). These methods implicitly use the associative
property.

Adding

Make a ten. E.g, for 8� 6 � l,

8� 6 � 8� 2� 4 � 10� 4 � 14,

so 8� 6 becomes 10� 4.
Doubles plus or minus 1. E.g., for 6� 7 � l,

6� 7 � 6� 6� 1 � 12� 1 � 13,

so 6� 7 becomes 12� 1.

Finding an unknown addend

Make a ten. E. g., for 8�l � 14,

8� 2 � 10 and 4 more makes 14. 2� 4 � 6.

So 8�l � 14 is done as two steps: how many up to ten and how
many over ten (which can be seen in the ones place of 14).
Doubles plus or minus 1. E.g., for 6�l � 13,

6� 6� 1 � 12� 1. 6� 1 � 7.

So 6�l � 13 is done as two steps: how many up to 12 (6� 6) and
how many from 12 to 13.
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Subtracting

Thinking of subtracting as finding an unknown addend. E.g., solve
14�8 � l or 13�6 � l as 8�l � 14 or 6�l � 13 by the above
methods (make a ten or doubles plus or minus 1).
Make a ten by going down over ten. E.g., 14 � 8 � l can be done
in two steps by going down over ten: 14� 4 (to get to 10) � 4 � 6.

The Level 1 and Level 2 problem types can be solved using these
Level 3 methods.

Level 3 problem types can be solved by representing the situ-
ation with an equation or drawing, then re-representing to create
a situation solved by adding, subtracting, or finding an unknown
addend as shown above by methods at any level, but usually at
Level 2 or 3. Many students only show in their writing part of this
multi-step process of re-representing the situation.

Students re-represent Add To/Start Unknownl�6 �
14 situations as 6 � l � 14 by using the commutative
property (formally or informally).

Students re-represent Take From/Start Unknownl�
8 � 6 situations by reversing as 6 � 8 � l, which may
then be solved by counting on from 8 or using a Level 3
method.

At Level 3, the Compare misleading language situations can be
solved by representing the known quantities in a diagram that shows
the bigger quantity in relation to the smaller quantity. The diagram
allows the student to find a correct solution by representing the
difference between quantities and seeing the relationship among
the three quantities. Such diagrams are the same diagrams used for
the other versions of compare situations; focusing on which quantity
is bigger and which is smaller helps to overcome the misleading
language.

Some students may solve Level 3 problem types by doing the
above re-representing but use Level 2 counting on.

As students move through levels of solution methods, they in-
creasingly use equations to represent problem situations as situa-
tion equations and then to re-represent the situation with a solution
equation or a solution computation. They relate equations to dia-
grams, facilitating such re-representing. Labels on diagrams can
help connect the parts of the diagram to the corresponding parts of
the situation. But students may know and understand things that
they may not use for a given solution of a problem as they increas-
ingly do various representing and re-representing steps mentally.
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6–8, Expressions and
Equations

Overview
An expression expresses something. Facial expressions express emo-
tions. Mathematical expressions express calculations with numbers.
Some of the numbers might be given explicitly, like 2 or 3

4 . Other
numbers in the expression might be represented by letters, such as
x , y, P , or n. The calculation an expression represents might use
only a single operation, as in 4� 3 or 3x , or it might use a series of
nested or parallel operations, as in 3pa � 9q � 9{b. An expression
can consist of just a single number, even 0.

Letters standing for numbers in an expression are called vari-
ables. In good practice, including in student writing, the meaning
of a variable is specified by the surrounding text; an expression by
itself gives no intrinsic meaning to the variables in it. Depending on
the context, a variable might stand for a specific number, for exam-
ple the solution to a word problem; it might be used in a universal
statement true for all numbers, for example when we say that that
a�b � b�a for all numbers a and b; or it might stand for a range
of numbers, for example when we say that

?
x2 � x for x ¡ 0. In

choosing variables to represent quantities, students specify a unit;
rather than saying “let G be gasoline,” they say “let G be the number
of gallons of gasoline”.MP6 MP6 Be precise in defining variables.

An expression is a phrase in a sentence about a mathematical
or real-world situation. As with a facial expression, however, you
can read a lot from an algebraic expression (an expression with
variables in it) without knowing the story behind it, and it is a goal
of this progression for students to see expressions as objects in their
own right, and to read the general appearance and fine details of
algebraic expressions.

An equation is a statement that two expressions are equal, such
as 10 � 0.02n � 20, or 3 � x � 4 � x , or 2pa � 1q � 2a � 2. It
is an important aspect of equations that the two expressions on
either side of the equal sign might not actually always be equal;
that is, the equation might be a true statement for some values
of the variable(s) and a false statement for others. For example,
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10 � 0.02n � 20 is true only if n � 500; and 3 � x � 4 � x is
not true for any number x ; and 2pa � 1q � 2a � 2 is true for all
numbers a. A solution to an equation is a number that makes the
equation true when substituted for the variable (or, if there is more
than one variable, it is a number for each variable). An equation
may have no solutions (e.g., 3� x � 4� x has no solutions because,
no matter what number x is, it is not true that adding 3 to x yields
the same answer as adding 4 to x). An equation may also have
every number for a solution (e.g., 2pa � 1q � 2a � 2). An equation
that is true no matter what number the variable represents is called
an identity, and the expressions on each side of the equation are
said to be equivalent expressions. For example 2pa� 1q and 2a� 2
are equivalent expressions. In Grades 6–8, students start to use
properties of operations to manipulate algebraic expressions and
produce different but equivalent expressions for different purposes.
This work builds on their extensive experience in K–5 working with
the properties of operations in the context of operations with whole
numbers, decimals and fractions.
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Grade 6
Apply and extend previous understandings of arithmetic to alge-
braic expressions Students have been writing numerical expres-
sions since Kindergarten, such as

2� 3 7� 6� 3 4� p2� 3q

8� 5� 8� 2
1

3
p8� 7� 3q 3

1
2

.

In Grade 5 they used whole number exponents to express powers of
10, and in Grade 6 they start to incorporate whole number exponents
into numerical expressions, for example when they describe a square
with side length 50 feet as having an area of 502 square feet.6.EE.1 6.EE.1Write and evaluate numerical expressions involving

whole-number exponents.Students have also been using letters to represent an unknown
quantity in word problems since Grade 3. In Grade 6 they begin to
work systematically with algebraic expressions. They express the
calculation “Subtract y from 5” as 5 � y, and write expressions for
repeated numerical calculations.MP8 For example, students might be

MP8 Look for regularity in a repeated calculation and express it
with a general formula.asked to write a numerical expression for the change from a $10 bill

after buying a book at various prices:
Price of book ($) 5.00 6.49 7.15
Change from $10 10� 5 10� 6.49 10� 7.15

Abstracting the pattern they write 10 � p for a book costing
p dollars, thus summarizing a calculation that can be carried out
repeatedly with different numbers.6.EE.2a Such work also helps stu-

6.EE.2a Write, read, and evaluate expressions in which letters
stand for numbers.

a Write expressions that record operations with numbers
and with letters standing for numbers.dents interpret expressions. For example, if there are 3 loose apples

and 2 bags of A apples each, students relate quantities in the situ-
ation to the terms in the expression 3� 2A.

As they start to solve word problems algebraically, students also
use more complex expressions. For example, in solving the word
problem

Daniel went to visit his grandmother, who gave him
$5.50. Then he bought a book costing $9.20. If he has
$2.30 left, how much money did he have before visiting
his grandmother?

students might obtain the expression x�5.50�9.20 by following the
story forward, and then solve the equation x � 5.50� 9.20 � 2.30.•

• Notice that in this problem, like many problems, a quantity,
“money left,” is expressed in two distinct ways:

1. starting amount� amount from grandma� amount spent

2. $2.30
Because these two expressions refer to the same quantity in the
problem situation, they are equal to each other. The equation
formed by representing their equality can then be solved to find
the unknown value (that is, the value of the variable that makes
the equation fit the situation).

Students may need explicit guidance in order to develop the strategy
of working forwards, rather than working backwards from the 2.30
and calculating 2.30� 9.20� 5.50.6.EE.7 As word problems get more

6.EE.7Solve real-world and mathematical problems by writing
and solving equations of the form x � p � q and px � q for
cases in which p, q and x are all nonnegative rational numbers.

complex, students find greater benefit in representing the problem
algebraically by choosing variables to represent quantities, rather
than attempting a direct numerical solution, since the former ap-
proach provides general methods and relieves demands on working
memory.
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Students in Grade 5 began to move from viewing expressions as
actions describing a calculation to viewing them as objects in their
own right;5.OA.2 in Grade 6 this work continues and becomes more

5.OA.2Write simple expressions that record calculations with
numbers, and interpret numerical expressions without evaluating
them.sophisticated. They describe the structure of an expression, seeing

2p8�7q for example as a product of two factors the second of which,
p8�7q, can be viewed as both a single entity and a sum of two terms.
They interpret the structure of an expression in terms of a context: if
a runner is 7t miles from her starting point after t hours, what is the
meaning of the 7?MP7 If a, b, and c are the heights of three students

MP7 Looking for structure in expressions by parsing them into a
sequence of operations; making use of the structure to interpret
the expression’s meaning in terms of the quantities represented
by the variables.in inches, they recognize that the coefficient 1

3 in 1
3 pa� b� cq has

the effect of reducing the size of the sum, and they also interpret
multiplying by 1

3 as dividing by 3.6.EE.2b Both interpretations are 6.EE.2b Write, read, and evaluate expressions in which letters
stand for numbers.

b Identify parts of an expression using mathematical terms
(sum, term, product, factor, quotient, coefficient); view
one or more parts of an expression as a single entity.

useful in connection with understanding the expression as the mean
of a, b, and c. 6.SP.3

6.SP.3 Recognize that a measure of center for a numerical data
set summarizes all of its values with a single number, while a
measure of variation describes how its values vary with a single
number.

In the work on number and operations in Grades K–5, students
have been using properties of operations to write expressions in
different ways. For example, students in grades K–5 write 2 � 3 �
3�2 and 8�5�8�2 � 8�p5�2q and recognize these as instances
of general properties which they can describe. They use the “any
order, any grouping” property• to see the expression 7 � 6 � 3 as

• The “any order, any grouping” property is a combination of the
commutative and associative properties. It says that sequence of
additions and subtractions may be calculated in any order, and
that terms may be grouped together any way.

p7 � 3q � 6, allowing them to quickly evaluate it. The properties
are powerful tools that students use to accomplish what they want
when working with expressions and equations. They can be used at
any time, in any order, whenever they serve a purpose.

Work with numerical expressions prepares students for work with
algebraic expressions. During the transition, it can be helpful for
them to solve numerical problems in which it is more efficient to
hold numerical expressions unevaluated at intermediate steps. For
example, the problem

Fred and George Weasley make 150 “Deflagration
Deluxe” boxes of Weasleys’ Wildfire Whiz-bangs at a
cost of 17 Galleons each, and sell them for 20 Galleons
each. What is their profit?

is more easily solved by leaving unevaluated the total cost, 150�17
Galleons, and the total revenue 150 � 20 Galleons, until the sub-
traction step, where the distributive law can be used to calculate
the answer as 150 � 20 � 150 � 17 � 150 � 3 � 450 Galleons. A
later algebraic version of the problem might ask for the sale price
that will yield a given profit, with the sale price represented by a
letter such as p. The habit of leaving numerical expressions uneval-
uated prepares students for constructing the appropriate algebraic
equation to solve such a problem.

As students move from numerical to algebraic work the multipli-
cation and division symbols � and � are replaced by the conven-
tions of algebraic notation. Students learn to use either a dot for
multiplication, e.g., 1 �2 �3 instead of 1�2�3, or simple juxtaposition,
e.g., 3x instead of 3 � x (during the transition, students may indi-
cate all multiplications with a dot, writing 3 � x for 3x). A firm grasp

Some common student difficulties

• Failure to see juxtaposition as indicating multiplication,
e.g., evaluating 3x as 35 when x � 5, or rewriting 8� 2a
as 6a

• Failure to see hidden 1s, rewriting 4C �C as 4 instead of
seeing 4C � C as 4 � C � 1 � C which is 3 � C .Draft, 4/22/2011, comment at commoncoretools.wordpress.com .
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on variables as numbers helps students extend their work with the
properties of operations from arithmetic to algebra.MP2 For exam- MP2 Connect abstract symbols to their numerical referents.
ple, students who are accustomed to mentally calculating 5� 37 as
5 � p30 � 7q � 150 � 35 can now see that 5p3a � 7q � 15a � 35
for all numbers a. They apply the distributive property to the ex-
pression 3p2 � xq to produce the equivalent expression 6 � 3x and
to the expression 24x � 18y to produce the equivalent expression
6p4x � 3yq.6.EE.3 6.EE.3Apply the properties of operations to generate equivalent

expressions.Students evaluate expressions that arise from formulas used in
real-world problems, such as the formulas V � s3 and A � 6s2
for the volume and surface area of a cube. In addition to using
the properties of operations, students use conventions about the or-
der in which arithmetic operations are performed in the absence of
parentheses.6.EE.2c It is important to distinguish between such con-

6.EE.2c Write, read, and evaluate expressions in which letters
stand for numbers.

c Evaluate expressions at specific values of their variables.
Include expressions that arise from formulas used in real-
world problems. Perform arithmetic operations, including
those involving whole-number exponents, in the conven-
tional order when there are no parentheses to specify a
particular order (Order of Operations).

ventions, which are notational conveniences that allow for algebraic
expressions to be written with fewer parentheses, and properties of
operations, which are fundamental properties of the number system
and undergird all work with expressions. In particular, the mnemonic
PEMDAS• can mislead students into thinking, for example, that ad-

• PEMDAS stands for Parentheses, Exponents, Multiplication, Di-
vision, Addition, Subtraction, specifying the order in which oper-
ations are performed in interpreting or evaluating numerical ex-
pressions.

dition must always take precedence over subtraction because the A
comes before the S, rather than the correct convention that addition
and subtraction proceed from left to right (as do multiplication and
division). This can lead students to make mistakes such as simpli-
fying n� 2� 5 as n� 7 (instead of the correct n� 3) because they
add the 2 and the 5 before subtracting from n.6.EE.4

6.EE.4Identify when two expressions are equivalent (i.e., when
the two expressions name the same number regardless of which
value is substituted into them).The order of operations tells us how to interpret expressions, but

does not necessarily dictate how to calculate them. For example,
the P in PEMDAS indicates that the expression 8 � p5 � 1q is to
be interpreted as 8 times a number which is the sum of 5 and 1.
However, it does not dictate the expression must be calculated this
way. A student might well see it, through an implicit use of the
distributive law, as 8� 5� 8� 1 � 40� 8 � 48.

The distributive law is of fundamental importance. Collecting
like terms, e.g., 5b � 3b � p5 � 3qb � 8b, should be seen as an
application of the distributive law, not as a separate method.

Reason about and solve one-variable equations and inequalities
In Grades K–5 students have been writing numerical equations and
simple equations involving one operation with a variable. In Grade
6 they start the systematic study of equations and inequalities and
methods of solving them. Solving is a process of reasoning to find the
numbers which make an equation true, which can include checking
if a given number is a solution.6.EE.5 Although the process of reason-

6.EE.5Understand solving an equation or inequality as a process
of answering a question: which values from a specified set, if
any, make the equation or inequality true? Use substitution to
determine whether a given number in a specified set makes an
equation or inequality true.

ing will eventually lead to standard methods for solving equations,
students should study examples where looking for structure pays off,
such as in 4x � 3x � 3x � 20, where they can see that 4x must be
20 to make the two sides equal.

This understanding can be reinforced by comparing arithmetic
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and algebraic solutions to simple word problems. For example, how
many 44-cent stamps can you buy with $11? Students are ac-
customed to solving such problems by division; now they see the
parallel with representing the problem algebraically as 0.44n � 11,
from which they use the same reasoning as in the numerical solution
to conclude that n � 11�0.44.6.EE.7• They explore methods such as

6.EE.7Solve real-world and mathematical problems by writing
and solving equations of the form x � p � q and px � q for
cases in which p, q and x are all nonnegative rational numbers.

• In Grade 7, where students learn about complex fractions, this
problem can be expressed in cents as well as dollars to help stu-
dents understand equivalences such as

11

0.44 �
1100

44
.

dividing both sides by the same non-zero number. As word problems
grow more complex in Grades 6 and 7, analogous arithmetical and
algebraic solutions show the connection between the procedures of
solving equations and the reasoning behind those procedures.

Analogous arithmetical and algebraic solutions

J. bought three packs of balloons. He opened them and counted
12 balloons. How many balloons are in a pack?

Arithmetical solution
If three packs have twelve balloons, then one pack has
12� 3 � 4 balloons.

Algebraic solution
Defining the variable: Let b be the number of balloons in a pack.
Writing the equation:

3b � 12

Solving (mirrors the reasoning of the numerical solution):

3b � 12Ñ 3b
3
� 12

3
b � 4.

When students start studying equations in one variable, it is
important for them to understand every occurrence of of a given
variable has the same value in the expression and throughout a
solution procedure: if x is assumed to be the number satisfying the
equation 4x�3x � 3x�20 at the beginning of a solution procedure,
it remains that number throughout.

As with all their work with variables, it is important for students
to state precisely the meaning of variables they use when setting
up equations (MP6). This includes specifying whether the variable
refers to a specific number, or to all numbers in some range. For ex-
ample, in the equation 0.44n � 11 the variable n refers to a specific
number (the number of stamps you can buy for $11); however, if the
expression 0.44n is presented as a general formula for calculating
the price in dollars of n stamps, then n refers to all numbers in some
domain.6.EE.6 That domain might be specified by inequalities, such

6.EE.6Use variables to represent numbers and write expressions
when solving a real-world or mathematical problem; understand
that a variable can represent an unknown number, or, depending
on the purpose at hand, any number in a specified set.

as n ¡ 0.6.EE.8

6.EE.8Write an inequality of the form x ¡ c or x   c to represent
a constraint or condition in a real-world or mathematical problem.
Recognize that inequalities of the form x ¡ c or x   c have
infinitely many solutions; represent solutions of such inequalities
on number line diagrams.

Represent and analyze quantitative relationships between depen-
dent and independent variables In addition to constructing and
solving equations in one variable, students use equations in two
variables to express relationships between two quantities that vary
together. When they construct an expression like 10�p to represent
a quantity such as on page 4, students can choose a variable such
as C to represent the calculated quantity and write C � 10 � p
to represent the relationship. This prepares students for work with
functions in later grades.6.EE.9 The variable p is the natural choice 6.EE.9Use variables to represent two quantities in a real-world

problem that change in relationship to one another; write an
equation to express one quantity, thought of as the dependent
variable, in terms of the other quantity, thought of as the indepen-
dent variable. Analyze the relationship between the dependent
and independent variables using graphs and tables, and relate
these to the equation.

for the independent variable in this situation, with C the dependent
variable. In a situation where the price, p, is to be calculated from
the change, C , it might be the other way around.

As they work with such equations students begin to develop
a dynamic understanding of variables, an appreciation that they
can stand for any number from some domain. This use of variables • n 1 2 3 4 5

0.44n 0.44 0.88 1.32 1.75 2.20arises when students study expressions such as 0.44n, discussed
earlier, or equations in two variables such as d � 5� 5t describing
relationship between distance in miles, d, and time in hours, t , for a
person starting 5 miles from home and walking away at 5 miles per
hour. Students can use tabular• and graphical• representations to •

1.1 FUNCTIONS AND FUNCTION NOTATION 9

26. (a) Ten inches of snow is equivalent to about one inch
of rain.2 Write an equation for the amount of precip-
itation, measured in inches of rain, r = f(s), as a
function of the number of inches of snow, s.

(b) Evaluate and interpret f(5).
(c) Find s such that f(s) = 5 and interpret your result.

27. An 8-foot tall cylindrical water tank has a base of diam-
eter 6 feet.

(a) How much water can the tank hold?
(b) How much water is in the tank if the water is 5 feet

deep?
(c) Write a formula for the volume of water as a func-

tion of its depth in the tank.

28. Match each story about a bike ride to one of the graphs
(i)–(v), where d represents distance from home and t is
time in hours since the start of the ride. (A graph may be
used more than once.)

(a) Starts 5 miles from home and rides 5 miles per hour
away from home.

(b) Starts 5 miles from home and rides 10 miles per hour
away from home.

(c) Starts 10 miles from home and arrives home one
hour later.

(d) Starts 10 miles from home and is halfway home after
one hour.

(e) Starts 5 miles from home and is 10 miles from home
after one hour.

21

5

10

15

t

d(i)

21

5

10

15

t

d(ii)

21

5

10

15

t

d(iii)

21

5

10

15

t

d(iv)

21

5

10

15

t

d(v)

29. Table 1.7 shows the daily low temperature for a one-week
period in New York City during July.

(a) What was the low temperature on July 19?
(b) When was the low temperature 73!F?
(c) Is the daily low temperature a function of the date?
(d) Is the date a function of the daily low temperature?

Table 1.7

Date 17 18 19 20 21 22 23

Low temp (!F) 73 77 69 73 75 75 70

30. Use the data from Table 1.3 on page 5.

(a) Plot R on the vertical axis and t on the horizontal
axis. Use this graph to explain why you believe that
R is a function of t.

(b) Plot F on the vertical axis and t on the horizontal
axis. Use this graph to explain why you believe that
F is a function of t.

(c) Plot F on the vertical axis and R on the horizontal
axis. From this graph show that F is not a function
of R.

(d) Plot R on the vertical axis and F on the horizontal
axis. From this graph show that R is not a function
of F .

31. Since Roger Bannister broke the 4-minute mile on May
6, 1954, the record has been lowered by over sixteen sec-
onds. Table 1.8 shows the year and times (as min:sec) of
new world records for the one-mile run.3 The last time
the record was broken was in 1999.

(a) Is the time a function of the year? Explain.
(b) Is the year a function of the time? Explain.
(c) Let y(r) be the year in which the world record, r,

was set. Explain what is meant by the statement
y(3 :47.33) = 1981.

(d) Evaluate and interpret y(3 :51.1).

Table 1.8

Year Time Year Time Year Time

1954 3:59.4 1966 3:51.3 1981 3:48.53

1954 3:58.0 1967 3:51.1 1981 3:48.40

1957 3:57.2 1975 3:51.0 1981 3:47.33

1958 3:54.5 1975 3:49.4 1985 3:46.32

1962 3:54.4 1979 3:49.0 1993 3:44.39

1964 3:54.1 1980 3:48.8 1999 3:43.13

1965 3:53.6

2http://mo.water.usgs.gov/outreach/rain, accessed May 7, 2006.
3www.infoplease.com/ipsa/A0112924.html, accessed January 15, 2006.

develop an appreciation of varying quantities.
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Grade 7
Use properties of operations to generate equivalent expressions
In Grade 7 students start to simplify general linear expressions•

• A general linear expression in the variable x is a sum of terms
which are either rational numbers, or rational numbers times x,
e.g., � 1

2 � 2x � 5
8 � 3x.with rational coefficients. Building on work in Grade 6, where stu-

dents used conventions about the order of operations to parse, and
properties of operations to transform, simple expressions such as
2p3 � 8xq or 10 � 2p, students now encounter linear expressions
with more operations and whose transformation may require an un-
derstanding of the rules for multiplying negative numbers, such as
7� 2p3� 8xq.7.EE.1

7.EE.1Apply properties of operations as strategies to add, sub-
tract, factor, and expand linear expressions with rational coeffi-
cients.In simplifying this expression students might come up with an-

swers such as

• 5p3� 8xq, mistakenly detaching the 2 from the indicated mul-
tiplication

• 7 � 2p�5xq, through a determination to perform the compu-
tation in parentheses first, even though no simplification is
possible

• 7�6�16x , through an imperfect understanding of the way the
distributive law works or of the rules for multiplying negative
numbers.

Writing expressions in different forms

Problem 1.1

1.1

Since 2(L + W) and 2L + 2W represent the same quantity (the perimeter
of a rectangle), they are This investigation
explores situations in which a quantity is described with several different,
but equivalent, expressions. The question is:

How can we determine if two expressions are equivalent?

Tiling Pools

In-ground pools are often surrounded by borders of tiles.
The Custom Pool Company gets orders for square pools of 
different sizes. For example, the pool at the right has side 
lengths of 5 feet and is surrounded by square border tiles.
All Custom Pool border tiles measure 1 foot on each side.

• How many border tiles do you need to surround 
a square pool?

Writing Equivalent Expressions

In order to calculate the number of tiles needed for a project, the Custom
Pool manager wants an equation relating the number of border tiles to the
size of the pool.

A. 1. Write an expression for the number of border tiles 
N based on the side length s of a square pool.

2. Write a different but equivalent expression for the 
number of tiles N needed to surround such a 
square pool.

3. Explain why your two expressions for the number 
of border tiles are equivalent.

B. 1. Use each expression in Question A to write an equation for the
number of border tiles N. Make a table and a graph for each
equation.

2. Based on your table and graph, are the two expressions for the
number of border tiles in Question A equivalent? Explain.

C. Is the relationship between the side length of the pool and the number
of border tiles linear, exponential, quadratic, or none of these? Explain.

Homework starts on page 12.

equivalent expressions.

6 Say It With Symbols

s

s

1 ft

1 ft
border tile

8cmp06se_SI1.qxd  6/8/06  8:09 AM  Page 6

In expressing the number of tiles needed to border a square pool
with side length s feet (where s is a whole number), students
might write 4ps� 1q, s� s� s� s� 4, or 2s� 2ps� 2q, each
indicating a different way of breaking up the border in order to
perform the calculation. They should see all these expressions
as equivalent.

In contrast with the simple linear expressions they see in Grade
6, the more complex expressions students seen in Grade 7 afford
shifts of perspective, particularly because of their experience with
negative numbers: for example, students might see 7� 2p3� 8xq as
7� p2p3� 8xqq or as 7� p�2qp3� p�8qxq (MP7).

As students gain experience with multiple ways of writing an ex-
pression, they also learn that different ways of writing expressions
can serve different purposes and provide different ways of seeing
a problem. For example, a � 0.05a � 1.05a means that “increase
by 5%” is the same as “multiply by 1.05.”7.EE.2 In the example on

7.EE.2Understand that rewriting an expression in different forms
in a problem context can shed light on the problem and how the
quantities in it are related.the right, the connection between the expressions and the figure

emphasize that they all represent the same number, and the con-
nection between the structure of each expression and a method of
calculation emphasize the fact that expressions are built up from
operations on numbers.

Solve real-life and mathematical problems using numerical and
algebraic expressions and equations By Grade 7 students start
to see whole numbers, integers, and positive and negative fractions
as belonging to a single system of rational numbers, and they solve
multi-step problems involving rational numbers presented in various
forms.7.EE.3 7.EE.3 Solve multi-step real-life and mathematical problems

posed with positive and negative rational numbers in any form
(whole numbers, fractions, and decimals), using tools strategi-
cally. . . .

Students use mental computation and estimation to assess the
reasonableness of their solutions. For example, the following state-
ment appeared in an article about the annual migration of the Bar-
tailed Godwit from Alaska to New Zealand:
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She had flown for eight days—nonstop—covering
approximately 7,250 miles at an average speed of nearly
35 miles per hour.

Students can make the rough mental estimate

8� 24� 35 � 8� 12� 70   100� 70 � 7000

to recognize that although this astonishing statement is in the right
ballpark, the average speed is in fact greater than 35 miles per
hour, suggesting that one of the numbers in the article must be
wrong.7.EE.3 7.EE.3 . . . Apply properties of operations to calculate with num-

bers in any form; convert between forms as appropriate; and as-
sess the reasonableness of answers using mental computation
and estimation strategies.

As they build a systematic approach to solving equations in one
variable, students continue to compare arithmetical and algebraic
solutions to word problems. For example they solve the problem

The perimeter of a rectangle is 54 cm. Its length is 6
cm. What is its width?

by subtracting 2 � 6 from 54 and dividing by 2, and also by setting
up the equation

2w � 2 � 6 � 54.

The steps in solving the equation mirror the steps in the numerical
solution. As problems get more complex, algebraic methods become
more valuable. For example, in the cyclist problem in the margin,

Looking for structure in word problems (MP7)

Two cyclists are riding toward each other along
a road (each at a constant speed). At 8 am, they
are 63 miles apart. They meet at 11 am. If one
cyclist rides at 12.5 miles per hour, what is the
speed of the other cyclist?

First solution: The first cyclist travels 3� 12.5 � 37.5 miles. The
second travels 63� 37.5 � 25.5 miles, so goes 25.5

3 � 8.5
miles per hour. Another solution uses a key hidden quantity, the
speed at which the cyclists are approaching each other, to
simplify the calculations: since 63

3 � 21, the cyclists are
approaching each other at 21 miles per hour, so the other cyclist
is traveling at 21� 12.5 � 8.5 miles per hour.

the numerical solution requires some insight in order to keep the
cognitive load of the calculations in check. By contrast, choosing the
letter s to stand for the unknown speed, students build an equation
by adding the distances travelled in three hours (3s and 3 �12.5) and
setting them equal to 63 to get

3s� 3 � 12.5 � 63.

It is worthwhile exploring two different possible next steps in the
solution of this equation:

3s� 37.5 � 64 and 3ps� 12.5q � 63.

The first is suggested by a standard approach to solving linear equa-
tions; the second is suggested by a comparison with the numerical
solution described earlier.7.EE.4a

7.EE.4a Use variables to represent quantities in a real-world
or mathematical problem, and construct simple equations and
inequalities to solve problems by reasoning about the quanti-
ties.

a Solve word problems leading to equations of the form
px � q � r and ppx � qq � r, where p, q, and r are
specific rational numbers. Solve equations of these forms
fluently. Compare an algebraic solution to an arithmetic
solution, identifying the sequence of the operations used
in each approach.

Students also set up and solve inequalities, recognizing the ways
in which the process of solving them is similar to the process of
solving linear equations:

As a salesperson, you are paid $50 per week plus
$3 per sale. This week you want your pay to be at least
$100. Write an inequality for the number of sales you
need to make, and describe the solution.
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Students also recognize one important new consideration in solving
inequalities: multiplying or dividing both sides of an inequality by a
negative number reverses the order of the comparison it represents.
It is useful to present contexts that allows students to make sense
of this. For example,

If the price of a ticket to a school concert is p dollars
then the attendance is 1000�50p. What range of prices
ensures that at least 600 people attend?

Students recognize that the requirement of at least 600 people leads
to the inequality 1000 � 50p ¥ 600. Before solving the inequality,
they use common sense to anticipate that that answer will be of
the form p ¤ ?, since higher prices result in lower attendance.7.EE.4b

7.EE.4b Use variables to represent quantities in a real-world
or mathematical problem, and construct simple equations and
inequalities to solve problems by reasoning about the quanti-
ties.

b Solve word problems leading to inequalities of the form
px � q ¡ r or px � q   r, where p, q, and r are specific
rational numbers. Graph the solution set of the inequality
and interpret it in the context of the problem.

(Note that inequalities using ¤ and ¥ are included in this standard,
in addition to ¡ and  .)
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Grade 8
Work with radicals and integer exponents In Grade 8 students
add the properties of integer exponents to their repertoire of rules
for transforming expressions.• Students have been denoting whole • Properties of Integer Exponents

For any nonzero rational numbers a and b
and integers n and m:

1. anam � an�m

2. panqm � anm

3. anbn � pabqn
4. a0 � 1

5. a�n � 1{an

number powers of 10 with exponential notation since Grade 5, and
they have seen the pattern in the number of zeros when powers of
10 are multiplied. They express this as 10a10b � 10a�b for whole
numbers a and b. Requiring this rule to hold when a and b are
integers leads to the definition of the meaning of powers with 0
and negative exponents. For example, we define 100 � 1 because
we want 10a100 � 10a�0 � 10a, so 100 must equal 1. Students
extend these rules to other bases, and learn other properties of
exponents.8.EE.1

8.EE.1Know and apply the properties of integer exponents to
generate equivalent numerical expressions.Notice that students do not learn the properties of rational ex-

ponents until high school. However, they prepare in Grade 8 by
starting to work systematically with the square root and cube root
symbols, writing, for example,

?
64 �

?
82 � 8 and p 3

?
5q3 � 5.

Since ?p is defined to mean the positive solution to the equation
x2 � p (when it exists), it is not correct to say (as is common)
that

?
64 � �8. On the other hand, in describing the solutions

to x2 � 64, students can write x � �?64 � �8.8.EE.2 Students

8.EE.2Use square root and cube root symbols to represent solu-
tions to equations of the form x2 � p and x3 � p, where p is a
positive rational number. Evaluate square roots of small perfect
squares and cube roots of small perfect cubes. Know that

?
2 is

irrational.
in Grade 8 are not in a position to prove that these are the only
solutions, but rather use informal methods such as guess and check.

Students gain experience with the properties of exponents by
working with estimates of very large and very small quantities. For
example, they estimate the population of the United States as 3�108

and the population of the world as 7� 109, and determine that the
world population is more than 20 times larger.8.EE.3 They express

8.EE.3Use numbers expressed in the form of a single digit times
a whole-number power of 10 to estimate very large or very small
quantities, and to express how many times as much one is than
the other.and perform calculations with very large numbers using scientific

notation. For example, given that we breathe about 6 liters of air
per minute, they estimate that there are 60� 24 � 6� 2.4� 102 �
1.5 � 103 minutes in a day, and that we therefore breath about
6�1.5�103 � 104 liters in a day. In a lifetime of 75 years there are
about 365�75 � 3�104 days, and so we breath about 3�104�104 �
3� 108 liters of air in a lifetime.8.EE.4

8.EE.4Perform operations with numbers expressed in scientific
notation, including problems where both decimal and scientific
notation are used. Use scientific notation and choose units of
appropriate size for measurements of very large or very small
quantities (e.g., use millimeters per year for seafloor spreading).
Interpret scientific notation that has been generated by technol-
ogy.Understand the connections between proportional relationships,

lines, and linear equations As students in Grade 8 move towards
an understanding of the idea of a function, they begin to tie together
a number of notions that have been developing over the last few
grades:

1. An expression in one variable defines a general calculation
in which the variable can represent a range of numbers—an
input-output machine with the variable representing the input
and the expression calculating the output. For example, 60t is
the distance traveled in t hours by a car traveling at a constant
speed of 60 miles per hour.
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2. Choosing a variable to represent the output leads to an equa-
tion in two variables describing the relation between two
quantities. For example, choosing d to represent the distance
traveled by the car traveling at 65 miles per hour yields the
equation d � 65t . Reading the expression on the right (multi-
plication of the variable by a constant) reveals the relationship
(a rate relationship in which distance is proportional to time).

3. Tabulating values of the expression is the same as tabulating
solution pairs of the corresponding equation.• This gives in- • t (hours) 1 2 3 4 5 6

60t (miles) 60 120 180 240 300 360sight into the nature of the relationship; for example, that the
distance increases by the same amount for the same increase
in the time (the ratio between the two being the speed).

4. Plotting points on the coordinate plane, in which each axis is
marked with a scale representing one quantity, affords a visual
representation of the relationship between two quantities.• •

      1 3 5 7 9

700

   
100

300

500

Time t (hours)

D
is

ta
nc

e 
d 

(m
ile

s)

d = 65t

Proportional relationships provide a fruitful first ground in which
these notions can grow together. The constant of proportionality is
visible in each; as the multiplicative factor in the expression, as the
slope of the line, and as an increment in the table (if the dependent
variable goes up by 1 unit in each entry).• As students start to build

• In the Grade 8 Functions domain, students see the relationship
between the graph of a proportional relationship and its equation
y � mx as a special case of the relationship between a line and
its equation y � mx � b, with b � 0.a unified notion of the concept of function they are able to compare

proportional relationships presented in different ways. For example,
the table shows 300 miles in 5 hours, whereas the graph shows more
than 300 miles in the same time.8.EE.5

8.EE.5Graph proportional relationships, interpreting the unit rate
as the slope of the graph. Compare two different proportional
relationships represented in different ways.The connection between the unit rate in a proportional relation-

ship and the slope of its graph depends on a connection with the
geometry of similar triangles. The fact that a line has a well-defined
slope—that the ratio between the rise and run for any two points
on the line is always the same—depends on similar triangles.8.EE.6

Why lines have constant slope

The green triangle is
similar to the blue tri-
angle because corre-
sponding angles are
equal, so the ratio
of rise to run is the
same in each.

8.EE.6Use similar triangles to explain why the slope m is the
same between any two distinct points on a non-vertical line in the
coordinate plane; derive the equation y � mx for a line through
the origin and the equation y � mx�b for a line intercepting the
vertical axis at b.

The fact that the slope is constant between any two points on a
line leads to the derivation of an equation for the line. For a line
through the origin, the right triangle whose hypotenuse is the line
segment from p0, 0q to a point px, yq on the line is similar to the
right triangle from p0, 0q to the point p1, mq on the line, and so

y
x � m

1
, or y � mx.

The equation for a line not through the origin can be derived in a
similar way, starting from the y-intercept p0, bq instead of the origin.

Analyze and solve linear equations and pairs of simultaneous lin-
ear equations By Grade 8 students have the tools to solve an
equation which has a general linear expression on each side of the
equal sign,8.EE.7 for example: 8.EE.7Solve linear equations in one variable.

If a bar of soap balances 3
4 of a bar of soap and 3

4 of
a pound, how much does the bar of soap weigh?
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This is an example where choosing a letter, say b, to represent the
weight of the bar of soap and solving the equation

b � 3

4
b� 3

4

is probably easier for students than reasoning through a numerical
solution. Linear equations also arise in problems where two linear
functions are compared. For example

Henry and Jose are gaining weight for football. Henry
weighs 205 pounds and is gaining 2 pounds per week.
Jose weighs 195 pounds and is gaining 3 pounds per
week. When will they weigh the same?

Students in Grade 8 also start to solve problems that lead to
simultaneous equations,8.EE.8 for example 8.EE.8Analyze and solve pairs of simultaneous linear equations.

Tickets for the class show are $3 for students and
$10 for adults. The auditorium holds 450 people. The
show was sold out and the class raised $2750 in ticket
sales. How many students bought tickets?

This problem involves two variables, the number S of student tickets
sold and the number A of adult tickets sold, and imposes two con-
straints on those variables: the number of tickets sold is 450 and
the dollar value of tickets sold is 2750.
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K–3, Categorical Data;
Grades 2–5,
Measurement Data*

Overview
As students work with data in Grades K–5, they build foundations
for their study of statistics and probability in Grades 6 and be-
yond, and they strengthen and apply what they are learning in
arithmetic. Kindergarten work with data uses counting and order
relations. First- and second-graders solve addition and subtraction
problems in a data context. In Grades 3–5, work with data is closely
related to the number line, fraction concepts, fraction arithmetic, and
solving problems that involve the four operations. See Table 1 for
these and other notable connections between arithmetic and data
work in Grades K–5.

As shown in Table 1, the K–5 data standards run along two paths.
One path deals with categorical data and focuses on bar graphs as
a way to represent and analyze such data. Categorical data comes
from sorting objects into categories—for example, sorting a jumble
of alphabet blocks to form two stacks, a stack for vowels and a stack
for consonants. In this case there are two categories (Vowels and
Consonants). Students’ work with categorical data in early grades
will support their later work with bivariate categorical data and
two-way tables in eighth grade (this is discussed further at the end
of the Categorical Data Progression).

The other path deals with measurement data. As the name sug-
gests, measurement data comes from taking measurements. For ex-
ample, if every child in a class measures the length of his or her
hand to the nearest centimeter, then a set of measurement data is
obtained. Other ways to generate measurement data might include
measuring liquid volumes with graduated cylinders or measuring
room temperatures with a thermometer. In each case, the Standards
call for students to represent measurement data with a line plot.

*These progressions concern Measurement and Data standards related to data.
Other MD standards are discussed in the Geometric Measurement Progression.
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This is a type of display that positions the data along the appro-
priate scale, drawn as a number line diagram. These plots have
two names in common use, “dot plot” (because each observation is
represented as a dot) and “line plot” (because each observation is
represented above a number line diagram).

Example of a line plot

Note that the break in the scale between 0 and 25 indicates
that marks between 0 and 25 are not shown.

The number line diagram in a line plot corresponds to the scale
on the measurement tool used to generate the data. In a context
involving measurement of liquid volumes, the scale on a line plot
could correspond to the scale etched on a graduated cylinder. In a
context involving measurement of temperature, one might imagine a
picture in which the scale on the line plot corresponds to the scale
printed on a thermometer. In the last two cases, the correspondence
may be more obvious when the scale on the line plot is drawn
vertically. Example of a scale on a measurement tool

Students should understand that the numbers on the scale of a
line plot indicate the total number of measurement units from the
zero of the scale.

Students need to choose appropriate representations (MP5), la-
beling axes to clarify the correspondence with the quantities in the
situation and specifying units of measure (MP6). Measuring and
recording data require attention to precision (MP6). Students should
be supported as they learn to construct picture graphs, bar graphs,
and line plots. Grid paper should be used for assignments as well
as assessments. This may help to minimize errors arising from the
need to track across a graph visually to identify values. Also, a tem-
plate can be superimposed on the grid paper, with blanks provided
for the student to write in the graph title, scale labels, category la-
bels, legend, and so on. It might also help if students write relevant
numbers on graphs during problem solving.

In students’ work with data, context is important. As the Guide-
lines for Assessment and Instruction in Statistics Education Report
notes, “data are not just numbers, they are numbers with a context.
In mathematics, context obscures structure. In data analysis, context
provides meaning.”• In keeping with this perspective, students should

• The Guidelines for Assessment and Instruction in Statistics
Education Report was published in 2007 by the American Sta-
tistical Association, http://www.amstat.org/education/gaise.work with data in the context of science, social science, health, and

other subjects, always interpreting data plots in terms of the data
they represent (MP2).
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Table 1: Some notable connections to K–5 data work

Grade Standard Notable Connections

Categorical data

K

K.MD.3. Classify objects into given categories, count the
number of objects in each category and sort1 the categories
by count. Limit category counts to be less than or equal to
10.

 K.CC. Counting to tell the number of
objects

 K.CC. Comparing numbers

1

1.MD.4. Organize, represent, and interpret data with up to
three categories; ask and answer questions about the total
number of data points, how many in each category, and how
many more or less are in one category than in another.

 1.OA. Problems involving addition and
subtraction
� put-together, take-apart, compare

� problems that call for addition of
three whole numbers

2

2.MD.10. Draw a picture graph and a bar graph (with single-
unit scale) to represent a data set with up to four categories.
Solve simple put-together, take-apart, and compare problems
using information presented in a bar graph.

 2.OA. Problems involving addition and
subtraction
� put-together, take-apart, compare

3

3.MD.3. Draw a scaled picture graph and a scaled bar graph
to represent a data set with several categories. Solve one- and
two-step "how many more" and "how many less" problems
using information presented in scaled bar graphs. For example,
draw a bar graph in which each square in the bar graph might
represent 5 pets.

 3.OA.3. Problems involving multipli-
cation

 3.OA.8 Two-step problems using the
four operations

 3.G.1 Categories of shapes

Measurement data

2

2.MD.9. Generate measurement data by measuring lengths
of several objects to the nearest whole unit, or by making
repeated measurements of the same object. Show the mea-
surements by making a line plot, where the horizontal scale is
marked off in whole-number units.

 1.MD.2. Length measurement

 2.MD.6. Number line

3

3.MD.4. Generate measurement data by measuring lengths
using rulers marked with halves and fourths of an inch. Show
the data by making a line plot, where the horizontal scale
is marked off in appropriate units–whole numbers, halves, or
quarters.

 3.NF.2. Fractions on a number line

4

4.MD.4. Make a line plot to display a data set of measure-
ments in fractions of a unit

�
1
2 , 1

4 , 1
8

�
. Solve problems involv-

ing addition and subtraction of fractions by using information
presented in line plots. For example, from a line plot find
and interpret the difference in length between the longest and
shortest specimens in an insect collection.

 4.NF.3,4. Problems involving fraction
arithmetic

5

5.MD.2. Make a line plot to display a data set of measure-
ments in fractions of a unit

�
1
2 , 1

4 , 1
8

�
. Use operations on

fractions for this grade to solve problems involving informa-
tion presented in line plots. For example, given different mea-
surements of liquid in identical beakers, find the amount of
liquid each beaker would contain if the total amount in all the
beakers were redistributed equally.

 5.NF.1,2,4,6,7. Problems involving
fraction arithmetic

1 Here, “sort the categories” means “order the categories,” i.e., show the categories in order according to their respective
counts.
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Categorical Data
Kindergarten
Students in Kindergarten classify objects into categories, initially
specified by the teacher and perhaps eventually elicited from stu-
dents. For example, in a science context, the teacher might ask
students in the class to sort pictures of various organisms into two
piles: organisms with wings and those without wings. Students can
then count the number of specimens in each pile.K.CC.5 Students can

K.CC.5Count to answer “how many?” questions about as
many as 20 things arranged in a line, a rectangular array, or
a circle, or as many as 10 things in a scattered configuration;
given a number from 1–20, count out that many objects.use these category counts and their understanding of cardinality

to say whether there are more specimens with wings or without
wings.K.CC.6,K.CC.7 K.CC.6Identify whether the number of objects in one group is

greater than, less than, or equal to the number of objects in
another group, e.g., by using matching and counting strate-
gies.

K.CC.7Compare two numbers between 1 and 10 presented as
written numerals.

A single group of specimens might be classified in different ways,
depending on which attribute has been identified as the attribute
of interest. For example, some specimens might be insects, while
others are not insects. Some specimens might live on land, while
others live in water.

Grade 1
Students in Grade 1 begin to organize and represent categorical
data. For example, if a collection of specimens is sorted into two piles
based on which specimens have wings and which do not, students
might represent the two piles of specimens on a piece of paper, by
making a group of marks for each pile, as shown below (the marks
could also be circles, for example). The groups of marks should be
clearly labeled to reflect the attribute in question.

Sorting categorical data

The marks represent individual data points. The two
category counts, 7 and 8, are a numerical summary of the
data.

The work shown in the figure is the result of an intricate pro-
cess. At first, we have before us a jumble of specimens with many
attributes. Then there is a narrowing of attention to a single at-
tribute (wings or not). Then the objects might be arranged into
piles. The arranging of objects into piles is then mirrored in the
arranging of marks into groups. In the end, each mark represents
an object; its position in one column or the other indicates whether
or not that object has a given attribute.

There is no single correct way to represent categorical data-and
the Standards do not require Grade 1 students to use any specific
format. However, students should be familiar with mark schemes
like the one shown in the figure. Another format that might be
useful in Grade 1 is a picture graph in which one picture represents
one object. (Note that picture graphs are not an expectation in the
Standards until Grade 2.) If different students devise different ways
to represent the same data set, then the class might discuss relative
strengths and weaknesses of each scheme (MP5).

Students’ data work in Grade 1 has important connections to
addition and subtraction, as noted in Table 1. Students in Grade
1 can ask and answer questions about categorical data based on
a representation of the data. For example, with reference to the

Draft, 6/20/2011, comment at commoncoretools. wordpress. com .



6

figure above, a student might ask how many specimens there were
altogether, representing this problem by writing an equation such
as 7� 8 � l., Students can also ask and answer questions leading

2.MD.10Draw a picture graph and a bar graph (with single-
unit scale) to represent a data set with up to four categories.
Solve simple put-together, take-apart, and compare problems
using information presented in a bar graph.

2.OA.1Use addition and subtraction within 100 to solve one-
and two-step word problems involving situations of adding to,
taking from, putting together, taking apart, and comparing,
with unknowns in all positions, e.g., by using drawings and
equations with a symbol for the unknown number to represent
the problem.

to other kinds of addition and subtraction problems (1.OA), such
as compare problems or problems involving the addition of three
numbers (for situations with three categories).

Grade 2
Students in Grade 2 draw a picture graph and a bar graph (with
single-unit scale) to represent a data set with up to four categories.
They solve simple put-together, take-apart, and compare problems
using information presented in a bar graph.2.MD.10, 2.OA.1

The illustration shows an activity in which students make a bar
graph to represent categorical data, then solve addition and subtrac-
tion problems based on the data. Students might use scissors to cut
out the pictures of each organism and then sort the organisms into
piles by category. Category counts might be recorded efficiently in
the form of a table.

Activity for representing categorical data

Students might reflect on the way in which the category
counts in part 1 of the activity enable them to efficiently
solve the word problem in part 4. (The word problem in part
4 would be difficult to solve directly using just the array of
images.)

A bar graph representing categorical data displays no additional
information beyond the category counts. In such a graph, the bars
are a way to make the category counts easy to interpret visually.
Thus, the word problem in part 4 could be solved without drawing a
bar graph, just by using the category counts. The problem could even
be cast entirely in words, without the accompanying picture: “There
are 9 insects, 4 spiders, 13 vertebrates, and 2 organisms of other
kinds. How many more spiders would there have to be in order for
the number of spiders to equal the number of vertebrates?” Of course,
in solving this problem, students would not need to participate in
categorizing data or representing it.

Scales in bar graphs Consider the two bar graphs shown to the
right, in which the bars are oriented vertically. (Bars in a bar graph
can also be oriented horizontally, in which case the following dis-
cussion would be modified in the obvious way.) Both of these bar
graphs represent the same data set.

Different bar graphs representing the same data set

These examples illustrate that the horizontal axis in a bar graph
of categorical data is not a scale of any kind; position along the hor-
izontal axis has no numerical meaning. Thus, the horizontal position
and ordering of the bars are not determined by the data.•

• To minimize potential confusion, it might help to avoid pre-
senting students with examples of categorical data in which
the categories are named using numerals, e.g., “Candidate 1,”
“Candidate 2,” “Candidate 3.” This will ensure that the only
numbers present in the display are found along the count scale.

However, the vertical axes in these graphs do have numerical
meaning. In fact, the vertical axes in these graphs are segments of
number line diagrams. We might think of the vertical axis as a “count
scale” (a scale showing counts in whole numbers)—as opposed to
a measurement scale, which can be subdivided into fractions of a
measurement unit.

Because the count scale in a bar graph is a segment of a num-
ber line diagram, when we answer a question such as “How many

Draft, 6/20/2011, comment at commoncoretools. wordpress. com .



7

more birds are there than spiders?” we are finding differences on a
number line diagram.2.MD.6

2.MD.6Represent whole numbers as lengths from 0 on a num-
ber line diagram with equally spaced points corresponding to
the numbers 0, 1, 2, . . . , and represent whole-number sums
and differences within 100 on a number line diagram.When drawing bar graphs on grid paper, the tick marks on the

count scale should be drawn at intersections of the gridlines. The
tops of the bars should reach the respective gridlines of the appro-
priate tick marks. When drawing picture graphs on grid paper, the
pictures representing the objects should be drawn in the squares of
the grid paper.

A problem about interpreting a scaled picture graph

Problems involving categorical data

Students could discuss ways in which bar orientation (horizon-
tal or vertical), order, thickness, spacing, shading, colors, and so
forth make the bar graphs easier or more difficult to interpret. By
middle school, students could make thoughtful design choices about
data displays, rather than just accepting the defaults in a software
program (MP5).

Grade 3
In Grade 3, the most important development in data representation
for categorical data is that students now draw picture graphs in
which each picture represents more than one object, and they draw
bar graphs in which the height of a given bar in tick marks must
be multiplied by the scale factor in order to yield the number of
objects in the given category. These developments connect with the
emphasis on multiplication in this grade.

At the end of Grade 3, students can draw a scaled picture graph
or a scaled bar graph to represent a data set with several categories
(six or fewer categories).3.MD.3 They can solve one- and two-step

3.MD.3Draw a scaled picture graph and a scaled bar graph to
represent a data set with several categories. Solve one- and
two-step “how many more” and “how many less” problems
using information presented in scaled bar graphs.

“how many more” and “how many less” problems using information
presented in scaled bar graphs.3.OA.3,3.OA.8 See the examples in the

3.OA.3Use multiplication and division within 100 to solve word
problems in situations involving equal groups, arrays, and mea-
surement quantities,. . .

3.OA.8Solve two-step word problems using the four opera-
tions. Represent these problems using equations with a letter
standing for the unknown quantity . . .

margin, one of which involves categories of shapes.3.G.1 As in Grade

3.G.1Understand that shapes in different categories (e.g.,
rhombuses, rectangles, and others) may share attributes (e.g.,
having four sides), and that the shared attributes can define
a larger category (e.g., quadrilaterals). Recognize rhombuses,
rectangles, and squares as examples of quadrilaterals . . .

2, category counts might be recorded efficiently in the form of a
table.

Students can gather categorical data in authentic contexts, in-
cluding contexts arising in their study of science, history, health,
and so on. Of course, students do not have to generate the data ev-
ery time they work on making bar graphs and picture graphs. That
would be too time-consuming. After some experiences in generating
the data, most work in producing bar graphs and picture graphs can
be done by providing students with data sets. The Standards in
Grades 1–3 do not require students to gather categorical data.

Where the Categorical Data Progression is heading
Students’ work with categorical data in early grades will develop
into later work with bivariate categorical data and two-way tables
in eighth grade. “Bivariate categorical data” are data that are cat-
egorized according to two attributes. For example, if there is an
outbreak of stomach illness on a cruise ship, then passengers might
be sorted in two different ways: by determining who got sick and

Draft, 6/20/2011, comment at commoncoretools. wordpress. com .



8

who didn’t, and by determining who ate the shellfish and who didn’t.
This double categorization—normally shown in the form of a two-
way table—might show a strong positive or negative association,
in which case it might used to support or contest (but not prove or
disprove) a claim about whether the shellfish was the cause of the
illness.8.SP.4

8.SP.4Understand that patterns of association can also be
seen in bivariate categorical data by displaying frequencies
and relative frequencies in a two-way table. Construct and
interpret a two-way table summarizing data on two categor-
ical variables collected from the same subjects. Use relative
frequencies calculated for rows or columns to describe possible
association between the two variables.
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Measurement Data
Grade 2
Students in Grade 2 measure lengths to generate a set of mea-
surement data. 2.MD.1 For example, each student might measure the

2.MD.1Measure the length of an object by selecting and using
appropriate tools such as rulers, yardsticks, meter sticks, and
measuring tapes.length of his or her arm in centimeters, or every student might mea-

sure the height of a statue in inches. (Students might also generate
their own ideas about what to measure.) The resulting data set will
be a list of observations, for example as shown in the margin on the
following page for the scenario of 28 students each measuring the
height of a statue. (This is a larger data set than students would
normally be expected to work with in elementary grades.)

How might one summarize this data set or display it visually?
Because students in Grade 2 are already familiar with categorical
data and bar graphs, a student might find it natural to summarize
this data set by viewing it in terms of categories—the categories
in question being the six distinct height values which appear in the
data (63 inches, 64 inches, 65 inches, 66 inches, 67 inches, and 69
inches). For example, the student might want to say that there are
four observations in the “category” of 67 inches. However, it is im-
portant to recognize that 64 inches is not a category like “spiders.”
Unlike “spiders,” 63 inches is a numerical value with a measure-
ment unit. That difference is why the data in this table are called
measurement data.

2.MD.5Use addition and subtraction within 100 to solve word
problems involving lengths that are given in the same units,
e.g., by using drawings (such as drawings of rulers) and equa-
tions with a symbol for the unknown number to represent the
problem.

2.MD.6Represent whole numbers as lengths from 0 on a num-
ber line diagram with equally spaced points corresponding to
the numbers 0, 1, 2, . . . , and represent whole-number sums
and differences within 100 on a number line diagram.

A display of measurement data must present the measured values
with their appropriate magnitudes and spacing on the measurement
scale in question (length, temperature, liquid capacity, etc.). One
method for doing this is to make a line plot. This activity connects
with other work students are doing in measurement in Grade 2: rep-
resenting whole numbers on number line diagrams, and representing
sums and differences on such diagrams.2.MD.5,2.MD.6 A scale for a line plot of the statue data

To make a line plot from the data in the table, the student can
ascertain the greatest and least values in the data: 63 inches and 69
inches. The student can draw a segment of a number line diagram
that includes these extremes, with tick marks indicating specific val-
ues on the measurement scale.

Note that the value 68 inches, which was not present in the
data set, has been written in proper position midway between 67
inches and 69 inches. (This need to fill in gaps does not exist for a
categorical data set; there no “gap” between categories such as fish
and spiders!)

A line plot of the statue data

Having drawn the number line diagram, the student can pro-
ceed through the data set recording each observation by drawing a
symbol, such as a dot, above the proper tick mark. If a particular
data value appears many times in the data set, dots will “pile up”
above that value. There is no need to sort the observations, or to
do any counting of them, before producing the line plot. (In fact, one
could even assemble the line plot as the data are being collected,
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at the expense of having a record of who made what measurement.
Students might discuss whether such a record is valuable and why.)

Students might enjoy discussing and interpreting visual features
of line plots, such as the “outlier” value of 69 inches in this line plot.
(Did student #13 make a serious error in measuring the statue’s
height? Or in fact is student #13 the only person in the class who
measured the height correctly?) However, in Grade 2 the only re-
quirement of the Standards dealing with measurement data is that
students generate measurement data and build line plots to display
the resulting data sets. (Students do not have to generate the data
every time they work on making line plots. That would be too time-
consuming. After some experiences in generating the data, most
work in producing line plots can be done by providing students with
data sets.)

Students’ measurements of a statue and of a bamboo shoot

Statue Bamboo shoot
measurements measurements
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W.B. 64
D.W. 65
H.D. 65
G.W. 65
V.Y. 67
T.T. 66
D.F. 67
B.H. 65
H.H. 63
V.H. 64
I.O. 64
W.N. 65
B.P. 69
V.A. 65
H.L. 66
O.M. 64
L.E. 65
M.J. 66
T.D. 66
K.P. 64
H.N. 65
W.M. 67
C.Z. 64
J.I. 66

M.S. 66
T.C. 65
G.V. 67
O.F. 65
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W.B. 13 3{4

D.W. 14 1{2

H.D. 14 1{4

G.W. 14 3{4

V.Y. 14 1{4

T.T. 14 1{2

D.F. 14

B.H. 13 1{2

H.H. 14 1{4

V.H. 14 1{4

I.O. 14 1{4

W.N. 14

B.P. 14 1{2

V.A. 13 3{4

H.L. 14

O.M. 13 3{4

L.E. 14 1{4

M.J. 13 3{4

T.D. 14 1{4

K.P. 14

H.N. 14

W.M. 14

C.Z. 13 3{4

J.I. 14

M.S. 14 1{4

T.C. 14

G.V. 14

O.F. 14 1{4

Grid paper might not be as useful for drawing line plots as it
is for bar graphs, because the count scale on a line plot is seldom
shown for the small data sets encountered in the elementary grades.
Additionally, grid paper is usually based on a square grid, but the
count scale and the measurement scale of a line plot are conceptu-
ally distinct, and there is no need for the measurement unit on the
measurement scale to be drawn the same size as the counting unit
on the count scale.

Grade 3
In Grade 3, students are beginning to learn fraction concepts (3.NF).
They understand fraction equivalence in simple cases, and they use
visual fraction models to represent and order fractions. Grade 3
students also measure lengths using rulers marked with halves and
fourths of an inch. They use their developing knowledge of fractions
and number lines to extend their work from the previous grade by
working with measurement data involving fractional measurement
values.

A scale for a line plot of the bamboo shoot data

A line plot of the bamboo shoot data

For example, every student in the class might measure the height
of a bamboo shoot growing in the classroom, leading to the data set
shown in the table. (Again, this illustration shows a larger data set
than students would normally work with in elementary grades.)

To make a line plot from the data in the table, the student can
ascertain the greatest and least values in the data: 13 1

2 inches
and 14 3

4 inches. The student can draw a segment of a number line
diagram that includes these extremes, with tick marks indicating
specific values on the measurement scale. This is just like part of
the scale on a ruler.

Having drawn the number line diagram, the student can proceed
through the data set recording each observation by drawing a sym-
bol, such as a dot, above the proper tick mark. As with Grade 2 line
plots, if a particular data value appears many times in the data set,
dots will “pile up” above that value. There is no need to sort the
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observations, or to do any counting of them, before producing the
line plot.

Students can pose questions about data presented in line plots,
such as how many students obtained measurements larger than 14 1

4
inches.

Grades 4 and 5
Grade 4 students learn elements of fraction equivalence4.NF.1 and

4.NF.1Explain why a fraction a{b is equivalent to a fraction
pn�aq{pn�bq by using visual fraction models, with attention
to how the number and size of the parts differ even though the
two fractions themselves are the same size. Use this principle
to recognize and generate equivalent fractions.

arithmetic, including multiplying a fraction by a whole number4.NF.4

4.NF.4Apply and extend previous understandings of multipli-
cation to multiply a fraction by a whole number.

and adding and subtracting fractions with like denominators.4.NF.3

4.NF.3Understand a fraction a{b with a ¡ 1 as a sum of
fractions 1{b.

Students can use these skills to solve problems, including problems
that arise from analyzing line plots. For example, with reference to
the line plot above, students might find the difference between the
greatest and least values in the data. (In solving such problems,
students may need to label the measurement scale in eighths so as
to produce like denominators. Decimal data can also be used in this
grade.)

Grade 5 students grow in their skill and understanding of frac-
tion arithmetic, including multiplying a fraction by a fraction,5.NF.4 5.NF.4Apply and extend previous understandings of multipli-

cation to multiply a fraction or whole number by a fraction.dividing a unit fraction by a whole number or a whole number
by a unit fraction,4.NF.7 and adding and subtracting fractions with 4.NF.7Compare two decimals to hundredths by reasoning

about their size. Recognize that comparisons are valid only
when the two decimals refer to the same whole. Record the re-
sults of comparisons with the symbols ¡, =, or  , and justify
the conclusions, e.g., by using a visual model.

unlike denominators.5.NF.1 Students can use these skills to solve

5.NF.1Add and subtract fractions with unlike denominators
(including mixed numbers) by replacing given fractions with
equivalent fractions in such a way as to produce an equivalent
sum or difference of fractions with like denominators.

problems,5.NF.2,5.NF.6,5.NF.7c including problems that arise from ana-

5.NF.2Solve word problems involving addition and subtraction
of fractions referring to the same whole, including cases of
unlike denominators, e.g., by using visual fraction models or
equations to represent the problem. Use benchmark fractions
and number sense of fractions to estimate mentally and assess
the reasonableness of answers.

5.NF.6Solve real world problems involving multiplication of
fractions and mixed numbers, e.g., by using visual fraction
models or equations to represent the problem.

5.NF.7c Apply and extend previous understandings of division
to divide unit fractions by whole numbers and whole numbers
by unit fractions.

c Solve real world problems involving division of unit frac-
tions by non-zero whole numbers and division of whole
numbers by unit fractions, e.g., by using visual fraction
models and equations to represent the problem.

lyzing line plots. For example, given five graduated cylinders with
different measures of liquid in each, students might find the amount
of liquid each cylinder would contain if the total amount in all the
cylinders were redistributed equally. (Students in Grade 6 will view
the answer to this question as the mean value for the data set in
question.)

As in earlier grades, students should work with data in science
and other subjects. Grade 5 students working in these contexts
should be able to give deeper interpretations of data than in earlier
grades, such as interpretations that involve informal recognition of
pronounced differences in populations. This prefigures the work
they will do in middle school involving distributions, comparisons of
populations, and inference.

Where the Measurement Data Progression is heading
Connection to Statistics and Probability By the end of Grade 5,
students should be comfortable making line plots for measurement
data and analyzing data shown in the form of a line plot. In Grade
6, students will take an important step toward statistical reasoning
per se when they approach line plots as pictures of distributions
with features such as clustering and outliers.

Students’ work with line plots during the elementary grades de-
velops in two distinct ways during middle school. The first devel-
opment comes in sixth grade,6.SP.4 when histograms are used.1 Like 6.SP.4Display numerical data in plots on a number line, in-

cluding dot plots, histograms, and box plots.
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line plots, histograms have a measurement scale and a count scale;
thus, a histogram is a natural evolution of a line plot and is used for
similar kinds of data (univariate measurement data, the kind of data
discussed above).

The other evolution of line plots in middle school is arguably
more important. It involves the graphing of bivariate measurement
data.8.SP.1-3 “Bivariate measurement data” are data that represent

8.SP.1Construct and interpret scatter plots for bivariate mea-
surement data to investigate patterns of association between
two quantities. Describe patterns such as clustering, outliers,
positive or negative association, linear association, and non-
linear association.

8.SP.2Know that straight lines are widely used to model rela-
tionships between two quantitative variables. For scatter plots
that suggest a linear association, informally fit a straight line,
and informally assess the model fit by judging the closeness of
the data points to the line.

8.SP.3Use the equation of a linear model to solve problems in
the context of bivariate measurement data, interpreting the
slope and intercept.

two measurements. For example, if you take a temperature read-
ing every ten minutes, then every data point is a measurement of
temperature as well as a measurement of time. Representing two
measurements requires two measurement scales—or in other words,
a coordinate plane in which the two axes are each marked in the
relevant measurement units. Representations of bivariate measure-
ment data in the coordinate plane are called scatter plots. In the
case where one axis is a time scale, they are called time graphs or
line graphs. Time graphs can be used to visualize trends over time,
and scatter plots can be used to discover associations between mea-
sured variables in general.

Connection to the Number System The Standards do not explic-
itly require students to create time graphs. However, it might be
considered valuable to expose students to time series data and to
time graphs as part of their work in meeting standard 6.NS.8. For

6.NS.8Solve real-world and mathematical problems by graph-
ing points in all four quadrants of the coordinate plane. In-
clude use of coordinates and absolute value to find distances
between points with the same first coordinate or the same
second coordinate.

example, students could create time graphs of temperature mea-
sured each hour over a 24-hour period, where, to ensure a strong
connection to rational numbers, temperature values might cross from
positive to negative during the night and back to positive the next
day. It is traditional to connect ordered pairs with line segments
in such a graph, not in order to make any claims about the actual
temperature value at unmeasured times, but simply to aid the eye
in perceiving trends.

1To display a set of measurement data with a histogram, specify a set of non-
overlapping intervals along the measurement scale. Then, instead of showing each
individual measurement as a dot, use a bar oriented along the count scale to indicate
the number of measurements lying within each interval on the measurement scale. A
histogram is thus a little like a bar graph for categorical data, except that the “cate-
gories” are successive intervals along a measurement scale. (Note that the Standards
follow the GAISE report in reserving the term “categorical data” for non-numerical
categories. In the Standards, as in GAISE (see p. 35), bar graphs are for categori-
cal data with non-numerical categories, while histograms are for measurement data
which has been grouped by intervals along the measurement scale.)

Draft, 6/20/2011, comment at commoncoretools. wordpress. com .



13

Appendix: Additional Examples
These examples show some rich possibilities for data work in K–8.
The examples are not shown by grade level because each includes
some aspects that go beyond the expectations stated in the Stan-
dards.

Example 1. Comparing bar graphs
Are younger students lighter sleepers than older students? To study
this question a class first agreed on definitions for light, medium and
heavy sleepers and then collected data from first and fifth grade
students on their sleeping habits. The results are shown in the
margin.

Sleeping habits

First grade sleepers
14
12
10
8
6
4
2
0

light medium heavy other

Fifth grade sleepers
12

10

8

6

4

2

0
light medium heavy other

How do the patterns differ? What is the typical value for first
graders? What is the typical value for fifth graders? Which of these
groups appears to be the heavier sleepers?

Example 2. Comparing line plots
Fourth grade students interested in seeing how heights of students
change for kids around their age measured the heights of a sample
of eight-year-olds and a sample of ten-year-olds. Their data are
plotted in the margin.

Describe the key differences between the heights of these two
age groups. What would you choose as the typical height of an
eight-year-old? A ten-year-old? What would you say is the typical
number of inches of growth from age eight to age ten?

Heights of students

48 50 52 54 56 58 60

te
n

ei
gh

t
In the plot of heights of students (second from the end) the legend on the vertical axis 
(Age) is missing.   
 

 
48 50 52 54 56 58 60

Height

Heigths of students (inches) Dot Plot

 
 

Height

A
geExample 3. Fair share averaging

Ten students decide to have a pizza party and each is asked to bring
his or her favorite pizza. The amount paid (in dollars) for each pizza
is shown in the plot to the right.

Pizza party

Each of the ten is asked to contribute an equal amount (his or
her fair share) to the cost of the pizza. Where does that fair share
amount lie on the plot? Is it closer to the smaller values or the large
one? Now, two more students show up for the party and they have
contributed no pizza. Plot their values on the graph and calculate
a new fair share. Where does it lie on the plot? How many more
students without pizza would have to show up to bring the fair share
cost below $8.00?
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K–5, Number and

Operations in Base Ten

Overview

Students’ work in the base-ten system is intertwined with their work
on counting and cardinality, and with the meanings and properties
of addition, subtraction, multiplication, and division. Work in the
base-ten system relies on these meanings and properties, but also
contributes to deepening students’ understanding of them.

Position The base-ten system is a remarkably efficient and uni-
form system for systematically representing all numbers. Using only
the ten digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, every number can be repre-
sented as a string of digits, where each digit represents a value that
depends on its place in the string. The relationship between values
represented by the places in the base-ten system is the same for
whole numbers and decimals: the value represented by each place
is always 10 times the value represented by the place to its imme-
diate right. In other words, moving one place to the left, the value
of the place is multiplied by 10. In moving one place to the right,
the value of the place is divided by 10. Because of this uniformity,
standard algorithms for computations within the base-ten system for
whole numbers extend to decimals.

Base-ten units Each place of a base-ten numeral represents a
base-ten unit: ones, tens, tenths, hundreds, hundredths, etc. The
digit in the place represents 0 to 9 of those units. Because ten
like units make a unit of the next highest value, only ten digits are
needed to represent any quantity in base ten. The basic unit is
a one (represented by the rightmost place for whole numbers). In
learning about whole numbers, children learn that ten ones com-
pose a new kind of unit called a ten. They understand two-digit
numbers as composed of tens and ones, and use this understanding
in computations, decomposing 1 ten into 10 ones and composing a
ten from 10 ones.

The power of the base-ten system is in repeated bundling by
ten: 10 tens make a unit called a hundred. Repeating this process of
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creating new units by bundling in groups of ten creates units called
thousand, ten thousand, hundred thousand . . . . In learning about
decimals, children partition a one into 10 equal-sized smaller units,
each of which is a tenth. Each base-ten unit can be understood in
terms of any other base-ten unit. For example, one hundred can be
viewed as a tenth of a thousand, 10 tens, 100 ones, or 1�000 tenths.
Algorithms for operations in base ten draw on such relationships
among the base-ten units.

Computations Standard algorithms for base-ten computations with
the four operations rely on decomposing numbers written in base-
ten notation into base-ten units. The properties of operations then
allow any multi-digit computation to be reduced to a collection of
single-digit computations. These single-digit computations some-
times require the composition or decomposition of a base-ten unit.

Beginning in Kindergarten, the requisite abilities develop grad-
ually over the grades. Experience with addition and subtraction
within 20 is a Grade 1 standard1.OA.6 and fluency is a Grade 2

1.OA.6
Add and subtract within 20, demonstrating fluency for ad-

dition and subtraction within 10. Use strategies such as counting

on; making ten (e.g., 8 6 8 2 4 10 4 14); decom-

posing a number leading to a ten (e.g., 13 4 13 3 1
10 1 9); using the relationship between addition and subtrac-

tion (e.g., knowing that 8 4 12, one knows 12 8 4); and

creating equivalent but easier or known sums (e.g., adding 6 7
by creating the known equivalent 6 6 1 12 1 13).

standard.2.OA.2 Computations within 20 that “cross 10,” such as 9 8

2.OA.2
Fluently add and subtract within 20 using mental strate-

gies.1 By end of Grade 2, know from memory all sums of two

one-digit numbers.

or 13 6, are especially relevant to NBT because they afford the
development of the Level 3 make-a-ten strategies for addition and
subtraction described in the OA Progression. From the NBT per-
spective, make-a-ten strategies are (implicitly) the first instances of
composing or decomposing a base-ten unit. Such strategies are a
foundation for understanding in Grade 1 that addition may require
composing a ten1.NBT.4 and in Grade 2 that subtraction may involve

1.NBT.4
Add within 100, including adding a two-digit number and

a one-digit number, and adding a two-digit number and a multiple

of 10, using concrete models or drawings and strategies based

on place value, properties of operations, and/or the relationship

between addition and subtraction; relate the strategy to a writ-

ten method and explain the reasoning used. Understand that

in adding two-digit numbers, one adds tens and tens, ones and

ones; and sometimes it is necessary to compose a ten.

decomposing a ten.2.NBT.7

2.NBT.7
Add and subtract within 1000, using concrete models or

drawings and strategies based on place value, properties of op-

erations, and/or the relationship between addition and subtrac-

tion; relate the strategy to a written method. Understand that

in adding or subtracting three-digit numbers, one adds or sub-

tracts hundreds and hundreds, tens and tens, ones and ones;

and sometimes it is necessary to compose or decompose tens or

hundreds.

Strategies and algorithms The Standards distinguish strategies
from algorithms.• For example, students use strategies for addition

• Computation algorithm. A set of predefined steps applicable

to a class of problems that gives the correct result in every case

when the steps are carried out correctly. See also: computation

strategy.

Computation strategy. Purposeful manipulations that may be

chosen for specific problems, may not have a fixed order, and

may be aimed at converting one problem into another. See also:

computation algorithm.

and subtraction in Grades K-3, but are expected to fluently add
and subtract whole numbers using standard algorithms by the end
of Grade 4. Use of the standard algorithms can be viewed as the
culmination of a long progression of reasoning about quantities, the
base-ten system, and the properties of operations.

This progression distinguishes between two types of computa-
tional strategies: special strategies and general methods. For ex-
ample, a special strategy for computing 398 17 is to decompose
17 as 2 15, and evaluate 398 2 15. Special strategies either
cannot be extended to all numbers represented in the base-ten sys-
tem or require considerable modification in order to do so. A more
readily generalizable method of computing 398 17 is to combine
like base-ten units. General methods extend to all numbers repre-
sented in the base-ten system. A general method is not necessarily
efficient. For example, counting on by ones is a general method that
can be easily modified for use with finite decimals. General methods
based on place value, however, are more efficient and can be viewed
as closely connected with standard algorithms.

Draft, 4/7/2011, comment at commoncoretools.wordpress.com .



4

Mathematical practices Both general methods and special strate-
gies are opportunities to develop competencies relevant to the NBT
standards. Use and discussion of both types of strategies offer op-
portunities for developing fluency with place value and properties of
operations, and to use these in justifying the correctness of computa-
tions (MP.3). Special strategies may be advantageous in situations
that require quick computation, but less so when uniformity is useful.
Thus, they offer opportunities to raise the topic of using appropri-
ate tools strategically (MP.5). Standard algorithms can be viewed
as expressions of regularity in repeated reasoning (MP.8) used in
general methods based on place value.

Numerical expressions and recordings of computations, whether
with strategies or standard algorithms, afford opportunities for stu-
dents to contextualize, probing into the referents for the symbols
involved (MP.2). Representations such as bundled objects or math
drawings (e.g., drawings of hundreds, tens, and ones) and diagrams
(e.g., simplified renderings of arrays or area models) afford the math-
ematical practice of explaining correspondences among different rep-
resentations (MP.1). Drawings, diagrams, and numerical recordings
may raise questions related to precision (MP.6), e.g., does that 1
represent 1 one or 1 ten? This progression gives examples of repre-
sentations that can be used to connect numerals with quantities and
to connect numerical representations with combination, composition,
and decomposition of base-ten units as students work towards com-
putational fluency.
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Kindergarten

In Kindergarten, teachers help children lay the foundation for un-
derstanding the base-ten system by drawing special attention to 10.
Children learn to view the whole numbers 11 through 19 as ten ones
and some more ones. They decompose 10 into pairs such as 1 9,
2 8, 3 7 and find the number that makes 10 when added to a given
number such as 3 (see the OA Progression for further discussion).

K.NBT.1
Compose and decompose numbers from 11 to 19 into

ten ones and some further ones, e.g., by using objects or draw-

ings, and record each composition or decomposition by a drawing

or equation (e.g., 18 = 10 + 8); understand that these numbers

are composed of ten ones and one, two, three, four, five, six,

seven, eight, or nine ones.

Work with numbers from 11 to 19 to gain foundations for place

value
K.NBT.1 Children use objects, math drawings,• and equations

• Math drawings are simple drawings that make essential math-

ematical features and relationships salient while suppressing de-

tails that are not relevant to the mathematical ideas.

to describe, explore, and explain how the “teen numbers,” the count-
ing numbers from 11 through 19, are ten ones and some more ones.
Children can count out a given teen number of objects, e.g., 12, and
group the objects to see the ten ones and the two ones. It is also

Number-bond diagram and equation

1  0
10 7

71  0
10 7

7

17 = 10 + 7
17

10 7

10 strip

5 strip

Number Bond
Drawing

layered place value cards

layered separated

front:

back:

Figure 1:

Decomposing 17 as 10 and 7

Equation

Decompositions of teen numbers can be recorded with diagrams
or equations.

helpful to structure the ten ones into patterns that can be seen as
ten objects, such as two fives (see the OA Progression).

5- and 10-frames
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Children can place small objects into 10-frames to show the ten
as two rows of five and the extra ones within the next 10-frame,
or work with strips that show ten ones in a column.

A difficulty in the English-speaking world is that the words for
teen numbers do not make their base-ten meanings evident. For
example, “eleven” and “twelve” do not sound like “ten and one” and
“ten and two.” The numbers “thirteen, fourteen, fifteen, . . . , nineteen”
reverse the order of the ones and tens digits by saying the ones
digit first. Also, “teen” must be interpreted as meaning “ten” and
the prefixes “thir” and “fif” do not clearly say “three” and “five.” In
contrast, the corresponding East Asian number words are “ten one,
ten two, ten three,” and so on, fitting directly with the base-ten
structure and drawing attention to the role of ten. Children could
learn to say numbers in this East Asian way in addition to learning
the standard English number names. Difficulties with number words
beyond nineteen are discussed in the Grade 1 section.

The numerals 11� 12� 13� � � � � 19 need special attention for chil-
dren to understand them. The first nine numerals 1� 2� 3� � � � � 9, and
0 are essentially arbitrary marks. These same marks are used again
to represent larger numbers. Children need to learn the differences
in the ways these marks are used. For example, initially, a numeral
such as 16 looks like “one, six,” not “1 ten and 6 ones .” Layered
place value cards can help children see the 0 “hiding” under the

Place value cards

1  0
10 7

71  0
10 7

7

17 = 10 + 7
17

10 7

10 strip

5 strip

Number Bond
Drawing

layered place value cards

layered separated

front:

back:

Figure 1:

Decomposing 17 as 10 and 7

Equation

Children can use layered place value cards to see the 10 “hiding”
inside any teen number. Such decompositions can be connected
to numbers represented with objects and math drawings.

ones place and that the 1 in the tens place really is 10 (ten ones).
By working with teen numbers in this way in Kindergarten, stu-

dents gain a foundation for viewing 10 ones as a new unit called a
ten in Grade 1.
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Grade 1

In first grade, students learn to view ten ones as a unit called a ten.
The ability to compose and decompose this unit flexibly and to view
the numbers 11 to 19 as composed of one ten and some ones allows
development of efficient, general base-ten methods for addition and
subtraction. Students see a two-digit numeral as representing some
tens and they add and subtract using this understanding.

Extend the counting sequence and understand place value Through
practice and structured learning time, students learn patterns in spo-
ken number words and in written numerals, and how the two are
related.

Part of a numeral list
91 101 111

92 102 112

93 103 113

94 104 114

95 105 115

96 106 116

97 107 117

98 108 118

99 109 119

100 110 120

In the classroom, a list of the numerals from 1 to 120 can be
shown in columns of 10 to help highlight the base-ten structure.
The numbers 101� � � � � 120 may be especially difficult for
children to write.

Grade 1 students take the important step of viewing ten ones
as a unit called a “ten.”1.NBT.2a They learn to view the numbers 11

1.NBT.2
Understand that the two digits of a two-digit number rep-

resent amounts of tens and ones. Understand the following as

special cases:

a 10 can be thought of as a bundle of ten ones—called a

“ten.”

through 19 as composed of 1 ten and some ones.1.NBT.2b They learn

b The numbers from 11 to 19 are composed of a ten and

one, two, three, four, five, six, seven, eight, or nine ones.

to view the decade numbers 10� � � � � 90, in written and in spoken
form, as 1 ten, . . . , 9 tens.1.NBT.2c More generally, first graders learn

c The numbers 10, 20, 30, 40, 50, 60, 70, 80, 90 refer to

one, two, three, four, five, six, seven, eight, or nine tens

(and 0 ones).

that the two digits of a two-digit number represent amounts of tens
and ones, e.g., 67 represents 6 tens and 7 ones.

The number words continue to require attention at first grade
because of their irregularities. The decade words, “twenty,” “thirty,”
“forty,” etc., must be understood as indicating 2 tens, 3 tens, 4 tens,
etc. Many decade number words sound much like teen number
words. For example, “fourteen” and “forty” sound very similar, as
do “fifteen” and “fifty,” and so on to “nineteen” and “ninety.” As
discussed in the Kindergarten section, the number words from 13 to
19 give the number of ones before the number of tens. From 20 to
100, the number words switch to agreement with written numerals
by giving the number of tens first. Because the decade words do
not clearly indicate they mean a number of tens (“-ty” does mean
tens but not clearly so) and because the number words “eleven” and
“twelve” do not cue students that they mean “1 ten and 1” and “1 ten
and 2,” children frequently make count errors such as “twenty-nine,
twenty-ten, twenty-eleven, twenty-twelve.”

Visual supports

8  0
80 6

68  0

86

86 = 80 + 6

80 6

6

layered place value cards

layered separated

front:

back:

Figure 2:

drawings to support
seeing 10 ones as 1 ten

10
ones

1
ten

1
ten stick 8 tens and 6 ones

Drawings and place value cards can be used to connect number
words and numerals to their base-ten meanings. Eighty-six is
shown as “eight tens and six ones” and written as 86 and not as
806, a common Grade 1 error of writing what is heard.

Grade 1 students use their base-ten work to help them recognize
that the digit in the tens place is more important for determining
the size of a two-digit number.1.NBT.3 They use this understanding

1.NBT.3
Compare two two-digit numbers based on meanings of

the tens and ones digits, recording the results of comparisons

with the symbols , , and .

to compare two two-digit numbers, indicating the result with the
symbols , , and . Correctly placing the and symbols is a
challenge for early learners. Accuracy can improve if students think
of putting the wide part of the symbol next to the larger number.

Use place value understanding and properties of operations to

add and subtract First graders use their base-ten work to com-
pute sums within 100 with understanding.1.NBT.4 Concrete objects,

1.NBT.4
Add within 100, including adding a two-digit number and

a one-digit number, and adding a two-digit number and a multiple

of 10, using concrete models or drawings and strategies based

on place value, properties of operations, and/or the relationship

between addition and subtraction; relate the strategy to a writ-

ten method and explain the reasoning used. Understand that

in adding two-digit numbers, one adds tens and tens, ones and

ones; and sometimes it is necessary to compose a ten.

cards, or drawings afford connections with written numerical work
and discussions and explanations in terms of tens and ones. In
particular, showing composition of a ten with objects or drawings
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affords connection of the visual ten with the written numeral 1 that
indicates 1 ten.

Adding tens and ones separately as illustrated in the margin is a

General method: Adding tens and ones separately

   46
+37

   46
+37 46

56 66 76 77 78 79 80 81

82 83

starting from 46
count on 3 tens
then count on 7 ones

combine ones
view 6+7 as 1 ten and 3 ones

combine 4 tens and 3 tens
with the new group of 1 ten
(shown below on the addition
line)

Using a sequence conception to add:

Adding tens and ones separately:

Figure 3:

combine ones

view 6 7 as 1 ten and

3 ones

combine 4 tens and

3 tens with the newly

composed ten (shown

on the addition line)

This method is an application of the associative property.

general method that can extend to any sum of multi-digit numbers.
Students may also develop sequence methods that extend their Level
2 single-digit counting on strategies (see the OA Progression) to
counting on by tens and ones, or mixtures of such strategies in
which they add instead of count the tens or ones. Using objects or

Special strategy: Counting on by tens

   46
+37

   46
+37 46

56 66 76 77 78 79 80 81

82 83

starting from 46
count on 3 tens
then count on 7 ones

combine ones
view 6+7 as 1 ten and 3 ones

combine 4 tens and 3 tens
with the new group of 1 ten
(shown below on the addition
line)

Using a sequence conception to add:

Adding tens and ones separately:

Figure 3:

starting from 46 count

on 3 tens then count on

7 ones

This strategy requires counting on by tens from 46, beginning
56, 66, 76, then counting on by ones.

drawings of 5-groups can support students’ extension of the Level
3 make-a-ten methods discussed in the OA Progression for single-
digit numbers.

First graders also engage in mental calculation, such as mentally
finding 10 more or 10 less than a given two-digit number without
having to count by ones.1.NBT.5 They may explain their reasoning

1.NBT.5
Given a two-digit number, mentally find 10 more or 10

less than the number, without having to count; explain the rea-

soning used.

by saying that they have one more or one less ten than before.
Drawings and layered cards can afford connections with place value
and be used in explanations.

In Grade 1, children learn to compute differences of two-digit
numbers for limited cases.1.NBT.6 Differences of multiples of 10, such

1.NBT.6
Subtract multiples of 10 in the range 10–90 from multi-

ples of 10 in the range 10–90 (positive or zero differences), us-

ing concrete models or drawings and strategies based on place

value, properties of operations, and/or the relationship between

addition and subtraction; relate the strategy to a written method

and explain the reasoning used.

as 70 40 can be viewed as 7 tens minus 4 tens and represented
with concrete models such as objects bundled in tens or draw-
ings. Children use the relationship between subtraction and addition
when they view 80 70 as an unknown addend addition problem,
70 80, and reason that 1 ten must be added to 70 to make
80, so 80 70 10.

First graders are not expected to compute differences of two-
digit numbers other than multiples of ten. Deferring such work until
Grade 2 allows two-digit subtraction with and without decomposing
to occur in close succession, highlighting the similarity between
these two cases.
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Grade 2

At Grade 2, students extend their base-ten understanding to hun-
dreds. They now add and subtract within 1000, with composing
and decomposing, and they understand and explain the reasoning
of the processes they use. They become fluent with addition and
subtraction within 100.

Understand place value In Grade 2, students extend their under-
standing of the base-ten system by viewing 10 tens as forming a new
unit called a “hundred.”2.NBT.1a This lays the groundwork for under-

2.NBT.1a
Understand that the three digits of a three-digit number

represent amounts of hundreds, tens, and ones; e.g., 706 equals

7 hundreds, 0 tens, and 6 ones. Understand the following as

special cases:

a 100 can be thought of as a bundle of ten tens—called a

“hundred.”

standing the structure of the base-ten system as based in repeated
bundling in groups of 10 and understanding that the unit associated
with each place is 10 of the unit associated with the place to its
right.

Representations such as manipulative materials, math drawings
and layered three-digit place value cards afford connections be-
tween written three-digit numbers and hundreds, tens, and ones.

Drawings to support seeing 10 tens as 1 hundred
drawings to support seeing 10 tens as 1 hundred

10 tens 1 hundred 1 hundred box
(quick drawing to
show 1 hundred)

Number words and numbers written in base-ten numerals and as
sums of their base-ten units can be connected with representations
in drawings and place value cards, and by saying numbers aloud
and in terms of their base-ten units, e.g., 456 is “Four hundred fifty
six” and “four hundreds five tens six ones.”2.NBT.3

2.NBT.3
Read and write numbers to 1000 using base-ten numer-

als, number names, and expanded form.

Unlike the decade words, the hundred words indicate base-ten
units. For example, it takes interpretation to understand that “fifty”
means five tens, but “five hundred” means almost what it says (“five
hundred” rather than “five hundreds”). Even so, this doesn’t mean
that students automatically understand 500 as 5 hundreds; they may
still only think of it as the number reached after 500 counts of 1.

Students begin to work towards multiplication when they skip
count by 5s, by 10s, and by 100s. This skip counting is not yet true
multiplication because students don’t keep track of the number of
groups they have counted.2.NBT.2 2.NBT.2

Count within 1000; skip-count by 5s, 10s, and 100s.

Comparing magnitudes of two-digit numbers draws on the un-
2.NBT.4

Compare two three-digit numbers based on meanings of

the hundreds, tens, and ones digits, using , =, and symbols

to record the results of comparisons.

derstanding that 1 ten is greater than any amount of ones repre-
sented by a one-digit number. Comparing magnitudes of three-digit

2.NBT.5
Fluently add and subtract within 100 using strategies

based on place value, properties of operations, and/or the re-

lationship between addition and subtraction.

2.NBT.6
Add up to four two-digit numbers using strategies based

on place value and properties of operations.

numbers draws on the understanding that 1 hundred (the smallest
three-digit number) is greater than any amount of tens and ones
represented by a two-digit number. For this reason, three-digit
numbers are compared by first inspecting the hundreds place (e.g.
845 799; 849 855).2.NBT.4

Use place value understanding and properties of operations to

add and subtract Students become fluent in two-digit addition and
subtraction.2.NBT.5, 2.NBT.6 Representations such as manipulative mate-
rials and drawings may be used to support reasoning and explana-
tions about addition and subtraction with three-digit numbers.2.NBT.7

2.NBT.7
Add and subtract within 1000, using concrete models or

drawings and strategies based on place value, properties of op-

erations, and/or the relationship between addition and subtrac-

tion; relate the strategy to a written method. Understand that

in adding or subtracting three-digit numbers, one adds or sub-

tracts hundreds and hundreds, tens and tens, ones and ones;

and sometimes it is necessary to compose or decompose tens or

hundreds.

When students add ones to ones, tens to tens, and hundreds to hun-
dreds they are implicitly using a general method based on place
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value and the associative and commutative properties of addition.
Examples of how general methods can be represented in numeri-
cal work and composition and decomposition can be represented in
math drawings are shown in the margin.

Addition: Recording combined hundreds, tens, and ones on
separate lines

4 5 6

+ 1 6 7

4 5 6

+ 1 6 7

5 0 0

4 5 6

+ 1 6 7

5 0 0

1 1 0

4 5 6

+ 1 6 7

5 0 0

1 1 0

1 3

6 2 3

Addition proceeds from left to right, but could also have gone
from right to left. There are two advantages of working left to
right: Many students prefer it because they read from left to
right, and working first with the largest units yields a closer
approximation earlier.

Drawings and diagrams can illustrate the reasoning repeated
in general methods for computation that are based on place value.
These provide an opportunity for students to observe this regular-
ity and build toward understanding the standard addition and sub-
traction algorithms required in Grade 4 as expressions of repeated
reasoning (MP.8).

At Grade 2, composing and decomposing involves an extra layer
of complexity beyond that of Grade 1. This complexity manifests
itself in two ways. First, students must understand that a hundred
is a unit composed of 100 ones, but also that it is composed of 10
tens. Second, there is the possibility that both a ten and a hundred
are composed or decomposed. For example, in computing 398 7 a
new ten and a new hundred are composed. In computing 302 184,
a ten and a hundred are decomposed.

Students may continue to develop and use special strategies for
particular numerical cases or particular problem situations such as
Unknown Addend. For example, instead of using a general method

Addition: Recording newly composed units on the same
line

4 5 6

+ 1 6 7

4 5 6

+ 1 6 7

1

3

Add the ones,

6 7, and record

these 13 ones

with 3 in the ones

place and 1 on

the line under the

tens column.

4 5 6

+ 1 6 7

1 1

2 3

Add the tens,

5 6 1, and

record these 12
tens with 2 in the

tens place and 1
on the line under

the hundreds

column.

4 5 6

+ 1 6 7

1 1

6 2 3

Add the hundreds,

4 1 1 and

record these 6
hundreds in the

hundreds column.

Digits representing newly composed units are placed below the
addends. This placement has several advantages. Each
two-digit partial sum (e.g., “13”) is written with the digits close to
each other, suggesting their origin. In “adding from the top
down,” usually sums of larger digits are computed first, and the
easy-to-add “1” is added to that sum, freeing students from
holding an altered digit in memory. The original numbers are not
changed by adding numbers to the first addend; three multi-digit
numbers (the addends and the total) can be seen clearly. It is
easier to write teen numbers in their usual order (e.g., as 1 then
3) rather than “write the 3 and carry the 1” (write 3, then 1).

Subtraction: Decomposing where needed first
decomposing left to right,

1 hundred, then 1 ten

now subtract

   425
- 278

   425
- 278

Standard algorithm, ungroup where needed  rst, then subtract:

ungrouping left to right,
1 hundred, then 1 ten

   425
- 278

now subtract

[This is part 3 of Figure 5. Doug Clements drew the  rst two parts.]

All necessary decomposing is done first, then the subtractions
are carried out. This highlights the two major steps involved and
can help to inhibit the common error of subtracting a smaller
digit on the top from a larger digit. Decomposing and subtracting
can start from the left (as shown) or the right.

to add 398 7, students could reason mentally by decomposing the
7 ones as 2 5, adding 2 ones to 398 to make 400, then adding the
remaining 5 ones to make 405. This method uses the associative
property of addition and extends the make-a-ten strategy described
in the OA Progression. Or students could reason that 398 is close
to 400, so the sum is close to 400 7, which is 407, but this must
be 2 too much because 400 is 2 more than 398, so the actual sum is
2 less than 407, which is 405. Both of these strategies make use of
place value understanding and are practical in limited cases.

Subtractions such as 302 184 can be computed using a general
method by decomposing a hundred into 10 tens, then decomposing
one of those tens into 10 ones. Students could also view it as an
unknown addend problem 184 302, thus drawing on the rela-
tionship between subtraction and addition. With this view, students
can solve the problem by adding on to 184: first add 6 to make 190,
then add 10 to make 200, next add 100 to make 300, and finally add
2 to make 302. They can then combine what they added on to find
the answer to the subtraction problem: 6 10 100 2 118. This
strategy is especially useful in unknown addend situations. It can
be carried out more easily in writing because one does not have to
keep track of everything mentally. This is a Level 3 strategy, and
is easier than the Level 3 strategy illustrated below that requires
keeping track of how much of the second addend has been added
on. (See the OA Progression for further discussion of levels.)

When computing sums of three-digit numbers, students might
use strategies based on a flexible combination of Level 3 compo-
sition and decomposition and Level 2 counting-on strategies when
finding the value of an expression such as 148 473. For exam-
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ple, they might say, ”100 and 400 is 500. And 70 and 30 is another
hundred, so 600. Then 8, 9, 10, 11 . . . and the other 10 is 21. So,
621.” Keeping track of what is being added is easier using a writ-
ten form of such reasoning and makes it easier to discuss. There
are two kinds of decompositions in this strategy. Both addends are
decomposed into hundreds, tens, and ones, and the first addend is
decomposed successively into the part already added and the part
still to add.

Students should continue to develop proficiency with mental
computation. They mentally add 10 or 100 to a given number be-
tween 100 and 900, and mentally subtract 10 or 100 from a given
number between 100 and 900.2.NBT.8 2.NBT.8

Mentally add 10 or 100 to a given number 100–900, and

mentally subtract 10 or 100 from a given number 100–900.
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Grade 3

At Grade 3, the major focus is multiplication,• so students’ work • See the progression on Operations and Algebraic Thinking.

with addition and subtraction is limited to maintenance of fluency
within 1000 for some students and building fluency to within 1000
for others.

Use place value understanding and properties of operations to

perform multi-digit arithmetic Students continue adding and sub-
tracting within 1000.3.NBT.2 They achieve fluency with strategies and

3.NBT.2
Fluently add and subtract within 1000 using strategies

and algorithms based on place value, properties of operations,

and/or the relationship between addition and subtraction.algorithms that are based on place value, properties of operations,
and/or the relationship between addition and subtraction. Such flu-
ency can serve as preparation for learning standard algorithms in
Grade 4, if the computational methods used can be connected with
those algorithms.

Students use their place value understanding to round numbers
to the nearest 10 or 100.3.NBT.1 They need to understand that when 3.NBT.1

Use place value understanding to round whole numbers

to the nearest 10 or 100.moving to the right across the places in a number (e.g., 456), the
digits represent smaller units. When rounding to the nearest 10 or
100, the goal is to approximate the number by the closest number
with no ones or no tens and ones (e.g., so 456 to the nearest ten
is 460; and to the nearest hundred is 500). Rounding to the unit
represented by the leftmost place is typically the sort of estimate
that is easiest for students. Rounding to the unit represented by a
place in the middle of a number may be more difficult for students
(the surrounding digits are sometimes distracting). Rounding two
numbers before computing can take as long as just computing their
sum or difference.

The special role of 10 in the base-ten system is important in
understanding multiplication of one-digit numbers with multiples of
10.3.NBT.3 For example, the product 3 50 can be represented as 3

3.NBT.3
Multiply one-digit whole numbers by multiples of 10 in

the range 10–90 (e.g., 9 80, 5 60) using strategies based on

place value and properties of operations.groups of 5 tens, which is 15 tens, which is 150. This reasoning relies
on the associative property of multiplication: 3 50 3 5 10
3 5 10 15 10 150. It is an example of how to explain an

instance of a calculation pattern for these products: calculate the
product of the non-zero digits, then shift the product one place to
the left to make the result ten times as large.•

• Grade 3 explanations for “15 tens is 150”

• Skip-counting by 50. 5 tens is 50, 100, 150.

• Counting on by 5 tens. 5 tens is 50, 5 more tens is 100, 5

more tens is 150.

• Decomposing 15 tens. 15 tens is 10 tens and 5 tens. 10

tens is 100. 5 tens is 50. So 15 tens is 100 and 50, or

150.

• Decomposing 15.

15 10 10 5 10

10 10 5 10

100 50

150

All of these explanations are correct. However, skip-counting
and counting on become more difficult to use accurately as
numbers become larger, e.g., in computing 5 90 or explaining
why 45 tens is 450, and needs modification for products such as
4 90. The first does not indicate any place value
understanding.
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Grade 4

At Grade 4, students extend their work in the base-ten system.
4.NBT.1

Recognize that in a multi-digit whole number, a digit in

one place represents ten times what it represents in the place to

its right.They use standard algorithms to fluently add and subtract. They
use methods based on place value and properties of operations sup-
ported by suitable representations to multiply and divide with multi-
digit numbers.

Generalize place value understanding for multi-digit whole num-

bers In the base-ten system, the value of each place is 10 times

10 30 represented as 3 tens each taken 10 times

10 ! 30
10 groups of 30

10 10 10

onestenshundreds

10 10 10

10 10 10

10 10 10

10 10 10

10 10 10

10 10 10

10 10 10

10 10 10

10 10 10

10 10 10

onestenshundreds

10 ! 30 = 300

100 100 100

onestenshundreds

30

10 of each of the 3 tens

3 tens

10 times 3 tens
is 3 hundreds

Each of the 3 tens becomes a hundred and moves to the left. In
the product, the 3 in the tens place of 30 is shifted one place to
the left to represent 3 hundreds. In 300 divided by 10 the 3 is
shifted one place to the right in the quotient to represent 3 tens.

the value of the place to the immediate right.4.NBT.1 Because of this,
multiplying by 10 yields a product in which each digit of the multi-
plicand is shifted one place to the left.

To read numerals between 1�000 and 1�000�000, students need
to understand the role of commas. Each sequence of three digits
made by commas is read as hundreds, tens, and ones, followed by
the name of the appropriate base-thousand unit (thousand, million,
billion, trillion, etc.). Thus, 457�000 is read “four hundred fifty seven
thousand.”4.NBT.2 The same methods students used for comparing

4.NBT.2
Read and write multi-digit whole numbers using base-

ten numerals, number names, and expanded form. Compare

two multi-digit numbers based on meanings of the digits in each

place, using , =, and symbols to record the results of com-

parisons.

and rounding numbers in previous grades apply to these numbers,
because of the uniformity of the base-ten system.

Decimal notation and fractions Students in Grade 4 work with
fractions having denominators 10 and 100.4.NF.5 Because it involves

4.NF.5
Express a fraction with denominator 10 as an equivalent

fraction with denominator 100, and use this technique to add two

fractions with respective denominators 10 and 100.2

partitioning into 10 equal parts and treating the parts as numbers
called one tenth and one hundredth, work with these fractions can
be used as preparation to extend the base-ten system to non-whole
numbers.

The structure of the base-ten system is uniform

ones
tens

tenths

hundredths

÷ 10

÷ 10

÷ 10 ÷ 10

.1

.1

.1

.1

.1

.1

.1

.1

.1

.1

  1
100

 1
10

each piece is .01 or 

each piece is .1 or 

÷ 10

1

$1
dime pennydollar

Using the unit fractions 1
10 and 1

100 , non-whole numbers like 23 7
10

can be written in an expanded form that extends the form used with
whole numbers: 2 10 3 1 7 1

10 .4.NF.4b As with whole-number

4.NF.4b
Apply and extend previous understandings of multipli-

cation to multiply a fraction by a whole number.

b Understand a multiple of � � as a multiple of 1 �, and

use this understanding to multiply a fraction by a whole

number.

expansions in the base-ten system, each unit in this decomposition
is ten times the unit to its right. This can be connected with the use
of base-ten notation to represent 2 10 3 1 7 1

10 as 23�7. Using
decimals allows students to apply familiar place value reasoning to
fractional quantities.4.NF.6 The Number and Operations—Fractions

4.NF.6
Use decimal notation for fractions with denominators 10 or

100.

Progression discusses decimals to hundredths and comparison of
decimals4.NF.7 in more detail.

4.NF.7
Compare two decimals to hundredths by reasoning about

their size. Recognize that comparisons are valid only when the

two decimals refer to the same whole. Record the results of com-

parisons with the symbols , =, or , and justify the conclusions,

e.g., by using a visual model.

The decimal point is used to signify the location of the ones place,
but its location may suggest there should be a “oneths" place to its
right in order to create symmetry with respect to the decimal point.
However, because one is the basic unit from which the other base-
ten units are derived, the symmetry occurs instead with respect to
the ones place.

Symmetry with respect to the ones place

1hundred hundredthten tenth

Ways of reading decimals aloud vary. Mathematicians and sci-
entists often read 0�15 aloud as “zero point one five" or “point one
five." (Decimals smaller than one may be written with or without a
zero before the decimal point.) Decimals with many non-zero digits
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are more easily read aloud in this manner. (For example, the number
π , which has infinitely many non-zero digits, begins 3�1415 � � �.)

Other ways to read 0�15 aloud are “1 tenth and 5 hundredths”
and “15 hundredths,” just as 1�500 is sometimes read “15 hundred”
or “1 thousand, 5 hundred.” Similarly, 150 is read “one hundred and
fifty” or “a hundred fifty” and understood as 15 tens, as 10 tens and
5 tens, and as 100 50.

Just as 15 is understood as 15 ones and as 1 ten and 5 ones in
computations with whole numbers, 0�15 is viewed as 15 hundredths
and as 1 tenth and 5 hundredths in computations with decimals.

It takes time to develop understanding and fluency with the dif-
ferent forms. Layered cards for decimals can help students become
fluent with decimal equivalencies such as three tenths is thirty hun-
dredths.

Use place value understanding and properties of operations to

perform multi-digit arithmetic At Grade 4, students become flu-
ent with the standard addition and subtraction algorithms.4.NBT.4 As

4.NBT.4
Fluently add and subtract multi-digit whole numbers us-

ing the standard algorithm.discussed at the beginning of this progression, these algorithms rely
on adding or subtracting like base-ten units (ones with ones, tens
with tens, hundreds with hundreds, and so on) and composing or
decomposing base-ten units as needed (such as composing 10 ones
to make 1 ten or decomposing 1 hundred to make 10 tens). In mathe-
matics, an algorithm is defined by its steps and not by the way those
steps are recorded in writing. With this in mind, minor variations in
methods of recording standard algorithms are acceptable.

In fourth grade, students compute products of one-digit numbers

Computation of 8 549 connected with an area model

549
!  8

8

549 =       500                                              +           40            +       9  

Simpli"ed array/area drawing for 8 ! 549

8 ! 500 =

8 ! 5 hundreds =

40 hundreds

8 ! 40 =

8 ! 4 tens =

32 tens

8 ! 9 
= 72

Three accessible ways to record the standard algorithm:

Left to right
showing the
partial products

Right to left
showing the
partial products

Right to left
recording the
carries below

4000
  320
    72
4392

thinking:

8 ! 5 hundreds

8 ! 4 tens

8 ! 9

549
!  8

549
!  8

     72
   320
4000
4392

thinking:

8 ! 5 hundreds

8 ! 4 tens

8 ! 9 4022
4392

3 7

Each part of the region above corresponds to one of the terms in
the computation below.

8 549 8 500 40 9

8 500 8 40 8 9�
This can also viewed as finding how many objects are in 8
groups of 549 objects, by finding the cardinalities of 8 groups of
500, 8 groups of 40, and 8 groups of 9, then adding them.

Computation of 8 549: Ways to record general methods

549
!  8

8

549 =       500                                              +           40            +       9  

Simpli"ed array/area drawing for 8 ! 549

8 ! 500 =

8 ! 5 hundreds =

40 hundreds

8 ! 40 =

8 ! 4 tens =

32 tens

8 ! 9 
= 72

Three accessible ways to record the standard algorithm:

Left to right
showing the
partial products

Right to left
showing the
partial products

Right to left
recording the
carries below

4000
  320
    72
4392

thinking:

8 ! 5 hundreds

8 ! 4 tens

8 ! 9

549
!  8

549
!  8

     72
   320
4000
4392

thinking:

8 ! 5 hundreds

8 ! 4 tens

8 ! 9 4022
4392

3 7

The first method proceeds from left to right, and the others from
right to left. In the third method, the digits representing new units
are written below the line rather than above 549, thus keeping
the digits of the products close to each other, e.g., the 7 from
8 9 72 is written diagonally to the left of the 2 rather than
above the 4 in 549.

and multi-digit numbers (up to four digits) and products of two two-
digit numbers. They divide multi-digit numbers (up to four digits)
by one-digit numbers. As with addition and subtraction, students
should use methods they understand and can explain. Visual rep-
resentations such as area and array diagrams that students draw
and connect to equations and other written numerical work are use-
ful for this purpose. By reasoning repeatedly about the connection
between math drawings and written numerical work, students can
come to see multiplication and division algorithms as abbreviations
or summaries of their reasoning about quantities.

Students can invent and use fast special strategies while also
working towards understanding general methods and the standard
algorithm.

One component of understanding general methods for multiplica-
tion is understanding how to compute products of one-digit numbers
and multiples of 10, 100, and 1000. This extends work in Grade 3 on
products of one-digit numbers and multiples of 10. We can calculate
6 700 by calculating 6 7 and then shifting the result to the left
two places (by placing two zeros at the end to show that these are
hundreds) because 6 groups of 7 hundred is 6 7 hundreds, which is
42 hundreds, or 4�200. Students can use this place value reasoning,
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which can also be supported with diagrams of arrays or areas, as
they develop and practice using the patterns in relationships among
products such as 6 7, 6 70, 6 700, and 6 7000. Products of 5
and even numbers, such as 5 4, 5 40, 5 400, 5 4000 and 4 5,
4 50, 4 500, 4 5000 might be discussed and practiced separately
afterwards because they may seem at first to violate the patterns
by having an “extra” 0 that comes from the one-digit product.

Computation of 36 94 connected with an area model
Simpli!ed array/area drawing for 36 " 94

 30

  

  +

  6

              90                                 +    4

30 " 90 =
3 tens " 9 tens =
27 hundreds =
2700

6 " 90 =
6 " 9 tens
54 tens =
540

30 " 4 =
3 tens " 4 =
12 tens =
120

6 " 4 = 24

Two accessible, right to left ways to record 
the standard algorithm:

Showing the
partial products

Recording the carries below
for correct place value placement

    94
" 36

    94
" 36

     24
   540
   120
2700

thinking:

3 tens " 4

3 tens " 9 tens

6 " 9 tens

6 " 4

3384

5 2

2 1

1

1

3384

44

720

0   because we
are multiplying
by 3 tens in this row

The products of like base-ten units are shown as parts of a
rectangular region.

Computation of 36 94: Ways to record general methods

Simpli!ed array/area drawing for 36 " 94

 30

  

  +

  6

              90                                 +    4

30 " 90 =
3 tens " 9 tens =
27 hundreds =
2700

6 " 90 =
6 " 9 tens
54 tens =
540

30 " 4 =
3 tens " 4 =
12 tens =
120

6 " 4 = 24

Two accessible, right to left ways to record 
the standard algorithm:

Showing the
partial products

Recording the carries below
for correct place value placement

    94
" 36

    94
" 36

     24
   540
   120
2700

thinking:

3 tens " 4

3 tens " 9 tens

6 " 9 tens

6 " 4

3384

5 2

2 1

1

1

3384

44

720

0   because we
are multiplying
by 3 tens in this row

These proceed from right to left, but could go left to right. On the
right, digits that represent newly composed tens and hundreds
are written below the line instead of above 94. The digits 2 and 1
are surrounded by a blue box. The 1 from 30 4 120 is
placed correctly in the hundreds place and the digit 2 from
30 90 2700 is placed correctly in the thousands place. If
these digits had been placed above 94, they would be in
incorrect places. Note that the 0 (surrounded by a yellow box) in
the ones place of the second line of the method on the right is
there because the whole line of digits is produced by multiplying
by 30 (not 3).

Another part of understanding general base-ten methods for multi-
digit multiplication is understanding the role played by the dis-
tributive property. This allows numbers to be decomposed into
base-ten units, products of the units to be computed, then combined.
By decomposing the factors into like base-ten units and applying
the distributive property, multiplication computations are reduced to
single-digit multiplications and products of numbers with multiples
of 10, of 100, and of 1000. Students can connect diagrams of areas
or arrays to numerical work to develop understanding of general
base-ten multiplication methods.

Computing products of two two-digit numbers requires using the
distributive property several times when the factors are decomposed
into base-ten units. For example,

36 94 30 6 90 4

30 6 90 30 6 4

30 90 6 90 30 4 6 4�
General methods for computing quotients of multi-digit numbers

and one-digit numbers rely on the same understandings as for mul-
tiplication, but cast in terms of division.4.NBT.6 One component is

4.NBT.6
Find whole-number quotients and remainders with up to

four-digit dividends and one-digit divisors, using strategies based

on place value, the properties of operations, and/or the relation-

ship between multiplication and division. Illustrate and explain the

calculation by using equations, rectangular arrays, and/or area

models.

quotients of multiples of 10, 100, or 1000 and one-digit numbers.
For example, 42 6 is related to 420 6 and 4200 6. Students
can draw on their work with multiplication and they can also reason
that 4200 6 means partitioning 42 hundreds into 6 equal groups,
so there are 7 hundreds in each group.

Another component of understanding general methods for multi-
digit division computation is the idea of decomposing the dividend
into like base-ten units and finding the quotient unit by unit, starting
with the largest unit and continuing on to smaller units. As with
multiplication, this relies on the distributive property. This can be
viewed as finding the side length of a rectangle (the divisor is the
length of the other side) or as allocating objects (the divisor is the
number of groups). See the figures on the next page for examples.

Multi-digit division requires working with remainders. In prepa-
ration for working with remainders, students can compute sums of
a product and a number, such as 4 8 3. In multi-digit division,
students will need to find the greatest multiple less than a given
number. For example, when dividing by 6, the greatest multiple of
6 less than 50 is 6 8 48. Students can think of these “greatest
multiples” in terms of putting objects into groups. For example, when
50 objects are shared among 6 groups, the largest whole number of
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objects that can be put in each group is 8, and 2 objects are left
over. (Or when 50 objects are allocated into groups of 6, the largest
whole number of groups that can be made is 8, and 2 objects are left
over.) The equation 6 8 2 50 (or 8 6 2 50) corresponds
with this situation.

Cases involving 0 in division may require special attention.

Cases involving 0 in division

2 ) 836 ) 901
   - 6
     3

41

- 8
0

12 ) 3714
       -36
           11

    3

 

Stop now because
of the 0?

No, there are 
still 3 ones left.

Stop now because
11 is less than 12?

No, it is 11 tens, so
there are still 
110 + 4 = 114 left.

Case 1
a 0 in the
dividend:

Case 2
a 0 in a
remainder
part way
through:

Case 3
a 0 in the
quotient:

What to do
about the 0?

3 hundreds 
= 30 tens

Division as finding group size

745 ÷ 3 = ? 

3 groups
3 groups

Thinking: 

Divide 
7 hundreds, 4 tens,  5 ones 
equally among 3 groups,
starting with hundreds.

7 hundreds ÷ 3
each group gets
2 hundreds;
1 hundred is left.

Unbundle 1 hundred.
Now I have
10 tens + 4 tens = 14 tens.

14 tens ÷ 3
each group gets
4 tens;
2 tens are left.

Unbundle 2 tens.
Now I have
20 + 5 = 25 left.

25 ÷ 3
each group gets 8;
1 is left.

3 )745

3 )745
   - 6
     1

2 hundr.

2 hundr.

2 hundr.

3 groups

2 hundr. + 4 tens

2 hundr. + 4 tens

2 hundr. + 4 tens

3 groups

2 hundr. + 4 tens + 8

2 hundr. + 4 tens + 8

2 hundr. + 4 tens + 8

2

3 )745
   - 6
     14

2

3 )745
   - 6
     14
   - 12
        2

24

3 )745
   - 6
     14
   - 12
        25

24

3 )745
   - 6
     14
   - 12
        25
     -  24
           1

248

Each group got 248 
and 1 is left.

1 2 3

745 3 can be viewed as allocating 745 objects bundled in 7
hundreds, 4 tens, and 3 ones equally among 3 groups. In Step
1, the 2 indicates that each group got 2 hundreds, the 6 is the
number of hundreds allocated, and the 1 is the number of
hundreds not allocated. After Step 1, the remaining hundred is
decomposed as 10 tens and combined with the 4 tens (in 745)
to make 14 tens.

Division as finding side length

  266
- 210
     56

7 )966
   - 700
     266
   - 210
        56
     -  56
           0

     8
   30
 100

7 )966

138

7

? hundreds + ? tens + ? ones

7

           100              +       30      +         8       =   138

966
???

  966
-700
  266

  56
-56
    0

966 ÷ 7 = ?    Thinking: A rectangle has area 966 and 
one side of length 7. Find the unknown
side length. Find hundreds !rst, then tens,
then ones.

966 7 is viewed as finding the unknown side length of a
rectangular region with area 966 square units and a side of
length 7 units. The amount of hundreds is found, then tens, then
ones. This yields a decomposition into three regions of
dimensions 7 by 100, 7 by 30, and 7 by 8. It can be connected
with the decomposition of 966 as 7 100 7 30 7 8. By
the distributive property, this is 7 100 30 8 , so the
unknown side length is 138. In the recording on the right,
amounts of hundreds, tens, and ones are represented by
numbers rather than by digits, e.g., 700 instead of 7.
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Grade 5

In Grade 5, students extend their understanding of the base-ten sys-
tem to decimals to the thousandths place, building on their Grade 4
work with tenths and hundredths. They become fluent with the stan-
dard multiplication algorithm with multi-digit whole numbers. They
reason about dividing whole numbers with two-digit divisors, and
reason about adding, subtracting, multiplying, and dividing decimals
to hundredths.

Understand the place value system Students extend their under-
standing of the base-ten system to the relationship between adjacent
places, how numbers compare, and how numbers round for decimals
to thousandths.

New at Grade 5 is the use of whole number exponents to de-
note powers of 10.5.NBT.2 Students understand why multiplying by

5.NBT.2
Explain patterns in the number of zeros of the product

when multiplying a number by powers of 10, and explain patterns

in the placement of the decimal point when a decimal is multiplied

or divided by a power of 10. Use whole-number exponents to

denote powers of 10.

a power of 10 shifts the digits of a whole number or decimal that
many places to the left. For example, multiplying by 104 is multi-
plying by 10 four times. Multiplying by 10 once shifts every digit of
the multiplicand one place to the left in the product (the product is
ten times as large) because in the base-ten system the value of each
place is 10 times the value of the place to its right. So multiplying
by 10 four times shifts every digit 4 places to the left. Patterns in
the number of 0s in products of a whole numbers and a power of 10
and the location of the decimal point in products of decimals with
powers of 10 can be explained in terms of place value. Because
students have developed their understandings of and computations
with decimals in terms of multiples (consistent with 4.OA.4) rather
than powers, connecting the terminology of multiples with that of
powers affords connections between understanding of multiplication
and exponentiation.

Perform operations with multi-digit whole numbers and with dec-

imals to hundredths At Grade 5, students fluently compute prod-
ucts of whole numbers using the standard algorithm.5.NBT.5 Underly-

5.NBT.5
Fluently multiply multi-digit whole numbers using the

standard algorithm.ing this algorithm are the properties of operations and the base-ten
system (see the Grade 4 section).

Division strategies in Grade 5 involve breaking the dividend apart
into like base-ten units and applying the distributive property to find
the quotient place by place, starting from the highest place. (Divi-
sion can also be viewed as finding an unknown factor: the dividend
is the product, the divisor is the known factor, and the quotient
is the unknown factor.) Students continue their fourth grade work
on division, extending it to computation of whole number quotients
with dividends of up to four digits and two-digit divisors. Estima-
tion becomes relevant when extending to two-digit divisors. Even
if students round appropriately, the resulting estimate may need to
be adjusted.

Recording division after an underestimate

27 ) 1655
       -1350
          305
        -270
            35
          -27
              8

  1
10
50

61
1655 ÷ 27

Rounding 27
to 30 produces
the underestimate
50 at the first step
but this method
allows the division
process to be
continued

(30)
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Because of the uniformity of the structure of the base-ten sys-
tem, students use the same place value understanding for adding
and subtracting decimals that they used for adding and subtracting
whole numbers.5.NBT.7 Like base-ten units must be added and sub-

5.NBT.7
Add, subtract, multiply, and divide decimals to hun-

dredths, using concrete models or drawings and strategies based

on place value, properties of operations, and/or the relationship

between addition and subtraction; relate the strategy to a written

method and explain the reasoning used.

tracted, so students need to attend to aligning the corresponding
places correctly (this also aligns the decimal points). It can help to
put 0s in places so that all numbers show the same number of places
to the right of the decimal point. Although whole numbers are not
usually written with a decimal point, but that a decimal point with
0s on its right can be inserted (e.g., 16 can also be written as 16�0
or 16�00). The process of composing and decomposing a base-ten
unit is the same for decimals as for whole numbers and the same
methods of recording numerical work can be used with decimals as
with whole numbers. For example, students can write digits rep-
resenting new units below on the addition or subtraction line, and
they can decompose units wherever needed before subtracting.

General methods used for computing products of whole numbers
extend to products of decimals. Because the expectations for deci-
mals are limited to thousandths and expectations for factors are lim-
ited to hundredths at this grade level, students will multiply tenths
with tenths and tenths with hundredths, but they need not multiply
hundredths with hundredths. Before students consider decimal mul-
tiplication more generally, they can study the effect of multiplying
by 0�1 and by 0�01 to explain why the product is ten or a hundred
times as small as the multiplicand (moves one or two places to the
right). They can then extend their reasoning to multipliers that are
single-digit multiples of 0�1 and 0�01 (e.g., 0�2 and 0�02, etc.).

There are several lines of reasoning that students can use to
explain the placement of the decimal point in other products of dec-
imals. Students can think about the product of the smallest base-ten
units of each factor. For example, a tenth times a tenth is a hun-
dredth, so 3�2 7�1 will have an entry in the hundredth place. Note,
however, that students might place the decimal point incorrectly for
3�2 8�5 unless they take into account the 0 in the ones place of
32 85. (Or they can think of 0�2 0�5 as 10 hundredths.) They can
also think of the decimals as fractions or as whole numbers divided
by 10 or 100.5.NF.3 When they place the decimal point in the product,

5.NF.3
Interpret a fraction as division of the numerator by the de-

nominator (� � � �). Solve word problems involving division

of whole numbers leading to answers in the form of fractions or

mixed numbers, e.g., by using visual fraction models or equations

to represent the problem.

they have to divide by a 10 from each factor or 100 from one factor.
For example, to see that 0�6 0�8 0�48, students can use fractions:
6
10

8
10

48
100 .5.NF.4 Students can also reason that when they carry 5.NF.4

Apply and extend previous understandings of multiplica-

tion to multiply a fraction or whole number by a fraction.out the multiplication without the decimal point, they have multi-
plied each decimal factor by 10 or 100, so they will need to divide
by those numbers in the end to get the correct answer. Also, stu-
dents can use reasoning about the sizes of numbers to determine
the placement of the decimal point. For example, 3�2 8�5 should
be close to 3 9, so 27�2 is a more reasonable product for 3�2 8�5
than 2�72 or 272. This estimation-based method is not reliable in
all cases, however, especially in cases students will encounter in
later grades. For example, it is not easy to decide where to place
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the decimal point in 0�023 0�0045 based on estimation. Students
can summarize the results of their reasoning such as those above as
specific numerical patterns and then as one general overall pattern
such as “the number of decimal places in the product is the sum of
the number of decimal places in each factor.”

General methods used for computing quotients of whole numbers
extend to decimals with the additional issue of placing the decimal
point in the quotient. As with decimal multiplication, students can
first examine the cases of dividing by 0�1 and 0�01 to see that the
quotient becomes 10 times or 100 times as large as the dividend
(see also the Number and Operations—Fractions Progression). For
example, students can view 7 0�1 as asking how many tenths
are in 7.5.NF.7b Because it takes 10 tenths make 1, it takes 7 times

5.NF.7b
Apply and extend previous understandings of division

to divide unit fractions by whole numbers and whole numbers by

unit fractions.3

b Interpret division of a whole number by a unit fraction, and

compute such quotients.
as many tenths to make 7, so 7 0�1 7 10 70. Or students
could note that 7 is 70 tenths, so asking how many tenths are in
7 is the same as asking how many tenths are in 70 tenths, which
is 70. In other words, 7 0�1 is the same as 70 1. So dividing
by 0�1 moves the number 7 one place to the left, the quotient is
ten times as big as the dividend. As with decimal multiplication,
students can then proceed to more general cases. For example, to
calculate 7 0�2, students can reason that 0�2 is 2 tenths and 7 is 70
tenths, so asking how many 2 tenths are in 7 is the same as asking
how many 2 tenths are in 70 tenths. In other words, 7 0�2 is the
same as 70 2; multiplying both the 7 and the 0�2 by 10 results in
the same quotient. Or students could calculate 7 0�2 by viewing
0�2 as 2 0�1, so they can first divide 7 by 2, which is 3�5, and
then divide that result by 0�1, which makes 3�5 ten times as large,
namely 35. Dividing by a decimal less than 1 results in a quotient
larger than the dividend5.NF.5 and moves the digits of the dividend 5.NF.5

Interpret multiplication as scaling (resizing), by:

a Comparing the size of a product to the size of one factor

on the basis of the size of the other factor, without per-

forming the indicated multiplication.

b Explaining why multiplying a given number by a frac-

tion greater than 1 results in a product greater than the

given number (recognizing multiplication by whole num-

bers greater than 1 as a familiar case); explaining why

multiplying a given number by a fraction less than 1 results

in a product smaller than the given number; and relating

the principle of fraction equivalence � � � � � �
to the effect of multiplying � � by 1.

one place to the left. Students can summarize the results of their
reasoning as specific numerical patterns then as one general overall
pattern such as “when the decimal point in the divisor is moved to
make a whole number, the decimal point in the dividend should be
moved the same number of places.”
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Extending beyond Grade 5

At Grade 6, students extend their fluency with the standard algo-
rithms, using these for all four operations with decimals and to com-
pute quotients of multi-digit numbers. At Grade 6 and beyond, stu-
dents may occasionally compute with numbers larger than those
specified in earlier grades as required for solving problems, but the
Standards do not specify mastery with such numbers.

In Grade 6, students extend the base-ten system to negative
numbers. In Grade 7, they begin to do arithmetic with such numbers.

By reasoning about the standard division algorithm, students
learn in Grade 7 that every fraction can be represented with a dec-
imal that either terminates or repeats. In Grade 8, students learn
informally that every number has a decimal expansion, and that
those with a terminating or repeating decimal representation are
rational numbers (i.e., can be represented as a quotient of integers).
There are numbers that are not rational (irrational numbers), such
as the square root of 2. (It is not obvious that the square root of 2 is
not rational, but this can be proved.) In fact, surprisingly, it turns out
that most numbers are not rational. Irrational numbers can always
be approximated by rational numbers.

In Grade 8, students build on their work with rounding and expo-
nents when they begin working with scientific notation. This allows
them to express approximations of very large and very small numbers
compactly by using exponents and generally only approximately by
showing only the most significant digits. For example, the Earth’s
circumference is approximately 40�000�000 m. In scientific notation,
this is 4 107 m.

The Common Core Standards are designed so that ideas used
in base-ten computation, as well as in other domains, can support
later learning. For example, use of the distributive property occurs
together with the idea of combining like units in the NBT and NF
standards. Students use these ideas again when they calculate with
polynomials in high school.

The distributive property and like units: Multiplication of whole numbers and polynomials

52 73

5 10 2 7 10 3

5 10 7 10 3 2 7 10 3

35 102 15 10 14 10 2 3

35 102 29 10 6

5� 2 7� 33

5� 2 7� 3

5� 7� 3 2 7� 3

35�2 15� 14� 2 3

35�2 29� 6

decomposing as like units (powers of 10 or powers of �)

using the distributive property

using the distributive property again

combining like units (powers of 10 or powers of �)
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3–5 Number and
Operations—Fractions
Overview
Overview to be written.

Note. Changes such as including relevant equations or replacing
with tape diagrams or fraction strips are planned for some diagrams.
Some readers may find it helpful to create their own equations or
representations.

Grade 3
The meaning of fractions In Grades 1 and 2, students use fraction
language to describe partitions of shapes into equal shares.2.G.3 In

2.G.3Partition circles and rectangles into two, three, or four
equal shares, describe the shares using the words halves,
thirds, half of, a third of, etc., and describe the whole as
two halves, three thirds, four fourths. Recognize that equal
shares of identical wholes need not have the same shape.

Grade 3 they start to develop the idea of a fraction more formally,
building on the idea of partitioning a whole into equal parts. The
whole can be a shape such as a circle or rectangle, a line segment,
or any one finite entity susceptible to subdivision and measurement.
In Grade 4, this is extended to include wholes that are collections
of objects.

Grade 3 students start with unit fractions (fractions with numer-
ator 1), which are formed by partitioning a whole into equal parts
and taking one part, e.g., if a whole is partitioned into 4 equal parts
then each part is 1

4 of the whole, and 4 copies of that part make
the whole. Next, students build fractions from unit fractions, seeing
the numerator 3 of 3

4 as saying that 3
4 is the quantity you get by

putting 3 of the 1
4 ’s together.3.NF.1 They read any fraction this way,

3.NF.1Understand a fraction 1{b as the quantity formed by 1
part when a whole is partitioned into b equal parts; understand
a fraction a{b as the quantity formed by a parts of size 1{b.and in particular there is no need to introduce “proper fractions" and

“improper fractions" initially; 5
3 is the quantity you get by combining

5 parts together when the whole is divided into 3 equal parts.
Two important aspects of fractions provide opportunities for the

mathematical practice of attending to precision (MP6):
• Specifying the whole.

The importance of specifying the whole3Grade3ThemeaningoffractionsInGrades1and2,studentsusefractionlanguagetodescribepartitionsofshapesintoequalshares.2.G.3In2.G.3Partitioncirclesandrectanglesintotwo,three,orfourequalshares,describethesharesusingthewordshalves,thirds,halfof,athirdof,etc.,anddescribethewholeastwohalves,threethirds,fourfourths.Recognizethatequalsharesofidenticalwholesneednothavethesameshape.Grade3theystarttodeveloptheideaofafractionmoreformally,buildingontheideaofpartitioningawholeintoequalparts.Thewholecanbeacollectionofobjects,ashapesuchasacircleorrect-angle,alinesegment,oranyfiniteentitysusceptibletosubdivisionandmeasurement.Thewholeasacollectionofobjects!Ifthewholeisacollectionof4bunnies,thenonebunnyis14ofthewholeand3bunniesis34ofthewhole.Grade3studentsstartwtihunitfractions(fractionswithnumer-ator1).Theseareformedbydividingawholeintoequalpartsandtakingonepart,e.g.,ifawholeisdividedinto4equalpartstheneachpartis14ofthewhole,and4copiesofthatpartmakethewhole.Next,studentsbuildfractionsfromunitfractions,seeingthenumer-ator3of34assayingthat34iswhatyougetbyputting3ofthe14’stogether.3.NF.1Anyfractioncanbereadthisway,andinparticular3.NF.1Understandafraction1�asthequantityformedby1partwhenawholeispartitionedinto�equalparts;understandafrac-tion��asthequantityformedby�partsofsize1�.thereisnoneedtointroducetheconceptsof“properfraction"and“improperfraction"initially;53iswhatonegetsbycombining5partstogetherwhenthewholeisdividedinto3equalparts.Twoimportantaspectsoffractionsprovideopportunitiesforthemathematicalpracticeofattendingtoprecision(MP6):•Specifyingthewhole.TheimportanceofspecifyingthewholeWithoutspecifyingthewholeitisnotreasonabletoaskwhatfractionisrepresentedbytheshadedarea.Iftheleftsquareisthewhole,itrepresentsthefraction32;iftheentirerectangleisthewhole,itrepresents34.•Explainingwhatismeantby“equalparts.”Initially,studentscanuseanintuitivenotionofcongruence(“samesizeandsameshape”)toexplainwhythepartsareequal,e.g.,whentheydivideasquareintofourequalsquaresorfourequalrectangles.Arearepresentationsof14Ineachrepresentationthesquareisthewhole.Thetwosquaresontheleftaredividedintofourpartsthathavethesamesizeandshape,andsothesamearea.Inthethreesquaresontheright,theshadedareais14ofthewholearea,eventhoughitisnoteasilyseenasonepartoutofadivisionintofourpartsofthesameshapeandsize.Studentscometounderstandamoreprecisemeaningfor“equalparts”as“partswithequalmeasurement.”Forexample,whenarulerisdividedintohalvesorquartersofaninch,theyseethateachsubdivisionhasthesamelength.Inareamodelstheyreasonabouttheareaofashadedregiontodecidewhatfractionofthewholeitrepresents(MP3).Thegoalisforstudentstoseeunitfractionsasthebasicbuildingblocksoffractions,inthesamesensethatthenumber1isthebasicbuildingblockofthewholenumbers;justaseverywholenumberisobtainedbycombiningasufficientnumberof1s,everyfractionisobtainedbycombiningasufficientnumberofunitfractions.ThenumberlineOnthenumberline,thewholeistheunitinterval,thatis,theintervalfrom0to1,measuredbylength.Iteratingthiswholetotherightmarksoffthewholenumbers,sothattheintervalsbetweenconsecutivewholenumbers,from0to1,1to2,2to3,etc.,areallofthesamelength,asshown.Studentsmightthinkofthenumberlineasaninfiniteruler.Thenumberline0123456etc.Toconstructaunitfractiononthenumberline,e.g.13,studentsdividetheunitintervalinto3intervalsofequallengthandrecognizethateachhaslength13.Theylocatethenumber13onthenumberDraft,5/29/2011,commentatcommoncoretools.wordpress.com.

Without specifying the whole it is not reasonable to ask what
fraction is represented by the shaded area. If the left square
is the whole, the shaded area represents the fraction 3

2 ; if the
entire rectangle is the whole, the shaded area represents 3

4 .

• Explaining what is meant by “equal parts.”
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Initially, students can use an intuitive notion of congruence (“same
size and same shape”) to explain why the parts are equal, e.g., when
they divide a square into four equal squares or four equal rectangles.

Area representations of 1
4 3Grade3ThemeaningoffractionsInGrades1and2,studentsusefractionlanguagetodescribepartitionsofshapesintoequalshares.2.G.3In2.G.3Partitioncirclesandrectanglesintotwo,three,orfourequalshares,describethesharesusingthewordshalves,thirds,halfof,athirdof,etc.,anddescribethewholeastwohalves,threethirds,fourfourths.Recognizethatequalsharesofidenticalwholesneednothavethesameshape.Grade3theystarttodeveloptheideaofafractionmoreformally,buildingontheideaofpartitioningawholeintoequalparts.Thewholecanbeacollectionofobjects,ashapesuchasacircleorrect-angle,alinesegment,oranyfiniteentitysusceptibletosubdivisionandmeasurement.Thewholeasacollectionofobjects!Ifthewholeisacollectionof4bunnies,thenonebunnyis14ofthewholeand3bunniesis34ofthewhole.Grade3studentsstartwtihunitfractions(fractionswithnumer-ator1).Theseareformedbydividingawholeintoequalpartsandtakingonepart,e.g.,ifawholeisdividedinto4equalpartstheneachpartis14ofthewhole,and4copiesofthatpartmakethewhole.Next,studentsbuildfractionsfromunitfractions,seeingthenumer-ator3of34assayingthat34iswhatyougetbyputting3ofthe14’stogether.3.NF.1Anyfractioncanbereadthisway,andinparticular3.NF.1Understandafraction1�asthequantityformedby1partwhenawholeispartitionedinto�equalparts;understandafrac-tion��asthequantityformedby�partsofsize1�.thereisnoneedtointroducetheconceptsof“properfraction"and“improperfraction"initially;53iswhatonegetsbycombining5partstogetherwhenthewholeisdividedinto3equalparts.Twoimportantaspectsoffractionsprovideopportunitiesforthemathematicalpracticeofattendingtoprecision(MP6):•Specifyingthewhole.TheimportanceofspecifyingthewholeWithoutspecifyingthewholeitisnotreasonabletoaskwhatfractionisrepresentedbytheshadedarea.Iftheleftsquareisthewhole,itrepresentsthefraction32;iftheentirerectangleisthewhole,itrepresents34.•Explainingwhatismeantby“equalparts.”Initially,studentscanuseanintuitivenotionofcongruence(“samesizeandsameshape”)toexplainwhythepartsareequal,e.g.,whentheydivideasquareintofourequalsquaresorfourequalrectangles.Arearepresentationsof14Ineachrepresentationthesquareisthewhole.Thetwosquaresontheleftaredividedintofourpartsthathavethesamesizeandshape,andsothesamearea.Inthethreesquaresontheright,theshadedareais14ofthewholearea,eventhoughitisnoteasilyseenasonepartoutofadivisionintofourpartsofthesameshapeandsize.Studentscometounderstandamoreprecisemeaningfor“equalparts”as“partswithequalmeasurement.”Forexample,whenarulerisdividedintohalvesorquartersofaninch,theyseethateachsubdivisionhasthesamelength.Inareamodelstheyreasonabouttheareaofashadedregiontodecidewhatfractionofthewholeitrepresents(MP3).Thegoalisforstudentstoseeunitfractionsasthebasicbuildingblocksoffractions,inthesamesensethatthenumber1isthebasicbuildingblockofthewholenumbers;justaseverywholenumberisobtainedbycombiningasufficientnumberof1s,everyfractionisobtainedbycombiningasufficientnumberofunitfractions.ThenumberlineOnthenumberline,thewholeistheunitinterval,thatis,theintervalfrom0to1,measuredbylength.Iteratingthiswholetotherightmarksoffthewholenumbers,sothattheintervalsbetweenconsecutivewholenumbers,from0to1,1to2,2to3,etc.,areallofthesamelength,asshown.Studentsmightthinkofthenumberlineasaninfiniteruler.Thenumberline0123456etc.Toconstructaunitfractiononthenumberline,e.g.13,studentsdividetheunitintervalinto3intervalsofequallengthandrecognizethateachhaslength13.Theylocatethenumber13onthenumberDraft,5/29/2011,commentatcommoncoretools.wordpress.com.

In each representation the square is the whole. The two
squares on the left are divided into four parts that have the
same size and shape, and so the same area. In the three
squares on the right, the shaded area is 1

4 of the whole area,
even though it is not easily seen as one part in a division of
the square into four parts of the same shape and size.

Students come to understand a more precise meaning for “equal
parts” as “parts with equal measurements.” For example, when a
ruler is partitioned into halves or quarters of an inch, they see that
each subdivision has the same length. In area models they reason
about the area of a shaded region to decide what fraction of the
whole it represents (MP3).

The goal is for students to see unit fractions as the basic building
blocks of fractions, in the same sense that the number 1 is the basic
building block of the whole numbers; just as every whole number is
obtained by combining a sufficient number of 1s, every fraction is
obtained by combining a sufficient number of unit fractions.
The number line and number line diagrams On the number line,
the whole is the unit interval, that is, the interval from 0 to 1, mea-
sured by length. Iterating this whole to the right marks off the whole
numbers, so that the intervals between consecutive whole numbers,
from 0 to 1, 1 to 2, 2 to 3, etc., are all of the same length, as shown.
Students might think of the number line as an infinite ruler.

The number line3Grade3ThemeaningoffractionsInGrades1and2,studentsusefractionlanguagetodescribepartitionsofshapesintoequalshares.2.G.3In2.G.3Partitioncirclesandrectanglesintotwo,three,orfourequalshares,describethesharesusingthewordshalves,thirds,halfof,athirdof,etc.,anddescribethewholeastwohalves,threethirds,fourfourths.Recognizethatequalsharesofidenticalwholesneednothavethesameshape.Grade3theystarttodeveloptheideaofafractionmoreformally,buildingontheideaofpartitioningawholeintoequalparts.Thewholecanbeacollectionofobjects,ashapesuchasacircleorrect-angle,alinesegment,oranyfiniteentitysusceptibletosubdivisionandmeasurement.Thewholeasacollectionofobjects!Ifthewholeisacollectionof4bunnies,thenonebunnyis14ofthewholeand3bunniesis34ofthewhole.Grade3studentsstartwtihunitfractions(fractionswithnumer-ator1).Theseareformedbydividingawholeintoequalpartsandtakingonepart,e.g.,ifawholeisdividedinto4equalpartstheneachpartis14ofthewhole,and4copiesofthatpartmakethewhole.Next,studentsbuildfractionsfromunitfractions,seeingthenumer-ator3of34assayingthat34iswhatyougetbyputting3ofthe14’stogether.3.NF.1Anyfractioncanbereadthisway,andinparticular3.NF.1Understandafraction1�asthequantityformedby1partwhenawholeispartitionedinto�equalparts;understandafrac-tion��asthequantityformedby�partsofsize1�.thereisnoneedtointroducetheconceptsof“properfraction"and“improperfraction"initially;53iswhatonegetsbycombining5partstogetherwhenthewholeisdividedinto3equalparts.Twoimportantaspectsoffractionsprovideopportunitiesforthemathematicalpracticeofattendingtoprecision(MP6):•Specifyingthewhole.TheimportanceofspecifyingthewholeWithoutspecifyingthewholeitisnotreasonabletoaskwhatfractionisrepresentedbytheshadedarea.Iftheleftsquareisthewhole,itrepresentsthefraction32;iftheentirerectangleisthewhole,itrepresents34.•Explainingwhatismeantby“equalparts.”Initially,studentscanuseanintuitivenotionofcongruence(“samesizeandsameshape”)toexplainwhythepartsareequal,e.g.,whentheydivideasquareintofourequalsquaresorfourequalrectangles.Arearepresentationsof14Ineachrepresentationthesquareisthewhole.Thetwosquaresontheleftaredividedintofourpartsthathavethesamesizeandshape,andsothesamearea.Inthethreesquaresontheright,theshadedareais14ofthewholearea,eventhoughitisnoteasilyseenasonepartoutofadivisionintofourpartsofthesameshapeandsize.Studentscometounderstandamoreprecisemeaningfor“equalparts”as“partswithequalmeasurement.”Forexample,whenarulerisdividedintohalvesorquartersofaninch,theyseethateachsubdivisionhasthesamelength.Inareamodelstheyreasonabouttheareaofashadedregiontodecidewhatfractionofthewholeitrepresents(MP3).Thegoalisforstudentstoseeunitfractionsasthebasicbuildingblocksoffractions,inthesamesensethatthenumber1isthebasicbuildingblockofthewholenumbers;justaseverywholenumberisobtainedbycombiningasufficientnumberof1s,everyfractionisobtainedbycombiningasufficientnumberofunitfractions.ThenumberlineOnthenumberline,thewholeistheunitinterval,thatis,theintervalfrom0to1,measuredbylength.Iteratingthiswholetotherightmarksoffthewholenumbers,sothattheintervalsbetweenconsecutivewholenumbers,from0to1,1to2,2to3,etc.,areallofthesamelength,asshown.Studentsmightthinkofthenumberlineasaninfiniteruler.Thenumberline0123456etc.Toconstructaunitfractiononthenumberline,e.g.13,studentsdividetheunitintervalinto3intervalsofequallengthandrecognizethateachhaslength13.Theylocatethenumber13onthenumberDraft,5/29/2011,commentatcommoncoretools.wordpress.com.
0 1 2 3 4 5 6 etc.

To construct a unit fraction on a number line diagram, e.g. 1
3 ,

students partition the unit interval into 3 intervals of equal length
and recognize that each has length 1

3 . They locate the number 1
3 on

the number line by marking off this length from 0, and locate other
fractions with denominator 3 by marking off the number of lengths
indicated by the numerator.3.NF.2

The number line marked off in thirds3Grade3ThemeaningoffractionsInGrades1and2,studentsusefractionlanguagetodescribepartitionsofshapesintoequalshares.2.G.3In2.G.3Partitioncirclesandrectanglesintotwo,three,orfourequalshares,describethesharesusingthewordshalves,thirds,halfof,athirdof,etc.,anddescribethewholeastwohalves,threethirds,fourfourths.Recognizethatequalsharesofidenticalwholesneednothavethesameshape.Grade3theystarttodeveloptheideaofafractionmoreformally,buildingontheideaofpartitioningawholeintoequalparts.Thewholecanbeacollectionofobjects,ashapesuchasacircleorrect-angle,alinesegment,oranyfiniteentitysusceptibletosubdivisionandmeasurement.Thewholeasacollectionofobjects!Ifthewholeisacollectionof4bunnies,thenonebunnyis14ofthewholeand3bunniesis34ofthewhole.Grade3studentsstartwtihunitfractions(fractionswithnumer-ator1).Theseareformedbydividingawholeintoequalpartsandtakingonepart,e.g.,ifawholeisdividedinto4equalpartstheneachpartis14ofthewhole,and4copiesofthatpartmakethewhole.Next,studentsbuildfractionsfromunitfractions,seeingthenumer-ator3of34assayingthat34iswhatyougetbyputting3ofthe14’stogether.3.NF.1Anyfractioncanbereadthisway,andinparticular3.NF.1Understandafraction1�asthequantityformedby1partwhenawholeispartitionedinto�equalparts;understandafrac-tion��asthequantityformedby�partsofsize1�.thereisnoneedtointroducetheconceptsof“properfraction"and“improperfraction"initially;53iswhatonegetsbycombining5partstogetherwhenthewholeisdividedinto3equalparts.Twoimportantaspectsoffractionsprovideopportunitiesforthemathematicalpracticeofattendingtoprecision(MP6):•Specifyingthewhole.TheimportanceofspecifyingthewholeWithoutspecifyingthewholeitisnotreasonabletoaskwhatfractionisrepresentedbytheshadedarea.Iftheleftsquareisthewhole,itrepresentsthefraction32;iftheentirerectangleisthewhole,itrepresents34.•Explainingwhatismeantby“equalparts.”Initially,studentscanuseanintuitivenotionofcongruence(“samesizeandsameshape”)toexplainwhythepartsareequal,e.g.,whentheydivideasquareintofourequalsquaresorfourequalrectangles.Arearepresentationsof14Ineachrepresentationthesquareisthewhole.Thetwosquaresontheleftaredividedintofourpartsthathavethesamesizeandshape,andsothesamearea.Inthethreesquaresontheright,theshadedareais14ofthewholearea,eventhoughitisnoteasilyseenasonepartoutofadivisionintofourpartsofthesameshapeandsize.Studentscometounderstandamoreprecisemeaningfor“equalparts”as“partswithequalmeasurement.”Forexample,whenarulerisdividedintohalvesorquartersofaninch,theyseethateachsubdivisionhasthesamelength.Inareamodelstheyreasonabouttheareaofashadedregiontodecidewhatfractionofthewholeitrepresents(MP3).Thegoalisforstudentstoseeunitfractionsasthebasicbuildingblocksoffractions,inthesamesensethatthenumber1isthebasicbuildingblockofthewholenumbers;justaseverywholenumberisobtainedbycombiningasufficientnumberof1s,everyfractionisobtainedbycombiningasufficientnumberofunitfractions.ThenumberlineOnthenumberline,thewholeistheunitinterval,thatis,theintervalfrom0to1,measuredbylength.Iteratingthiswholetotherightmarksoffthewholenumbers,sothattheintervalsbetweenconsecutivewholenumbers,from0to1,1to2,2to3,etc.,areallofthesamelength,asshown.Studentsmightthinkofthenumberlineasaninfiniteruler.Thenumberline0123456etc.Toconstructaunitfractiononthenumberline,e.g.13,studentsdividetheunitintervalinto3intervalsofequallengthandrecognizethateachhaslength13.Theylocatethenumber13onthenumberDraft,5/29/2011,commentatcommoncoretools.wordpress.com.
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3.NF.2Understand a fraction as a number on the number line;
represent fractions on a number line diagram.

a Represent a fraction 1{b on a number line diagram
by defining the interval from 0 to 1 as the whole and
partitioning it into b equal parts. Recognize that each
part has size 1{b and that the endpoint of the part
based at 0 locates the number 1{b on the number line.

b Represent a fraction a{b on a number line diagram by
marking off a lengths 1{b from 0. Recognize that the
resulting interval has size a{b and that its endpoint
locates the number a{b on the number line.

Students sometimes have difficulty perceiving the unit on a num-
ber line diagram. When locating a fraction on a number line dia-
gram, they might use as the unit the entire portion of the number
line that is shown on the diagram, for example indicating the number
3 when asked to show 3

4 on a number line diagram marked from 0 to
4. Although number line diagrams are important representations for
students as they develop an understanding of a fraction as a number,
in the early stages of the NF Progression they use other represen-
tations such as area models, tape diagrams, and strips of paper.

Number line representation of 5
3 3Grade3ThemeaningoffractionsInGrades1and2,studentsusefractionlanguagetodescribepartitionsofshapesintoequalshares.2.G.3In2.G.3Partitioncirclesandrectanglesintotwo,three,orfourequalshares,describethesharesusingthewordshalves,thirds,halfof,athirdof,etc.,anddescribethewholeastwohalves,threethirds,fourfourths.Recognizethatequalsharesofidenticalwholesneednothavethesameshape.Grade3theystarttodeveloptheideaofafractionmoreformally,buildingontheideaofpartitioningawholeintoequalparts.Thewholecanbeacollectionofobjects,ashapesuchasacircleorrect-angle,alinesegment,oranyfiniteentitysusceptibletosubdivisionandmeasurement.Thewholeasacollectionofobjects!Ifthewholeisacollectionof4bunnies,thenonebunnyis14ofthewholeand3bunniesis34ofthewhole.Grade3studentsstartwtihunitfractions(fractionswithnumer-ator1).Theseareformedbydividingawholeintoequalpartsandtakingonepart,e.g.,ifawholeisdividedinto4equalpartstheneachpartis14ofthewhole,and4copiesofthatpartmakethewhole.Next,studentsbuildfractionsfromunitfractions,seeingthenumer-ator3of34assayingthat34iswhatyougetbyputting3ofthe14’stogether.3.NF.1Anyfractioncanbereadthisway,andinparticular3.NF.1Understandafraction1�asthequantityformedby1partwhenawholeispartitionedinto�equalparts;understandafrac-tion��asthequantityformedby�partsofsize1�.thereisnoneedtointroducetheconceptsof“properfraction"and“improperfraction"initially;53iswhatonegetsbycombining5partstogetherwhenthewholeisdividedinto3equalparts.Twoimportantaspectsoffractionsprovideopportunitiesforthemathematicalpracticeofattendingtoprecision(MP6):•Specifyingthewhole.TheimportanceofspecifyingthewholeWithoutspecifyingthewholeitisnotreasonabletoaskwhatfractionisrepresentedbytheshadedarea.Iftheleftsquareisthewhole,itrepresentsthefraction32;iftheentirerectangleisthewhole,itrepresents34.•Explainingwhatismeantby“equalparts.”Initially,studentscanuseanintuitivenotionofcongruence(“samesizeandsameshape”)toexplainwhythepartsareequal,e.g.,whentheydivideasquareintofourequalsquaresorfourequalrectangles.Arearepresentationsof14Ineachrepresentationthesquareisthewhole.Thetwosquaresontheleftaredividedintofourpartsthathavethesamesizeandshape,andsothesamearea.Inthethreesquaresontheright,theshadedareais14ofthewholearea,eventhoughitisnoteasilyseenasonepartoutofadivisionintofourpartsofthesameshapeandsize.Studentscometounderstandamoreprecisemeaningfor“equalparts”as“partswithequalmeasurement.”Forexample,whenarulerisdividedintohalvesorquartersofaninch,theyseethateachsubdivisionhasthesamelength.Inareamodelstheyreasonabouttheareaofashadedregiontodecidewhatfractionofthewholeitrepresents(MP3).Thegoalisforstudentstoseeunitfractionsasthebasicbuildingblocksoffractions,inthesamesensethatthenumber1isthebasicbuildingblockofthewholenumbers;justaseverywholenumberisobtainedbycombiningasufficientnumberof1s,everyfractionisobtainedbycombiningasufficientnumberofunitfractions.ThenumberlineOnthenumberline,thewholeistheunitinterval,thatis,theintervalfrom0to1,measuredbylength.Iteratingthiswholetotherightmarksoffthewholenumbers,sothattheintervalsbetweenconsecutivewholenumbers,from0to1,1to2,2to3,etc.,areallofthesamelength,asshown.Studentsmightthinkofthenumberlineasaninfiniteruler.Thenumberline0123456etc.Toconstructaunitfractiononthenumberline,e.g.13,studentsdividetheunitintervalinto3intervalsofequallengthandrecognizethateachhaslength13.Theylocatethenumber13onthenumberDraft,5/29/2011,commentatcommoncoretools.wordpress.com.

One part of a divi-
sion of the unit in-
terval into 3 parts of
equal length

0 1 2 3 4

5 parts the point 5
3 on the number line

These, like number line diagrams, can be subdivided, representing
an important aspect of fractions.

The number line reinforces the analogy between fractions and
whole numbers. Just as 5 is the point on the number line reached
by marking off 5 times the length of the unit interval from 0, so 5

3 is
the point obtained in the same way using a different interval as the
basic unit of length, namely the interval from 0 to 1

3 .
Equivalent fractions Grade 3 students do some preliminary rea-
soning about equivalent fractions, in preparation for work in Grade
4. As students experiment on number line diagrams they discover
that many fractions label the same point on the number line, and are
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therefore equal; that is, they are equivalent fractions. For example,
the fraction 1

2 is equal to 2
4 and also to 3

6 . Students can also use
fraction strips to see fraction equivalence.3.NF.3ab 3.NF.3abcExplain equivalence of fractions in special cases, and

compare fractions by reasoning about their size.

a Understand two fractions as equivalent (equal) if they
are the same size, or the same point on a number line.

b Recognize and generate simple equivalent fractions,
e.g., 1{2 � 2{4, 4{6 � 2{3. Explain why the fractions
are equivalent, e.g., by using a visual fraction model.

c Express whole numbers as fractions, and recognize
fractions that are equivalent to whole numbers.

Using the number line and fraction strips to see fraction
equivalence3Grade3ThemeaningoffractionsInGrades1and2,studentsusefractionlanguagetodescribepartitionsofshapesintoequalshares.2.G.3In2.G.3Partitioncirclesandrectanglesintotwo,three,orfourequalshares,describethesharesusingthewordshalves,thirds,halfof,athirdof,etc.,anddescribethewholeastwohalves,threethirds,fourfourths.Recognizethatequalsharesofidenticalwholesneednothavethesameshape.Grade3theystarttodeveloptheideaofafractionmoreformally,buildingontheideaofpartitioningawholeintoequalparts.Thewholecanbeacollectionofobjects,ashapesuchasacircleorrect-angle,alinesegment,oranyfiniteentitysusceptibletosubdivisionandmeasurement.Thewholeasacollectionofobjects!Ifthewholeisacollectionof4bunnies,thenonebunnyis14ofthewholeand3bunniesis34ofthewhole.Grade3studentsstartwtihunitfractions(fractionswithnumer-ator1).Theseareformedbydividingawholeintoequalpartsandtakingonepart,e.g.,ifawholeisdividedinto4equalpartstheneachpartis14ofthewhole,and4copiesofthatpartmakethewhole.Next,studentsbuildfractionsfromunitfractions,seeingthenumer-ator3of34assayingthat34iswhatyougetbyputting3ofthe14’stogether.3.NF.1Anyfractioncanbereadthisway,andinparticular3.NF.1Understandafraction1�asthequantityformedby1partwhenawholeispartitionedinto�equalparts;understandafrac-tion��asthequantityformedby�partsofsize1�.thereisnoneedtointroducetheconceptsof“properfraction"and“improperfraction"initially;53iswhatonegetsbycombining5partstogetherwhenthewholeisdividedinto3equalparts.Twoimportantaspectsoffractionsprovideopportunitiesforthemathematicalpracticeofattendingtoprecision(MP6):•Specifyingthewhole.TheimportanceofspecifyingthewholeWithoutspecifyingthewholeitisnotreasonabletoaskwhatfractionisrepresentedbytheshadedarea.Iftheleftsquareisthewhole,itrepresentsthefraction32;iftheentirerectangleisthewhole,itrepresents34.•Explainingwhatismeantby“equalparts.”Initially,studentscanuseanintuitivenotionofcongruence(“samesizeandsameshape”)toexplainwhythepartsareequal,e.g.,whentheydivideasquareintofourequalsquaresorfourequalrectangles.Arearepresentationsof14Ineachrepresentationthesquareisthewhole.Thetwosquaresontheleftaredividedintofourpartsthathavethesamesizeandshape,andsothesamearea.Inthethreesquaresontheright,theshadedareais14ofthewholearea,eventhoughitisnoteasilyseenasonepartoutofadivisionintofourpartsofthesameshapeandsize.Studentscometounderstandamoreprecisemeaningfor“equalparts”as“partswithequalmeasurement.”Forexample,whenarulerisdividedintohalvesorquartersofaninch,theyseethateachsubdivisionhasthesamelength.Inareamodelstheyreasonabouttheareaofashadedregiontodecidewhatfractionofthewholeitrepresents(MP3).Thegoalisforstudentstoseeunitfractionsasthebasicbuildingblocksoffractions,inthesamesensethatthenumber1isthebasicbuildingblockofthewholenumbers;justaseverywholenumberisobtainedbycombiningasufficientnumberof1s,everyfractionisobtainedbycombiningasufficientnumberofunitfractions.ThenumberlineOnthenumberline,thewholeistheunitinterval,thatis,theintervalfrom0to1,measuredbylength.Iteratingthiswholetotherightmarksoffthewholenumbers,sothattheintervalsbetweenconsecutivewholenumbers,from0to1,1to2,2to3,etc.,areallofthesamelength,asshown.Studentsmightthinkofthenumberlineasaninfiniteruler.Thenumberline0123456etc.Toconstructaunitfractiononthenumberline,e.g.13,studentsdividetheunitintervalinto3intervalsofequallengthandrecognizethateachhaslength13.Theylocatethenumber13onthenumberDraft,5/29/2011,commentatcommoncoretools.wordpress.com.
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In particular, students in Grade 3 see whole numbers as frac-
tions, recognizing, for example, that the point on the number line
designated by 2 is now also designated by 2

1 , 4
2 , 6

3 , 8
4 , etc. so

that3.NF.3c
2 �

2

1
�

4

2
�

6

3
�

8

4
� � � � .

Of particular importance are the ways of writing 1 as a fraction:
1 �

2

2
�

3

3
�

4

4
�

5

5
� � � � .

Comparing fractions Previously, in Grade 2, students compared
lengths using a standard measurement unit.2.MD.3 In Grade 3 they

2.MD.3Estimate lengths using units of inches, feet, centime-
ters, and meters.

build on this idea to compare fractions with the same denominator.
They see that for fractions that have the same denominator, the
underlying unit fractions are the same size, so the fraction with
the greater numerator is greater because it is made of more unit
fractions. For example, segment from 0 to 3

4 is shorter than the
segment from 0 to 5

4 because it measures 3 units of 1
4 as opposed

to 5 units of 1
4 . Therefore 3

4  
5
4 .3.NF.3d 3.NF.3d Explain equivalence of fractions in special cases, and

compare fractions by reasoning about their size.
d Compare two fractions with the same numerator or the

same denominator by reasoning about their size. Rec-
ognize that comparisons are valid only when the two
fractions refer to the same whole. Record the results of
comparisons with the symbols ¡, =, or  , and justify
the conclusions, e.g., by using a visual fraction model.

Students also see that for unit fractions, the one with the larger
denominator is smaller, by reasoning, for example, that in order for
more (identical) pieces to make the same whole, the pieces must be
smaller. From this they reason that for fractions that have the same
numerator, the fraction with the smaller denominator is greater. For
example, 2

5 ¡ 2
7 , because 1

7   1
5 , so 2 lengths of 1

7 is less than 2
lengths of 1

5 .
As with equivalence of fractions, it is important in comparing

fractions to make sure that each fraction refers to the same whole.
The importance of referring to the same whole when

comparing fractions3Grade3ThemeaningoffractionsInGrades1and2,studentsusefractionlanguagetodescribepartitionsofshapesintoequalshares.2.G.3In2.G.3Partitioncirclesandrectanglesintotwo,three,orfourequalshares,describethesharesusingthewordshalves,thirds,halfof,athirdof,etc.,anddescribethewholeastwohalves,threethirds,fourfourths.Recognizethatequalsharesofidenticalwholesneednothavethesameshape.Grade3theystarttodeveloptheideaofafractionmoreformally,buildingontheideaofpartitioningawholeintoequalparts.Thewholecanbeacollectionofobjects,ashapesuchasacircleorrect-angle,alinesegment,oranyfiniteentitysusceptibletosubdivisionandmeasurement.Thewholeasacollectionofobjects!Ifthewholeisacollectionof4bunnies,thenonebunnyis14ofthewholeand3bunniesis34ofthewhole.Grade3studentsstartwtihunitfractions(fractionswithnumer-ator1).Theseareformedbydividingawholeintoequalpartsandtakingonepart,e.g.,ifawholeisdividedinto4equalpartstheneachpartis14ofthewhole,and4copiesofthatpartmakethewhole.Next,studentsbuildfractionsfromunitfractions,seeingthenumer-ator3of34assayingthat34iswhatyougetbyputting3ofthe14’stogether.3.NF.1Anyfractioncanbereadthisway,andinparticular3.NF.1Understandafraction1�asthequantityformedby1partwhenawholeispartitionedinto�equalparts;understandafrac-tion��asthequantityformedby�partsofsize1�.thereisnoneedtointroducetheconceptsof“properfraction"and“improperfraction"initially;53iswhatonegetsbycombining5partstogetherwhenthewholeisdividedinto3equalparts.Twoimportantaspectsoffractionsprovideopportunitiesforthemathematicalpracticeofattendingtoprecision(MP6):•Specifyingthewhole.TheimportanceofspecifyingthewholeWithoutspecifyingthewholeitisnotreasonabletoaskwhatfractionisrepresentedbytheshadedarea.Iftheleftsquareisthewhole,itrepresentsthefraction32;iftheentirerectangleisthewhole,itrepresents34.•Explainingwhatismeantby“equalparts.”Initially,studentscanuseanintuitivenotionofcongruence(“samesizeandsameshape”)toexplainwhythepartsareequal,e.g.,whentheydivideasquareintofourequalsquaresorfourequalrectangles.Arearepresentationsof14Ineachrepresentationthesquareisthewhole.Thetwosquaresontheleftaredividedintofourpartsthathavethesamesizeandshape,andsothesamearea.Inthethreesquaresontheright,theshadedareais14ofthewholearea,eventhoughitisnoteasilyseenasonepartoutofadivisionintofourpartsofthesameshapeandsize.Studentscometounderstandamoreprecisemeaningfor“equalparts”as“partswithequalmeasurement.”Forexample,whenarulerisdividedintohalvesorquartersofaninch,theyseethateachsubdivisionhasthesamelength.Inareamodelstheyreasonabouttheareaofashadedregiontodecidewhatfractionofthewholeitrepresents(MP3).Thegoalisforstudentstoseeunitfractionsasthebasicbuildingblocksoffractions,inthesamesensethatthenumber1isthebasicbuildingblockofthewholenumbers;justaseverywholenumberisobtainedbycombiningasufficientnumberof1s,everyfractionisobtainedbycombiningasufficientnumberofunitfractions.ThenumberlineOnthenumberline,thewholeistheunitinterval,thatis,theintervalfrom0to1,measuredbylength.Iteratingthiswholetotherightmarksoffthewholenumbers,sothattheintervalsbetweenconsecutivewholenumbers,from0to1,1to2,2to3,etc.,areallofthesamelength,asshown.Studentsmightthinkofthenumberlineasaninfiniteruler.Thenumberline0123456etc.Toconstructaunitfractiononthenumberline,e.g.13,studentsdividetheunitintervalinto3intervalsofequallengthandrecognizethateachhaslength13.Theylocatethenumber13onthenumberDraft,5/29/2011,commentatcommoncoretools.wordpress.com.

A student might think that 1
4 ¡ 1

2 , because a fourth of the
pizza on the right is bigger than a half of the pizza on the left.

As students move towards thinking of fractions as points on the
number line, they develop an understanding of order in terms of
position. Given two fractions—thus two points on the number line—
the one to the left is said to be smaller and the one to right is said
to be larger. This understanding of order as position will become
important in Grade 6 when students start working with negative
numbers.
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Grade 4
Grade 4 students learn a fundamental property of equivalent frac-
tions: multiplying the numerator and denominator of a fraction by
the same non-zero whole number results in a fraction that repre-
sents the same number as the original fraction. This property forms

4.NF.1Explain why a fraction a{b is equivalent to a fraction
pn�aq{pn�bq by using visual fraction models, with attention
to how the number and size of the parts differ even though the
two fractions themselves are the same size. Use this principle
to recognize and generate equivalent fractions.

the basis for much of their other work in Grade 4, including the com-
parison, addition, and subtraction of fractions and the introduction
of finite decimals.
Equivalent fractions Students can use area models and number
line diagrams to reason about equivalence.4.NF.1 They see that the

Using an area model to show that 2
3 �

4�2
4�3 3Grade3ThemeaningoffractionsInGrades1and2,studentsusefractionlanguagetodescribepartitionsofshapesintoequalshares.2.G.3In2.G.3Partitioncirclesandrectanglesintotwo,three,orfourequalshares,describethesharesusingthewordshalves,thirds,halfof,athirdof,etc.,anddescribethewholeastwohalves,threethirds,fourfourths.Recognizethatequalsharesofidenticalwholesneednothavethesameshape.Grade3theystarttodeveloptheideaofafractionmoreformally,buildingontheideaofpartitioningawholeintoequalparts.Thewholecanbeacollectionofobjects,ashapesuchasacircleorrect-angle,alinesegment,oranyfiniteentitysusceptibletosubdivisionandmeasurement.Thewholeasacollectionofobjects!Ifthewholeisacollectionof4bunnies,thenonebunnyis14ofthewholeand3bunniesis34ofthewhole.Grade3studentsstartwtihunitfractions(fractionswithnumer-ator1).Theseareformedbydividingawholeintoequalpartsandtakingonepart,e.g.,ifawholeisdividedinto4equalpartstheneachpartis14ofthewhole,and4copiesofthatpartmakethewhole.Next,studentsbuildfractionsfromunitfractions,seeingthenumer-ator3of34assayingthat34iswhatyougetbyputting3ofthe14’stogether.3.NF.1Anyfractioncanbereadthisway,andinparticular3.NF.1Understandafraction1�asthequantityformedby1partwhenawholeispartitionedinto�equalparts;understandafrac-tion��asthequantityformedby�partsofsize1�.thereisnoneedtointroducetheconceptsof“properfraction"and“improperfraction"initially;53iswhatonegetsbycombining5partstogetherwhenthewholeisdividedinto3equalparts.Twoimportantaspectsoffractionsprovideopportunitiesforthemathematicalpracticeofattendingtoprecision(MP6):•Specifyingthewhole.TheimportanceofspecifyingthewholeWithoutspecifyingthewholeitisnotreasonabletoaskwhatfractionisrepresentedbytheshadedarea.Iftheleftsquareisthewhole,itrepresentsthefraction32;iftheentirerectangleisthewhole,itrepresents34.•Explainingwhatismeantby“equalparts.”Initially,studentscanuseanintuitivenotionofcongruence(“samesizeandsameshape”)toexplainwhythepartsareequal,e.g.,whentheydivideasquareintofourequalsquaresorfourequalrectangles.Arearepresentationsof14Ineachrepresentationthesquareisthewhole.Thetwosquaresontheleftaredividedintofourpartsthathavethesamesizeandshape,andsothesamearea.Inthethreesquaresontheright,theshadedareais14ofthewholearea,eventhoughitisnoteasilyseenasonepartoutofadivisionintofourpartsofthesameshapeandsize.Studentscometounderstandamoreprecisemeaningfor“equalparts”as“partswithequalmeasurement.”Forexample,whenarulerisdividedintohalvesorquartersofaninch,theyseethateachsubdivisionhasthesamelength.Inareamodelstheyreasonabouttheareaofashadedregiontodecidewhatfractionofthewholeitrepresents(MP3).Thegoalisforstudentstoseeunitfractionsasthebasicbuildingblocksoffractions,inthesamesensethatthenumber1isthebasicbuildingblockofthewholenumbers;justaseverywholenumberisobtainedbycombiningasufficientnumberof1s,everyfractionisobtainedbycombiningasufficientnumberofunitfractions.ThenumberlineOnthenumberline,thewholeistheunitinterval,thatis,theintervalfrom0to1,measuredbylength.Iteratingthiswholetotherightmarksoffthewholenumbers,sothattheintervalsbetweenconsecutivewholenumbers,from0to1,1to2,2to3,etc.,areallofthesamelength,asshown.Studentsmightthinkofthenumberlineasaninfiniteruler.Thenumberline0123456etc.Toconstructaunitfractiononthenumberline,e.g.13,studentsdividetheunitintervalinto3intervalsofequallengthandrecognizethateachhaslength13.Theylocatethenumber13onthenumberDraft,5/29/2011,commentatcommoncoretools.wordpress.com.

The whole is the square, measured by area. On the left it is
divided horizontally into 3 rectangles of equal area, and the
shaded region is 2 of these and so represents 2

3 . On the right
it is divided into 4� 3 small rectangles of equal area, and the
shaded area comprises 4�2 of these, and so it represents 4�2

4�3 .

Using the number line to show that 4
3 �

5�4
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0 1 2
4
3

0 1 2
4
3

4
3 is 4 parts when each part is 1

3 , and we want to see that this
is also 5� 4 parts when each part is 1

5�3 . Divide each of the
intervals of length 1

3 into 5 parts of equal length. There are
5� 3 parts of equal length in the unit interval, and 4

3 is 5� 4

of these. Therefore 4
3 �

5�4
5�3 �

20
15 .

numerical process of multiplying the numerator and denominator of
a fraction by the same number, n, corresponds physically to par-
titioning each unit fraction piece into n smaller equal pieces. The
whole is then partitioned into n times as many pieces, and there
are n times as many smaller unit fraction pieces as in the original
fraction.

This argument, once understood for a range of examples, can
be seen as a general argument, working directly from the Grade 3
understanding of a fraction as a point on the number line.

The fundamental property can be presented in terms of division,
as in, e.g.

28

36
�

28� 4

36� 4
�

7

9
.

Because the equations 28 � 4 � 7 and 36 � 4 � 9 tell us that
28 � 4� 7 and 36 � 4� 9, this is the fundamental fact in disguise:

4� 7

4� 9
�

7

9
.

It is possible to over-emphasize the importance of simplifying frac-
tions in this way. There is no mathematical reason why fractions
must be written in simplified form, although it may be convenient to
do so in some cases.

Grade 4 students use their understanding of equivalent frac-
tions to compare fractions with different numerators and different
denominators.4.NF.2 For example, to compare 5

8 and 7
12 they rewrite

4.NF.2Compare two fractions with different numerators and
different denominators, e.g., by creating common denomina-
tors or numerators, or by comparing to a benchmark fraction
such as 1/2. Recognize that comparisons are valid only when
the two fractions refer to the same whole. Record the re-
sults of comparisons with symbols ¡, =, or  , and justify the
conclusions, e.g., by using a visual fraction model.

both fractions as
60

96

�
�

12� 5

12� 8



and 56

96

�
�

7� 8

12� 8




Because 60
96 and 56

96 have the same denominator, students can com-
pare them using Grade 3 methods and see that 56

96 is smaller, so
7

12
 

5

8
.

Students also reason using benchmarks such as 1
2 and 1. For

example, they see that 7
8   13

12 because 7
8 is less than 1 (and is
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therefore to the left of 1) but 13
12 is greater than 1 (and is therefore

to the right of 1).
Grade 5 students who have learned about fraction multiplication

can see equivalence as “multiplying by 1":
7

9
�

7

9
� 1 �

7

9
�

4

4
�

28

36

However, although a useful mnemonic device, this does not constitute
a valid argument at this grade, since students have not yet learned
fraction multiplication.
Adding and subtracting fractions The meaning of addition is the
same for both fractions and whole numbers, even though algorithms
for calculating their sums can be different. Just as the sum of 4
and 7 can be seen as the length of the segment obtained by joining
together two segments of lengths 4 and 7, so the sum of 2

3 and 8
5can be seen as the length of the segment obtained joining together

two segments of length 2
3 and 8

5 . It is not necessary to know how
Representation of 2

3 �
8
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Using the number line to see that 5
3 �

1
3 �

1
3 �

1
3 �

1
3 �

1
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Segment of length 1
3

0 1 2 3 4

5 segments put end to end 5
3 �

1
3 �

1
3 �

1
3 �

1
3 �

1
3

much 2
3 �

8
5 is exactly in order to know what the sum means. This

is analogous to understanding 51 � 78 as 51 groups of 78, without
necessarily knowing its exact value.

This simple understanding of addition as putting together allows
students to see in a new light the way fractions are built up from
unit fractions. The same representation that students used in Grade
4 to see a fraction as a point on the number line now allows them to
see a fraction as a sum of unit fractions: just as 5 � 1�1�1�1�1,
so

5

3
�

1

3
�

1

3
�

1

3
�

1

3
�

1

3

because 5
3 is the total length of 5 copies of 1

3 .4.NF.3 4.NF.3Understand a fraction a{b with a ¡ 1 as a sum of
fractions 1{b.

a Understand addition and subtraction of fractions as
joining and separating parts referring to the same
whole.

b Decompose a fraction into a sum of fractions with the
same denominator in more than one way, recording
each decomposition by an equation. Justify decom-
positions, e.g., by using a visual fraction model.

c Add and subtract mixed numbers with like denomi-
nators, e.g., by replacing each mixed number with an
equivalent fraction, and/or by using properties of oper-
ations and the relationship between addition and sub-
traction.

Armed with this insight, students decompose and compose frac-
tions with the same denominator. They add fractions with the same
denominator:4.NF.3c

7

5
�

4

5
�

7hkkkkikkkkj
1

5
� � � �

1

5
�

4hkkkkikkkkj
1

5
� � � �

1

5

�

7�4hkkkkkkkkikkkkkkkkj
1� 1� � � � � 1

5

�
7� 4

5
.

Using the understanding gained from work with whole numbers of
the relationship between addition and subtraction, they also subtract
fractions with the same denominator. For example, to subtract 5

6 from
17
6 , they decompose

17

6
�

12

6
�

5

6
, so 17

6
�

5

6
�

17� 5

6
�

12

6
� 2.
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Students also compute sums of whole numbers and fractions, by
representing the whole number as an equivalent fraction with the
same denominator as the fraction, e.g.

7
1

5
� 7�

1

5
�

35

5
�

1

5
�

36

5
.

Students use this method to add mixed numbers with like denominators.• • A mixed number is a whole number plus a fraction smaller
than 1, written without the � sign, e.g. 5 3

4 means 5� 3
4 and

7 1
5 means 7� 1

5 .Converting a mixed number to a fraction should not be viewed as a
separate technique to be learned by rote, but simply as a case of
fraction addition.

Similarly, converting an improper fraction to a mixed number is a
matter of decomposing the fraction into a sum of a whole number and
a number less than 1.4.NF.3b Students can draw on their knowledge

4.NF.3b Understand a fraction a{b with a ¡ 1 as a sum of
fractions 1{b.

b Decompose a fraction into a sum of fractions with the
same denominator in more than one way, recording
each decomposition by an equation. Justify decom-
positions, e.g., by using a visual fraction model.

from Grade 3 of whole numbers as fractions. For example, knowing
that 1 � 3

3 , they see
5

3
�

3

3
�

2

3
� 1�

2

3
� 1

2

3
.

Repeated reasoning with examples that gain in complexity leads to a
general method involving the Grade 4 NBT skill of finding quotients
and remainders.4.NBT.6 For example,

4.NBT.6Find whole-number quotients and remainders with up
to four-digit dividends and one-digit divisors, using strategies
based on place value, the properties of operations, and/or the
relationship between multiplication and division. Illustrate and
explain the calculation by using equations, rectangular arrays,
and/or area models.

47

6
�
p7� 6q � 5

6
�

7� 6

6
�

5

6
� 7�

5

6
� 7

5

6
.

When solving word problems students learn to attend carefully
to the underlying unit quantities. In order to formulate an equation
of the form A�B � C or A�B � C for a word problem, the numbers
A, B, and C must all refer to the same (or equivalent) wholes or unit
amounts.4.NF.3d For example, students understand that the problem

4.NF.3d Understand a fraction a{b with a ¡ 1 as a sum of
fractions 1{b.

d Solve word problems involving addition and subtraction
of fractions referring to the same whole and having like
denominators, e.g., by using visual fraction models and
equations to represent the problem.

Bill had 2
3 of a cup of juice. He drank 1

2 of his juice. How
much juice did Bill have left?

cannot be solved by subtracting 2
3 �

1
2 because the 2

3 refers to a cup
of juice, but the 1

2 refers to the amount of juice that Bill had, and not
to a cup of juice. Similarly, in solving

If 1
4 of a garden is planted with daffodils, 1

3 with tulips,
and the rest with vegetables, what fraction of the garden
is planted with flowers?

students understand that the sum 1
3�

1
4 tells them the fraction of the

garden that was planted with flowers, but not the number of flowers
that were planted.
Multiplication of a fraction by a whole number Previously in
Grade 3, students learned that 3�7 can be represented as the num-
ber of objects in 3 groups of 7 objects, and write this as 7 � 7 � 7.
Grade 4 students apply this understanding to fractions, seeing

1

3
�

1

3
�

1

3
�

1

3
�

1

3
as 5�

1

3
.
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In general, they see a fraction as the numerator times the unit frac-
tion with the same denominator,4.NF.4a e.g., 4.NF.4Apply and extend previous understandings of multipli-

cation to multiply a fraction by a whole number.

a Understand a fraction a{b as a multiple of 1{b.
b Understand a multiple of a{b as a multiple of 1{b, and

use this understanding to multiply a fraction by a whole
number.

c Solve word problems involving multiplication of a frac-
tion by a whole number, e.g., by using visual fraction
models and equations to represent the problem.

7

5
� 7�

1

5
, 11

3
� 11�

1

3
.

The same thinking, based on the analogy between fractions and
whole numbers, allows students to give meaning to the product of a
whole number and a fraction,4.NF.4b e.g., they see

3�
2

5
as 2

5
�

2

5
�

2

5
�

3� 2

5
�

6

5
.

Students solve word problems involving multiplication of a frac-
tion by a whole number.4.NF.4c

If a bucket holds 2 3
4 gallons and 43 buckets of water fill

a tank, how much does the tank hold?
The answer is 43� 2 3

4 gallons, which is
43�

�
2�

3

4



� 43�

11

4
�

473

4
� 118

1

4
gallons

Decimals Fractions with denominator 10 and 100, called decimal
fractions, arise naturally when student convert between dollars and
cents, and have a more fundamental importance, developed in Grade
5, in the base 10 system. For example, because there are 10 dimes
in a dollar, 3 dimes is 3

10 of a dollar; and it is also 30
100 of a dollar

because it is 30 cents, and there are 100 cents in a dollar. Such
reasoning provides a concrete context for the fraction equivalence

3

10
�

3� 10

10� 10
�

30

100
.

Grade 3 students learn to add decimal fractions by converting them
to fractions with the same denominator, in preparation for general
fraction addition in Grade 5:4.NF.5 4.NF.5Express a fraction with denominator 10 as an equivalent

fraction with denominator 100, and use this technique to add
two fractions with respective denominators 10 and 100.1

3

10
�

27

100
�

30

100
�

27

100
�

57

100
.

They can interpret this as saying that 3 dimes together with 27 cents
make 57 cents.

Fractions with denominators equal to 10, 100, etc., such
27

10
, 27

100
, etc.

can be written by using a decimal point as4.NF.6 4.NF.6Use decimal notation for fractions with denominators
10 or 100.

2.7, 0.27.
The number of digits to the right of the decimal point indicates
the number of zeros in the denominator, so that 2.70 � 270

100 and
Draft, 8/12/2011, comment at commoncoretools. wordpress. com .
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2.7 � 27
10 . Students use their ability to convert fractions to reason

that 2.70 � 2.7 because
2.70 � 270

100
�

10� 27

10� 10
�

27

10
� 2.7.

Students compare decimals using the meaning of a decimal as
a fraction, making sure to compare fractions with the same denomi-
nator. For example, to compare 0.2 and 0.09, students think of them
as 0.20 and 0.09 and see that 0.20 ¡ 0.09 because4.NF.7

4.NF.7Compare two decimals to hundredths by reasoning
about their size. Recognize that comparisons are valid only
when the two decimals refer to the same whole. Record the re-
sults of comparisons with the symbols ¡, =, or  , and justify
the conclusions, e.g., by using a visual model.20

100
¡

9

100
.

The argument using the meaning of a decimal as a fraction gener-
Seeing that 0.2 ¡ 0.09 using a visual fraction model3Grade3ThemeaningoffractionsInGrades1and2,studentsusefractionlanguagetodescribepartitionsofshapesintoequalshares.2.G.3In2.G.3Partitioncirclesandrectanglesintotwo,three,orfourequalshares,describethesharesusingthewordshalves,thirds,halfof,athirdof,etc.,anddescribethewholeastwohalves,threethirds,fourfourths.Recognizethatequalsharesofidenticalwholesneednothavethesameshape.Grade3theystarttodeveloptheideaofafractionmoreformally,buildingontheideaofpartitioningawholeintoequalparts.Thewholecanbeacollectionofobjects,ashapesuchasacircleorrect-angle,alinesegment,oranyfiniteentitysusceptibletosubdivisionandmeasurement.Thewholeasacollectionofobjects!Ifthewholeisacollectionof4bunnies,thenonebunnyis14ofthewholeand3bunniesis34ofthewhole.Grade3studentsstartwtihunitfractions(fractionswithnumer-ator1).Theseareformedbydividingawholeintoequalpartsandtakingonepart,e.g.,ifawholeisdividedinto4equalpartstheneachpartis14ofthewhole,and4copiesofthatpartmakethewhole.Next,studentsbuildfractionsfromunitfractions,seeingthenumer-ator3of34assayingthat34iswhatyougetbyputting3ofthe14’stogether.3.NF.1Anyfractioncanbereadthisway,andinparticular3.NF.1Understandafraction1�asthequantityformedby1partwhenawholeispartitionedinto�equalparts;understandafrac-tion��asthequantityformedby�partsofsize1�.thereisnoneedtointroducetheconceptsof“properfraction"and“improperfraction"initially;53iswhatonegetsbycombining5partstogetherwhenthewholeisdividedinto3equalparts.Twoimportantaspectsoffractionsprovideopportunitiesforthemathematicalpracticeofattendingtoprecision(MP6):•Specifyingthewhole.TheimportanceofspecifyingthewholeWithoutspecifyingthewholeitisnotreasonabletoaskwhatfractionisrepresentedbytheshadedarea.Iftheleftsquareisthewhole,itrepresentsthefraction32;iftheentirerectangleisthewhole,itrepresents34.•Explainingwhatismeantby“equalparts.”Initially,studentscanuseanintuitivenotionofcongruence(“samesizeandsameshape”)toexplainwhythepartsareequal,e.g.,whentheydivideasquareintofourequalsquaresorfourequalrectangles.Arearepresentationsof14Ineachrepresentationthesquareisthewhole.Thetwosquaresontheleftaredividedintofourpartsthathavethesamesizeandshape,andsothesamearea.Inthethreesquaresontheright,theshadedareais14ofthewholearea,eventhoughitisnoteasilyseenasonepartoutofadivisionintofourpartsofthesameshapeandsize.Studentscometounderstandamoreprecisemeaningfor“equalparts”as“partswithequalmeasurement.”Forexample,whenarulerisdividedintohalvesorquartersofaninch,theyseethateachsubdivisionhasthesamelength.Inareamodelstheyreasonabouttheareaofashadedregiontodecidewhatfractionofthewholeitrepresents(MP3).Thegoalisforstudentstoseeunitfractionsasthebasicbuildingblocksoffractions,inthesamesensethatthenumber1isthebasicbuildingblockofthewholenumbers;justaseverywholenumberisobtainedbycombiningasufficientnumberof1s,everyfractionisobtainedbycombiningasufficientnumberofunitfractions.ThenumberlineOnthenumberline,thewholeistheunitinterval,thatis,theintervalfrom0to1,measuredbylength.Iteratingthiswholetotherightmarksoffthewholenumbers,sothattheintervalsbetweenconsecutivewholenumbers,from0to1,1to2,2to3,etc.,areallofthesamelength,asshown.Studentsmightthinkofthenumberlineasaninfiniteruler.Thenumberline0123456etc.Toconstructaunitfractiononthenumberline,e.g.13,studentsdividetheunitintervalinto3intervalsofequallengthandrecognizethateachhaslength13.Theylocatethenumber13onthenumberDraft,5/29/2011,commentatcommoncoretools.wordpress.com.

The shaded region on the left shows 0.2 of the unit square,
since it is two parts when the square is divided int 10 parts of
equal area. The shaded region on the right shows 0.09 of the
unit square, since it is 9 parts when the unit is divided into
100 parts of equal area.

alizes to work with decimals in Grade 5 that have more than two
digits, whereas the argument using a visual fraction model, shown
in the margin, does not. So it is useful for Grade 4 students to see
such reasoning.
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Grade 5
Adding and subtracting fractions In Grade 4, students calculate
sums of fractions with different denominators where one denominator
is a divisor of the other, so that only one fraction has to be changed.
For example, they might have used a fraction strip to reason that

Using a fraction strip to show that 1
3 �

1
6 �

1
2 3Grade3ThemeaningoffractionsInGrades1and2,studentsusefractionlanguagetodescribepartitionsofshapesintoequalshares.2.G.3In2.G.3Partitioncirclesandrectanglesintotwo,three,orfourequalshares,describethesharesusingthewordshalves,thirds,halfof,athirdof,etc.,anddescribethewholeastwohalves,threethirds,fourfourths.Recognizethatequalsharesofidenticalwholesneednothavethesameshape.Grade3theystarttodeveloptheideaofafractionmoreformally,buildingontheideaofpartitioningawholeintoequalparts.Thewholecanbeacollectionofobjects,ashapesuchasacircleorrect-angle,alinesegment,oranyfiniteentitysusceptibletosubdivisionandmeasurement.Thewholeasacollectionofobjects!Ifthewholeisacollectionof4bunnies,thenonebunnyis14ofthewholeand3bunniesis34ofthewhole.Grade3studentsstartwtihunitfractions(fractionswithnumer-ator1).Theseareformedbydividingawholeintoequalpartsandtakingonepart,e.g.,ifawholeisdividedinto4equalpartstheneachpartis14ofthewhole,and4copiesofthatpartmakethewhole.Next,studentsbuildfractionsfromunitfractions,seeingthenumer-ator3of34assayingthat34iswhatyougetbyputting3ofthe14’stogether.3.NF.1Anyfractioncanbereadthisway,andinparticular3.NF.1Understandafraction1�asthequantityformedby1partwhenawholeispartitionedinto�equalparts;understandafrac-tion��asthequantityformedby�partsofsize1�.thereisnoneedtointroducetheconceptsof“properfraction"and“improperfraction"initially;53iswhatonegetsbycombining5partstogetherwhenthewholeisdividedinto3equalparts.Twoimportantaspectsoffractionsprovideopportunitiesforthemathematicalpracticeofattendingtoprecision(MP6):•Specifyingthewhole.TheimportanceofspecifyingthewholeWithoutspecifyingthewholeitisnotreasonabletoaskwhatfractionisrepresentedbytheshadedarea.Iftheleftsquareisthewhole,itrepresentsthefraction32;iftheentirerectangleisthewhole,itrepresents34.•Explainingwhatismeantby“equalparts.”Initially,studentscanuseanintuitivenotionofcongruence(“samesizeandsameshape”)toexplainwhythepartsareequal,e.g.,whentheydivideasquareintofourequalsquaresorfourequalrectangles.Arearepresentationsof14Ineachrepresentationthesquareisthewhole.Thetwosquaresontheleftaredividedintofourpartsthathavethesamesizeandshape,andsothesamearea.Inthethreesquaresontheright,theshadedareais14ofthewholearea,eventhoughitisnoteasilyseenasonepartoutofadivisionintofourpartsofthesameshapeandsize.Studentscometounderstandamoreprecisemeaningfor“equalparts”as“partswithequalmeasurement.”Forexample,whenarulerisdividedintohalvesorquartersofaninch,theyseethateachsubdivisionhasthesamelength.Inareamodelstheyreasonabouttheareaofashadedregiontodecidewhatfractionofthewholeitrepresents(MP3).Thegoalisforstudentstoseeunitfractionsasthebasicbuildingblocksoffractions,inthesamesensethatthenumber1isthebasicbuildingblockofthewholenumbers;justaseverywholenumberisobtainedbycombiningasufficientnumberof1s,everyfractionisobtainedbycombiningasufficientnumberofunitfractions.ThenumberlineOnthenumberline,thewholeistheunitinterval,thatis,theintervalfrom0to1,measuredbylength.Iteratingthiswholetotherightmarksoffthewholenumbers,sothattheintervalsbetweenconsecutivewholenumbers,from0to1,1to2,2to3,etc.,areallofthesamelength,asshown.Studentsmightthinkofthenumberlineasaninfiniteruler.Thenumberline0123456etc.Toconstructaunitfractiononthenumberline,e.g.13,studentsdividetheunitintervalinto3intervalsofequallengthandrecognizethateachhaslength13.Theylocatethenumber13onthenumberDraft,5/29/2011,commentatcommoncoretools.wordpress.com.

1
3

1
6

1
2

1
21

3
�

1

6
�

2

6
�

1

6
�

3

6
�

1

2
,

and in working with decimals they added fractions with denomina-
tors 10 and 100, such as

2

10
�

7

100
�

20

100
�

7

100
�

27

100
.

They understand the process as expressing both summands in terms
of the same unit fraction so that they can be added. Grade 5 stu-
dents extend this reasoning to situations where it is necessary to
re-express both fractions in terms of a new denominator.5.NF.1 For

5.NF.1Add and subtract fractions with unlike denominators
(including mixed numbers) by replacing given fractions with
equivalent fractions in such a way as to produce an equivalent
sum or difference of fractions with like denominators.example, in calculating 2

3 �
5
4 they reason that if each third in 2

3 is
subdivided into fourths, and if each fourth in 5

4 is subdivided into
thirds, then each fraction will be a sum of unit fractions with de-
nominator 3� 4 � 4� 3 � 12:

2

3
�

5

4
�

2� 4

3� 4
�

5� 3

4� 3
�

8

12
�

15

12
�

23

12
.

In general two fractions can be added by subdividing the unit frac-
5.NF.2Solve word problems involving addition and subtraction
of fractions referring to the same whole, including cases of
unlike denominators, e.g., by using visual fraction models or
equations to represent the problem. Use benchmark fractions
and number sense of fractions to estimate mentally and assess
the reasonableness of answers.

tions in one using the denominator of the other:
a
b �

c
d �

a� d
b� d �

c � b
d� b �

ad� bc
bd .

It is not necessary to find a least common denominator to calculate
sums of fractions, and in fact the effort of finding a least common de-
nominator is a distraction from understanding algorithms for adding
fractions.

Students make sense of fractional quantities when solving word
problems, estimating answers mentally to see if they make sense.5.NF.2
For example in the problem

Ludmilla and Lazarus each have a lemon. They need a
cup of lemon juice to make hummus for a party. Ludmilla
squeezes 1

2 a cup from hers and Lazarus squeezes 2
5 of

a cup from his. How much lemon juice to they have? Is
it enough?

students estimate that there is almost but not quite one cup of lemon
juice, because 2

5  
1
2 . They calculate 1

2 �
2
5 �

9
10 , and see this as

1
10 less than 1, which is probably a small enough shortfall that it
will not ruin the recipe. They detect an incorrect result such as
2
5 �

2
5 �

3
7 by noticing that 3

7  
1
2 .
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Multiplying and dividing fractions In Grade 4 students connected
5.NF.3Interpret a fraction as division of the numerator by the
denominator (a{b � a � b). Solve word problems involv-
ing division of whole numbers leading to answers in the form
of fractions or mixed numbers, e.g., by using visual fraction
models or equations to represent the problem.

fractions with addition and multiplication, understanding that
How to share 5 objects equally among 3 shares:

5� 3 � 5� 1
3 �

5
3 3Grade3ThemeaningoffractionsInGrades1and2,studentsusefractionlanguagetodescribepartitionsofshapesintoequalshares.2.G.3In2.G.3Partitioncirclesandrectanglesintotwo,three,orfourequalshares,describethesharesusingthewordshalves,thirds,halfof,athirdof,etc.,anddescribethewholeastwohalves,threethirds,fourfourths.Recognizethatequalsharesofidenticalwholesneednothavethesameshape.Grade3theystarttodeveloptheideaofafractionmoreformally,buildingontheideaofpartitioningawholeintoequalparts.Thewholecanbeacollectionofobjects,ashapesuchasacircleorrect-angle,alinesegment,oranyfiniteentitysusceptibletosubdivisionandmeasurement.Thewholeasacollectionofobjects!Ifthewholeisacollectionof4bunnies,thenonebunnyis14ofthewholeand3bunniesis34ofthewhole.Grade3studentsstartwtihunitfractions(fractionswithnumer-ator1).Theseareformedbydividingawholeintoequalpartsandtakingonepart,e.g.,ifawholeisdividedinto4equalpartstheneachpartis14ofthewhole,and4copiesofthatpartmakethewhole.Next,studentsbuildfractionsfromunitfractions,seeingthenumer-ator3of34assayingthat34iswhatyougetbyputting3ofthe14’stogether.3.NF.1Anyfractioncanbereadthisway,andinparticular3.NF.1Understandafraction1�asthequantityformedby1partwhenawholeispartitionedinto�equalparts;understandafrac-tion��asthequantityformedby�partsofsize1�.thereisnoneedtointroducetheconceptsof“properfraction"and“improperfraction"initially;53iswhatonegetsbycombining5partstogetherwhenthewholeisdividedinto3equalparts.Twoimportantaspectsoffractionsprovideopportunitiesforthemathematicalpracticeofattendingtoprecision(MP6):•Specifyingthewhole.TheimportanceofspecifyingthewholeWithoutspecifyingthewholeitisnotreasonabletoaskwhatfractionisrepresentedbytheshadedarea.Iftheleftsquareisthewhole,itrepresentsthefraction32;iftheentirerectangleisthewhole,itrepresents34.•Explainingwhatismeantby“equalparts.”Initially,studentscanuseanintuitivenotionofcongruence(“samesizeandsameshape”)toexplainwhythepartsareequal,e.g.,whentheydivideasquareintofourequalsquaresorfourequalrectangles.Arearepresentationsof14Ineachrepresentationthesquareisthewhole.Thetwosquaresontheleftaredividedintofourpartsthathavethesamesizeandshape,andsothesamearea.Inthethreesquaresontheright,theshadedareais14ofthewholearea,eventhoughitisnoteasilyseenasonepartoutofadivisionintofourpartsofthesameshapeandsize.Studentscometounderstandamoreprecisemeaningfor“equalparts”as“partswithequalmeasurement.”Forexample,whenarulerisdividedintohalvesorquartersofaninch,theyseethateachsubdivisionhasthesamelength.Inareamodelstheyreasonabouttheareaofashadedregiontodecidewhatfractionofthewholeitrepresents(MP3).Thegoalisforstudentstoseeunitfractionsasthebasicbuildingblocksoffractions,inthesamesensethatthenumber1isthebasicbuildingblockofthewholenumbers;justaseverywholenumberisobtainedbycombiningasufficientnumberof1s,everyfractionisobtainedbycombiningasufficientnumberofunitfractions.ThenumberlineOnthenumberline,thewholeistheunitinterval,thatis,theintervalfrom0to1,measuredbylength.Iteratingthiswholetotherightmarksoffthewholenumbers,sothattheintervalsbetweenconsecutivewholenumbers,from0to1,1to2,2to3,etc.,areallofthesamelength,asshown.Studentsmightthinkofthenumberlineasaninfiniteruler.Thenumberline0123456etc.Toconstructaunitfractiononthenumberline,e.g.13,studentsdividetheunitintervalinto3intervalsofequallengthandrecognizethateachhaslength13.Theylocatethenumber13onthenumberDraft,5/29/2011,commentatcommoncoretools.wordpress.com.

If you divide 5 objects equally among 3 shares, each of the 5
objects should contribute 1

3 of itself to each share. Thus each
share consists of 5 pieces, each of which is 1

3 of an object,
and so each share is 5� 1

3 �
5
3 of an object.

5

3
�

1

3
�

1

3
�

1

3
�

1

3
�

1

3
� 5�

1

3
.

In Grade 5, they connect fractions with division, understanding that
5� 3 �

5

3
,

or, more generally, ab � a�b for whole numbers a and b, with b not
equal to zero.5.NF.3 They can explain this by working with their un-
derstanding of division as equal sharing (see figure in margin). They
also create story contexts to represent problems involving division
of whole numbers. For example, they see that

If 9 people want to share a 50-pound sack of rice equally
by weight, how many pounds of rice should each person
get?

can be solved in two ways. First, they might partition each pound
among the 9 people, so that each person gets 50� 1

9 �
50
9 pounds.

Second, they might use the equation 9 � 5 � 45 to see that each
person can be given 5 pounds, with 5 pounds remaining. Partitioning
the remainder gives 5 5

9 pounds for each person.
Students have, since Grade 1, been using language such as “third

of” to describe one part when a whole is partitioned into three parts.

5.NF.4a Apply and extend previous understandings of multi-
plication to multiply a fraction or whole number by a frac-
tion.

a Interpret the product pa{bq�q as a parts of a partition
of q into b equal parts; equivalently, as the result of a
sequence of operations a� q� b.

With their new understanding of the connection between fractions
and division, students now see that 5

3 is one third of 5, which leads
to the meaning of multiplication by a unit fraction:

1

3
� 5 �

5

3
.

This in turn extends to multiplication of any quantity by a fraction.5.NF.4a

Using a fraction strip to show that 1
3 �

1
2 �

1
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(a) Divide 1
2 into

3 equal parts
(b) Divide the other
1
2 into 3 equal parts

(c) 6 parts make one
whole, so one part is 1

6

1
6

1
3 of 1

2

Using a number line to show that 2
3 �

5
2 �

2�5
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(a) Divide each 1
2 into 3

equal parts, so each part
is 1

3 �
1
2 �

1
3�2

(b) Form a segment
from 2 parts, mak-
ing 2� 1

3�2

(c) There are 5 of the 1
2 s,

so the segments together
make 5�p2� 1

3�2 q �
2�5
3�2

2

Just as
1

3
� 5 is one part when 5 is partitioned into 3 parts,

so
4

3
� 5 is 4 parts when 5 is partitioned into 3 parts.

Using this understanding of multiplication by a fraction, students
develop the general formula for the product of two fractions,

a
b �

c
d �

ac
bd,

for whole numbers a, b, c, d, with b, d not zero. Grade 5 students
need not express the formula in this general algebraic form, but
rather reason out many examples using fraction strips and number
line diagrams.
Draft, 8/12/2011, comment at commoncoretools. wordpress. com .



12

For more complicated examples, an area model is useful, in which

5.NF.4b Apply and extend previous understandings of multi-
plication to multiply a fraction or whole number by a frac-
tion.

b Find the area of a rectangle with fractional side lengths
by tiling it with unit squares of the appropriate unit
fraction side lengths, and show that the area is the
same as would be found by multiplying the side lengths.
Multiply fractional side lengths to find areas of rect-
angles, and represent fraction products as rectangular
areas.

students work with a rectangle that has fractional side lengths, di-
viding it up into rectangles whose sides are the corresponding unit
fractions.

Using an area model to show that 3
4 �

5
3 �

3�5
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Because 4 � 3 rectangles 1
4

wide and 1
3 high fit in a unit

square, 1
4 �

1
3 �

1
4�3 .

1

1
3

1
4

1

5
3

3
4

The rectangle of width 3
4 and height

5
3 is tiled with 3�5 rectangles of area
1

4�3 , so has area 3�5
4�3 .

Students also understand fraction multiplication by creating story
contexts. For example, to explain

2

3
� 4 �

8

3
,

they might say
Ron and Hermione have 4 pounds of Bertie Bott’s Every
Flavour Beans. They decide to share them 3 ways, sav-
ing one share for Harry. How many pounds of beans do
Ron and Hermione get?

Using the relationship between division and multiplication, stu-
dents start working with simple fraction division problems. Having
seen that division of a whole number by a whole number, e.g. 5� 3,
is the same as multiplying the number by a unit fraction, 1

3 �5, they
now extend the same reasoning to division of a unit fraction by a
whole number, seeing for example that5.NF.7a

1

6
� 3 �

1

6� 3
�

1

18
.

Also, they reason that since there are 6 portions of 1
6 in 1, there

must be 3� 6 in 3, and so5.NF.7b

3�
1

6
� 3� 6 � 18.

Students use story problems to make sense of division problems:5.NF.7c
How much chocolate will each person get if 3 people
share 1

2 lb of chocolate equally? How many 1
3-cup serv-

5.NF.7abcApply and extend previous understandings of divi-
sion to divide unit fractions by whole numbers and whole num-
bers by unit fractions.2

a Interpret division of a unit fraction by a non-zero whole
number, and compute such quotients.

b Interpret division of a whole number by a unit fraction,
and compute such quotients.

c Solve real world problems involving division of unit frac-
tions by non-zero whole numbers and division of whole
numbers by unit fractions, e.g., by using visual fraction
models and equations to represent the problem.

ings are in 2 cups of raisins?
Students attend carefully to the underlying unit quantities when
solving problems. For example, if 1

2 of a fund-raiser’s funds were
raised by the 6th grade, and if 1

3 of the 6th grade’s funds were
raised by Ms. Wilkin’s class, then 1

3 �
1
2 gives the fraction of the

fund-raiser’s funds that Ms. Wilkin’s class raised, but it does not tell
us how much money Ms. Wilkin’s class raised.5.NF.6

5.NF.6Solve real world problems involving multiplication of
fractions and mixed numbers, e.g., by using visual fraction
models or equations to represent the problem.

Multiplication as scaling In preparation for Grade 6 work in ratios
and proportional reasoning, students learn to see products such as
5� 3 or 1

2 � 3 as expressions that can be interpreted in terms of a
quantity, 3, and a scaling factor, 5 or 1

2 . Thus, in addition to knowing
that 5� 3 � 15, they can also say that 5� 3 is 5 times as big as 3,
without evaluating the product. Likewise, they see 1

2 � 3 as half the
size of 3.5.NF.5a

5.NF.5a Interpret multiplication as scaling (resizing),
by:

a Comparing the size of a product to the size of one fac-
tor on the basis of the size of the other factor, without
performing the indicated multiplication.Draft, 8/12/2011, comment at commoncoretools. wordpress. com .
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The understanding of multiplication as scaling is an important
opportunity for students to reasonin abstractly (MP2). Previous work
with multiplication by whole numbers enables students to see mul-
tiplication by numbers bigger than 1 as producing a larger quantity,
as when a recipe is doubled, for example. Grade 5 work with mul-
tiplying by unit fractions, and interpreting fractions in terms of divi-
sion, enables students to see that multiplying a quantity by a number
smaller than 1 produces a smaller quantity, as when the budget of
a large state university is multiplied by 1

2 , for example.5.NF.5b

5.NF.5b Interpret multiplication as scaling (resizing),
by:

b Explaining why multiplying a given number by a frac-
tion greater than 1 results in a product greater than
the given number (recognizing multiplication by whole
numbers greater than 1 as a familiar case); explain-
ing why multiplying a given number by a fraction less
than 1 results in a product smaller than the given num-
ber; and relating the principle of fraction equivalence
a{b � pn�aq{pn� bq to the effect of multiplying a{b
by 1.

The special case of multiplying by 1, which leaves a quantity
unchanged, can be related to fraction equivalence by expressing 1
as nn , as explained on page 6.

Draft, 8/12/2011, comment at commoncoretools. wordpress. com .



Guiding Questions for the Progression Documents 
 

 Author Jennie Winters  Handout Session 5 - Page 1 of 6 
 

K, Counting and Cardinality; and K-5, Operations and Algebraic Thinking  
1) Have participants read the Overview (pages 2-3).  Allow them time to process what they have 

read by discussing in small groups.  
2) Counting and Cardinality:   

a. Which aspects of the counting progression are currently high priorities in your 
Kindergarten program? 

b. Which aspects of the counting progression are new or different from your current 
Kindergarten program?  

3) Have the participants compose an addition word problem (if K-2) or multiplication problem (if 3-
5).  After they have composed the problem, have them determine which unknown does the 
problem address (result unknown, change unknown, start unknown) Have the participants 
examine and discuss the table on page 7 (for K-2) and page 23 (for 3-5).  Allow them to discuss 
the balance between the types of problem solving situations students are exposed to in their 
current practices. 

4) You can divide the group into groups to read the following: 
• Kindergarten (page 8-11) 
• Grade 1 (pages 12-17) 
• Grade 2 (pages 18-19) 
• Grade 3 (pages 22-28) 
• Grade 4 (pages 29-31) 
• Grade 5 (pages 32) 

Allow them time to process what they have read by discussing in small groups.  
a. What concepts addressed in this domain are similar in difficulty to the concepts you are 

already teaching?  In what ways are they similar? 
b. What concepts addressed in this domain are more challenging than the concepts you 

are have been teaching?  In what ways are they more challenging? 
c. What resources or information will you need to be able to implement the standards in 

this domain? 
5) Bring the groups together to share out.  How did the examples support your understanding of 

this progression? 
6) Have the participants read “Extending Beyond Grade 5” on page 19 and discuss the following: 

a. How is your grade level instruction critical to student success beyond grade 5? 
7) Divide the participants into 4 groups to read Appendix A: 

• Level I (page 36) 
• Level II (page 37-38) 
• Level III (page 38) 
• Level IV (page 39) 



Guiding Questions for the Progression Documents 
 

 Author Jennie Winters  Handout Session 5 - Page 2 of 6 
 

K-5, Number and Operations in Base Ten 
1) Have participants read the Overview (pages 2-4).  Allow them time to process what they 

have read by discussing in small groups.  
2) Choose from the following questions to ask the whole group: 

a. Consider how the descriptions of “position,”  “base-ten units,” and 
“computations” described here compare to your current instruction of these 
topics. 

b. How are strategies and algorithms different? 
c. How will the mathematical practices influence instruction of this domain? 

3) Divide the group into groups to read the following: 
• Kindergarten (page 5) 
• Grade 1 (pages 6-7) 
• Grade 2 (pages 8-10) 
• Grade 3 (page 11) 
• Grade 4 (pages 12-15) 
• Grade 5 (pages 16-18) 

 Allow them time to process what they have read by discussing in small groups.  
a. What concepts addressed in this domain are similar in difficulty to the concepts 

you are already teaching?  In what ways are they similar? 
b. What concepts addressed in this domain are more challenging than the concepts 

you are have been teaching?  In what ways are they more challenging? 
c. What resources or information will you need to be able to implement the 

standards in this domain? 
4) Bring the groups together to share out.   

a. How did the examples support your understanding of this progression? 
b. If the goal is mastery at each grade level, what supports might be needed for 

students who are struggling? 
5) Have the participants read “Extending Beyond Grade 5” on page 19 and discuss the 

following: 
a. How is your grade level instruction critical to student success beyond grade 5? 

 



Guiding Questions for the Progression Documents 
 

 Author Jennie Winters  Handout Session 5 - Page 3 of 6 
 

 

3-5 Number and Operations – Fractions 
1) Divide the group into 3 groups and have one of the smaller groups read the 3rd grade 

(pages 2-4), another read the 4th grade (pages 5-9), and the third group read the 5th 
grade (pages 10-13).  Allow them time to process what they have read by discussing in 
small groups.  

a. What concepts addressed in this domain are similar in difficulty to the concepts 
you are already teaching?  In what ways are they similar? 

b. What concepts addressed in this domain are more challenging than the concepts 
you are have been teaching?  In what ways are they more challenging? 

c. What resources or information will you need to be able to implement the 
standards in this domain? 

2) Bring the 2 groups together to share out and address the following: 
a. In what ways are the fraction concepts described here new or different than the 

way you learned fractions? 
b. In what ways are the fraction concepts described here similar to your own 

learning experience? 
c.  How did the examples support your understanding of this progression? 
d. How might you use visuals and manipulatives to deepen your students’ 

understanding of fractions? 



Guiding Questions for the Progression Documents 
 

 Author Jennie Winters  Handout Session 5 - Page 4 of 6 
 

 

K-3, Categorical Data; Grades 2-5, Measurement Data 
1) Have participants read silently Overview, pages 2-4 and then discuss in their small 

groups. 
a) In what ways are the measurement data standards and the number sense 

standards mutually supportive of each other? 
b) In what ways are the standards for mathematical practice applied in measurement 

and data? 
2) Next have participants divide into 2 groups: 

• One group will read  Categorical Data:  Pages 5-8 
• The other group will read Measurement Data:  Pages 9-13 

Have the groups share out the major ideas from their reading. 
3) Ask participants to consider:  How do the visuals and examples support your 

understanding of the standards in this domain? 



Guiding Questions for the Progression Documents 
 

 Author Jennie Winters  Handout Session 5 - Page 5 of 6 
 

 

6-7, Ratios and Proportional Relationships 
1)  Have participants read the Overview (pages 2-4).  Allow them time to process what 

they have read by discussing in small groups.  
2) Choose from the following questions to ask the whole group: 

a. What did you read that is new or different from your own experience in learning 
about Ratios and Proportions? 

b. What precise language would you want to emphasize with students? 
c. How are the examples and/or diagrams useful in understanding the Ratio and 

Proportion standards? 
3) Divide the group into 2 groups and have one of the smaller groups read the 6th grade 

(pages 5-7) while the other group reads the 7th grade (pages 8-12).  Allow them time to 
process what they have read by discussing in small groups.  

a. What concepts addressed in this domain are similar in difficulty to the concepts 
you are already teaching?  In what ways are they similar? 

b. What concepts addressed in this domain are more challenging than the concepts 
you are have been teaching?  In what ways are they more challenging? 

c. What resources or information will you need to be able to implement the 
standards in this domain? 

4) Bring the 2 groups together to share out.  How did the examples support your 
understanding of this progression? 

5) Have the participants read the appendix (pages 13-15) and discuss the following: 
a. How might you use the definitions and characteristics of ratios rates and 

proportional relationships go guide your instruction? 
b. How do the 2 perspectives on ratios and rates influence instruction and 

assessment? 



Guiding Questions for the Progression Documents 
 

 Author Jennie Winters  Handout Session 5 - Page 6 of 6 
 

 

6-8, Expressions and Equations 
1)  Have participants read silently Overview, pages 2-3 and discuss in small groups. 

a) How does the analogy of the facial expression support your understanding of this 
domain? 

b) Who might benefit from reading this overview?  How could it be used?  
2) Divide the group into 3 smaller groups: 

• Grade 6, Pages 4-7 
• Grade 7, Pages 8-10 
• Grade 8, Pages 11-13 

3)  Have participants consider: 
a) In what ways are the standards for mathematical practice applied in expressions 

and equations? 
b) How do the visuals and examples support your understanding of the standards in 

this domain? 
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6-7, Ratios and Proportional
Relationships

Overview

The study of ratios and proportional relationships extends students’
work in measurement and in multiplication and division in the el-
ementary grades. Ratios and proportional relationships are foun-
dational for further study in mathematics and science and useful in
everyday life. Students use ratios in geometry and in algebra when
they study similar figures and slopes of lines, and later when they
study sine, cosine, tangent, and other trigonometric ratios in high
school. Students use ratios when they work with situations involv-
ing constant rates of change, and later in calculus when they work
with average and instantaneous rates of change of functions. An
understanding of ratio is essential in the sciences to make sense of
quantities that involve derived attributes such as speed, accelera-
tion, density, surface tension, electric or magnetic field strength, and
to understand percentages and ratios used in describing chemical
solutions. Ratios and percentages are also useful in many situations
in daily life, such as in cooking and in calculating tips, miles per gal-
lon, taxes, and discounts. They also are also involved in a variety
of descriptive statistics, including demographic, economic, medical,
meteorological, and agricultural statistics (e.g., birth rate, per capita
income, body mass index, rain fall, and crop yield) and underlie a va-
riety of measures, for example, in finance (exchange rate), medicine
(dose for a given body weight), and technology (kilobits per second).

Ratios, rates, proportional relationships, and percent Ratios arise
in situations in which two (or more) quantities are related.• Some-

• In the Standards, a quantity involves measurement of an at-
tribute. Quantities may be discrete, e.g., 4 apples, or continuous,
e.g., 4 inches. They may be measurements of physical attributes
such as length, area, volume, weight, or other measurable at-
tributes such as income. Quantities can vary with respect to an-
other quantity. For example, the quantities “distance between the
earth and the sun in miles,” “distance (in meters) that Sharoya
walked,” or “my height in feet” vary with time.

times the quantities have the same units (e.g., 3 cups of apple juice
and 2 cups of grape juice), other times they do not (e.g., 3 meters
and 2 seconds). Some authors distinguish ratios from rates, using
the term “ratio” when units are the same and “rate” when units are
different; others use ratio to encompass both kinds of situations. The
Standards use ratio in the second sense, applying it to situations
in which units are the same as well as to situations in which units
are different. Relationships of two quantities in such situations may

Draft, 9/10/2011, comment at commoncoretools.wordpress.com . 2
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be described in terms of ratios, rates, percents, or proportional re-
lationships.

A ratio associates two or more quantities. Ratios can be indi-
cated in words as “3 to 2” and “3 for every 2” and “3 out of every 5”
and “3 parts to 2 parts.” This use might include units, e.g., “3 cups
of flour for every 2 eggs” or “3 meters in 2 seconds.” Notation for
ratios can include the use of a colon, as in 3 : 2. The quotient 3

2 is
sometimes called the value of the ratio 3 : 2.•

• In everyday language. the word “ratio” sometimes refers to the
value of a ratio, for example in the phrases “take the ratio of price
to earnings” or “the ratio of circumference to diameter is π.”Ratios have associated rates. For example, the ratio 3 feet for

every 2 seconds has the associated rate 3
2 feet for every 1 second;

the ratio 3 cups apple juice for every 2 cups grape juice has the
associated rate 3

2 cups apple juice for every 1 cup grape juice. In
Grades 6 and 7, students describe rates in terms such as “for each
1,” “for each,” and “per.” The unit rate is the numerical part of the
rate; the “unit” in “unit rate” is often used to highlight the 1 in “for
each 1” or “for every 1.”

Equivalent ratios arise by multiplying each measurement in a
ratio pair by the same positive number. For example, the pairs of
numbers of meters and seconds in the margin are in equivalent ra-
tios. Such pairs are also said to be in the same ratio. Proportional

Representing pairs in a proportional relationship

Sharoya walks 3 meters every 2 seconds. Let d be the number
of meters Sharoya has walked after t seconds. d and t are in a

proportional relationship.

d meters 3 6 9 12 15 3
2 1 2 4

t seconds 2 4 6 8 10 1 2
3

4
3

8
3

d and t are related by the equation d �
�

3
2

	
t. Students

sometimes use the equals sign incorrectly to indicate
proportional relationships, for example, they might write
“3 m = 2 sec” to represent the correspondence between 3
meters and 2 seconds. In fact, 3 meters is not equal to 2
seconds. This relationship can be represented in a table or by
writing “3 m Ñ 2 sec.” Note that the unit rate appears in the pair�

3
2 , 1

	
.

relationships involve collections of pairs of measurements in equiva-
lent ratios. In contrast, a proportion is an equation stating that two
ratios are equivalent. Equivalent ratios have the same unit rate.

The pairs of meters and seconds in the margin show distance and
elapsed time varying together in a proportional relationship. This
situation can be described as “distance traveled and time elapsed
are proportionally related,” or “distance and time are directly pro-
portional,” or simply “distance and time are proportional.” The pro-
portional relationship can be represented with the equation
d �

� 3
2
�
t . The factor 3

2 is the constant unit rate associated with
the different pairs of measurements in the proportional relationship;
it is known as a constant of proportionality.

The word percent means “per 100” (cent is an abbreviation of the
Latin centum “hundred”). If 35 milliliters out of every 100 milliliters
in a juice mixture are orange juice, then the juice mixture is 35%
orange juice (by volume). If a juice mixture is viewed as made of 100
equal parts, of which 35 are orange juice, then the juice mixture is
35% orange juice.

More precise definitions of the terms presented here and a frame-
work for organizing and relating the concepts are presented in the
Appendix.

Recognizing and describing ratios, rates, and proportional rela-
tionships “For each,” “for every,” “per,” and similar terms distin-
guish situations in which two quantities have a proportional rela-
tionship from other types of situations. For example, without further
information “2 pounds for a dollar” is ambiguous. It may be that
pounds and dollars are proportionally related and every two pounds
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costs a dollar. Or it may be that there is a discount on bulk, so
weight and cost do not have a proportional relationship. Thus, rec-
ognizing ratios, rates, and proportional relationships involves look-
ing for structure (MP7). Describing and interpreting descriptions of
ratios, rates, and proportional relationships involves precise use of
language (MP6).

Representing ratios, collections of equivalent ratios, rates, and
proportional relationships Because ratios and rates are different
and rates will often be written using fraction notation in high school,
ratio notation should be distinct from fraction notation.

Equivalent ratios versus equivalent fractions

Together with tables, students can also use tape diagrams and
double number line diagrams to represent collections of equivalent
ratios. Both types of diagrams visually depict the relative sizes of
the quantities.

Tape diagrams are best used when the two quantities have the
same units. They can be used to solve problems and also to highlight
the multiplicative relationship between the quantities.

Double number line diagrams are best used when the quantities
have different units (otherwise the two diagrams will use different
length units to represent the same amount). Double number line
diagrams can help make visible that there are many, even infinitely
many, pairs in the same ratio, including those with rational number
entries. As in tables, unit rates appear paired with 1.

A collection of equivalent ratios can be graphed in the coordinate
plane. The graph represents a proportional relationship. The unit
rate appears in the equation and graph as the slope of the line, and
in the coordinate pair with first coordinate 1.

Representing ratios with tape diagrams

apple juice:

grape juice:

This diagram can be interpreted as representing any mixture of
apple juice and grape juice with a ratio of 3 to 2. The total
amount of juice is represented as partitioned into 5 parts of
equal size, represented by 5 rectangles. For example, if the
diagram represents 5 cups of juice mixture, then each of these
rectangles represents 1 cup. If the total amount of juice mixture
is 1 gallon, then each part represents 1

5 gallon and there are 3
5

gallon of apple juice and 2
5 gallon of grape juice.

Representing ratios with double number line diagrams

On double number line diagrams, if A and B are in the same
ratio, then A and B are located at the same distance from 0 on
their respective lines. Multiplying A and B by a positive number p
results in a pair of numbers whose distance from 0 is p times as
far. So, for example, 3 times the pair 2 and 5 results in the pair 6
and 15 which is located at 3 times the distance from 0.
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Grade 6

Representing and reasoning about ratios and collections of equiv-
alent ratios Because the multiplication table is familiar to sixth
graders, situations that give rise to columns or rows of a multiplica-
tion table can provide good initial contexts when ratios and propor-

6.RP.3a Use ratio and rate reasoning to solve real-world and
mathematical problems, e.g., by reasoning about tables of equiv-
alent ratios, tape diagrams, double number line diagrams, or
equations.

a Make tables of equivalent ratios relating quantities with
whole-number measurements, find missing values in the
tables, and plot the pairs of values on the coordinate
plane. Use tables to compare ratios.

tional relationships are introduced. Pairs of quantities in equivalent
ratios arising from whole number measurements such as “3 lemons
for every $1” or “for every 5 cups grape juice, mix in 2 cups peach
juice” lend themselves to being recorded in a table.6.RP.3a Initially,
when students make tables of quantities in equivalent ratios, they
may focus only on iterating the related quantities by repeated ad-
dition to generate equivalent ratios.

6.RP.1Understand the concept of a ratio and use ratio language
to describe a ratio relationship between two quantities.

6.RP.2Understand the concept of a unit rate a{b associated with
a ratio a : b with b � 0, and use rate language in the context of a
ratio relationship.

As students work with tables of quantities in equivalent ratios
(also called ratio tables), they should practice using and understand-
ing ratio and rate language.6.RP.1,6.RP.2 It is important for students to
focus on the meaning of the terms “for every,” “for each,” “for each
1,” and “per” because these equivalent ways of stating ratios and
rates are at the heart of understanding the structure in these tables,
providing a foundation for learning about proportional relationships
in Grade 7.

Students graph the pairs of values displayed in ratio tables on
coordinate axes. The graph of such a collection of equivalent ratios

6.EE.9Use variables to represent two quantities in a real-world
problem that change in relationship to one another; write an
equation to express one quantity, thought of as the dependent
variable, in terms of the other quantity, thought of as the indepen-
dent variable. Analyze the relationship between the dependent
and independent variables using graphs and tables, and relate
these to the equation.

lies on a line through the origin, and the pattern of increases in
the table can be seen in the graph as coordinated horizontal and
vertical increases.6.EE.9

Showing structure in tables and graphs

Additive Structure Multiplicative Structure

In the tables, equivalent ratios are generated by repeated addition (left) and by scalar multiplication (right). Students might be
asked to identify and explain correspondences between each table and the graph beneath it (MP1).
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By reasoning about ratio tables to compare ratios,6.RP.3a students
can deepen their understanding of what a ratio describes in a con-
text and what quantities in equivalent ratios have in common. For
example, suppose Abby’s orange paint is made by mixing 1 cup red
paint for every 3 cups yellow paint and Zack’s orange paint is made
by mixing 3 cups red for every 5 cups yellow. Students could discuss
that all the mixtures within a single ratio table for one of the paint
mixtures are the same shade of orange because they are multiple
batches of the same mixture. For example, 2 cups red and 6 cups
yellow is two batches of 1 cup red and 3 cups yellow; each batch is
the same color, so when the two batches are combined, the shade of
orange doesn’t change. Therefore, to compare the colors of the two
paint mixtures, any entry within a ratio table for one mixture can be
compared with any entry from the ratio table for the other mixture.

Three ways to compare paint mixtures

Same amount of red Same amount of yellow

Same total
It is important for students to focus on the rows (or columns) of a

ratio table as multiples of each other. If this is not done, a common
error when working with ratios is to make additive comparisons. For
example, students may think incorrectly that the ratios 1 : 3 and 3 : 5
of red to yellow in Abby’s and Zack’s paints are equivalent because
the difference between the number of cups of red and yellow in
both paints is the same, or because Zack’s paint could be made from
Abby’s by adding 2 cups red and 2 cups yellow. The margin shows
several ways students could reason correctly to compare the paint
mixtures.

Strategies for solving problems Although it is traditional to move
students quickly to solving proportions by setting up an equation,
the Standards do not require this method in Grade 6. There are
a number of strategies for solving problems that involve ratios. As
students become familiar with relationships among equivalent ratios,
their strategies become increasingly abbreviated and efficient.

For example, suppose grape juice and peach juice are mixed in
a ratio of 5 to 2 and we want to know how many cups of grape juice
to mix with 12 cups of peach juice so that the mixture will still be in
the same ratio. Students could make a ratio table as shown in the
margin, and they could use the table to find the grape juice entry
that pairs with 12 cups of peach juice in the table. This perspective
allows students to begin to reason about proportions by starting
with their knowledge about multiplication tables and by building on
this knowledge.

Double number line diagrams used for situations with
different units

Double number lines indicate coordinated multiplying and
dividing of quantities. This can also be indicated in tables.

As students generate equivalent ratios and record them in tables,
their attention should be drawn to the important role of multiplica-
tion and division in how entries are related to each other. Initially,
students may fill ratio tables with columns or rows of the multipli-
cation table by skip counting, using only whole number entries, and
placing these entries in numerical order. Gradually, students should
consider entries in ratio tables beyond those they find by skip count-
ing, including larger entries and fraction or decimal entries. Finding
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these other entries will require the explicit use of multiplication and
division, not just repeated addition or skip counting. For example, if
Seth runs 5 meters every 2 seconds, then Seth will run 2.5 meters
in 1 second because in half the time he will go half as far. In other
words, when the elapsed time is divided by 2, the distance traveled
should also be divided by 2. More generally, if the elapsed time is
multiplied (or divided) by N , the distance traveled should also be
multiplied (or divided) by N . Double number lines can be useful in
representing ratios that involve fractions and decimals.

As students become comfortable with fractional and decimal en-
tries in tables of quantities in equivalent ratios, they should learn to
appreciate that unit rates are especially useful for finding entries. A

A progression of strategies for solving a proportion
If 2 pounds of beans cost $5, how much will 15 pounds of
beans cost?

Method 1
pounds 2 4 6 8 10 12 14 1 15
dollars 5 10 15 20 25 30 35 2.50 37.50

“I found 14 pounds costs $35 and then 1 more pound is another
$2.50, so that makes $37.50 in all.”

Method 2

“I found 1 pound first because if I
know how much it costs for each
pound then I can find any number
of pounds by multiplying.”

Method 3

The previous method, done
in one step.

With this perspective, the second column is
seen as the first column times a number. To
solve the proportion one first finds this number.

unit rate gives the number of units of one quantity per 1 unit of the
other quantity. The amount for N units of the other quantity is then
found by multiplying by N . Once students feel comfortable doing so,
they may wish to work with abbreviated tables instead of working
with long tables that have many values. The most abbreviated ta-
bles consist of only two columns or two rows; solving a proportion
is a matter of finding one unknown entry in the table.

Measurement conversion provides other opportunities for stu-
dents to use relationships given by unit rates.6.RP.3d For example,

6.RP.3dUse ratio reasoning to convert measurement units; ma-
nipulate and transform units appropriately when multiplying or di-
viding quantities.

recognizing “12 inches in a foot,” “1000 grams in a kilogram,” or “one
kilometer is 5

8 of a mile” as rates, can help to connect concepts and
methods developed for other contexts with measurement conversion.

Representing a problem with a tape diagram
Slimy Gloopy mixture is made by mixing glue and liquid laundry starch in a
ratio of 3 to 2. How much glue and how much starch is needed to make 85
cups of Slimy Gloopy mixture?

5 parts ÝÑ 85 cups
1 part ÝÑ 85� 5 � 17 cups

3 parts ÝÑ 3 � 17 � 51 cups
2 parts ÝÑ 2 � 17 � 34 cups

51 cups glue and 34 cups starch are needed.

Tape diagrams can be useful aids for solving problems.

Solving a percent problem

If 75% of the budget is $1200, what is the full budget?

“I said 75% is 3 parts and is $1200
25% is 1 part and is $1200� 3 � $400
100% is 4 parts and is 4 � $400 � $1600”

portion 75 3 1200
whole 100 4 1600

75% is 1200
B 75% of B is 1200

75
100 �

1200
B

75
100 � B � 1200

B � 1600

In reasoning about and solving percent problems, students can
use a variety of strategies. Representations such as this, which
is a blend between a tape diagram and a double number line
diagram, can support sense-making and reasoning about
percent.

Representing a multi-step problem with two pairs of tape diagrams
Yellow and blue paint were mixed in a ratio of 5 to 3 to make green paint. After
14 liters of blue paint were added, the amount of yellow and blue paint in the
mixture was equal. How much green paint was in the mixture at first?

At first: Then:

2 parts ÝÑ 14 liters
1 part ÝÑ 14� 2 � 7 liters

(original total) 8 parts ÝÑ 8 � 7 � 56 liters

There was 56 liters of green paint to start with.

This problem can be very challenging for sixth or seventh graders.
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Grade 7

In Grade 7, students extend their reasoning about ratios and pro-
portional relationships in several ways. Students use ratios in cases

7.RP.1Compute unit rates associated with ratios of fractions, in-
cluding ratios of lengths, areas and other quantities measured in
like or different units.that involve pairs of rational number entries, and they compute as-

sociated unit rates. They identify these unit rates in representations
of proportional relationships. They work with equations in two vari-
ables to represent and analyze proportional relationships. They
also solve multi-step ratio and percent problems, such as problems
involving percent increase and decrease.

At this grade, students will also work with ratios specified by
rational numbers, such as 3

4 cups flour for every 1
2 stick butter.7.RP.1

Students continue to use ratio tables, extending this use to finding
unit rates.

Ratio problem specified by rational numbers: Three
approaches

To make Perfect Purple paint mix 1
2 cup blue paint with 1

3 cup
red paint. If you want to mix blue and red paint in the same
ratio to make 20 cups of Perfect Purple paint, how many cups
of blue paint and how many cups of red paint will you need?

Method 1

“I thought about making 6 batches of purple because that is a
whole number of cups of purple. To make 6 batches, I need 6
times as much blue and 6 times as much red too. That was 3
cups blue and 2 cups red and that made 5 cups purple. Then 4
times as much of each makes 20 cups purple.”

Method 2

“I found out what fraction of the paint is blue and what fraction is
red. Then I found those fractions of 20 to find the number of
cups of blue and red in 20 cups.”

Method 3

Like Method 2, but in tabular form, and viewed as multiplicative
comparisons.

Recognizing proportional relationships Students examine situa-
tions carefully, to determine if they describe a proportional relation-
ship.7.RP.2a For example, if Josh is 10 and Reina is 7, how old will

7.RP.2a Recognize and represent proportional relationships be-
tween quantities.

a Decide whether two quantities are in a proportional rela-
tionship, e.g., by testing for equivalent ratios in a table or
graphing on a coordinate plane and observing whether
the graph is a straight line through the origin.

Reina be when Josh is 20? We cannot solve this problem with the
proportion 10

7 � 20
R because it is not the case that for every 10 years

that Josh ages, Reina ages 7 years. Instead, when Josh has aged 10
another years, Reina will as well, and so she will be 17 when Josh
is 20.

For example, if it takes 2 people 5 hours to paint a fence, how
long will it take 4 people to paint a fence of the same size (assuming
all the people work at the same steady rate)? We cannot solve this
problem with the proportion 2

5 � 4
H because it is not the case that

for every 2 people, 5 hours of work are needed to paint the fence.
When more people work, it will take fewer hours. With twice as
many people working, it will take half as long, so it will take only
2.5 hours for 4 people to paint a fence. Students must understand the
structure of the problem, which includes looking for and understand
the roles of “for every,” “for each,” and “per.”

Students recognize that graphs that are not lines through the ori-
gin and tables in which there is not a constant ratio in the entries
do not represent proportional relationships. For example, consider
circular patios that could be made with a range of diameters. For
such patios, the area (and therefore the number of pavers it takes
to make the patio) is not proportionally related to the diameter, al-
though the circumference (and therefore the length of stone border it
takes to encircle the patio) is proportionally related to the diameter.
Note that in the case of the circumference, C , of a circle of diameter
D, the constant of proportionality in C � π � D is the number π ,
which is not a rational number.

Equations for proportional relationships As students work with
proportional relationships, they write equations of the form y � cx ,
where c is a constant of proportionality, i.e., a unit rate.7.RP.2c They

7.RP.2cRepresent proportional relationships by equations.
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see this unit rate as the amount of increase in y as x increases by 1 7.RP.2b Recognize and represent proportional relationships be-
tween quantities.

b Identify the constant of proportionality (unit rate) in tables,
graphs, equations, diagrams, and verbal descriptions of
proportional relationships.

unit in a ratio table and they recognize the unit rate as the vertical
increase in a “unit rate triangle” or “slope triangle” with horizontal
side of length 1 for a graph of a proportional relationship.7.RP.2b

Correspondence among a table, graph, and equation of a proportional relationship

For every 5 cups grape juice, mix in 2 cups peach juice.

On the graph: For each 1 unit you move to the right, move up 2
5 of a unit.

When you go 2 units to the right, you go up 2 � 2
5 units.

When you go 3 units to the right, you go up 3 � 2
5 units.

When you go 4 units to the right, you go up 4 � 2
5 units.

When you go x units to the right, you go up x � 2
5 units.

Starting from p0, 0q, to get to a point px, yq on the graph, go x units to the right, so go up x � 2
5 units.

Therefore y � x � 2
5

Students connect their work with equations to their work with
tables and diagrams. For example, if Seth runs 5 meters every 2 sec-
onds, then how long will it take Seth to run 100 meters at that rate?
The traditional method is to formulate an equation,
5
2 � 100

T , cross-multiply, and solve the resulting equation to solve
the problem. If 5

2 and 100
T are viewed as unit rates obtained from the

equivalent ratios 5 : 2 and 100 : T , then they must be equivalent
fractions because equivalent ratios have the same unit rate. To see
the rationale for cross-multiplying, note that when the fractions are
given the common denominator 2 � T , then the numerators become
5 � T and 2 � 100 respectively. Once the denominators are equal, the
fractions are equal exactly when their numerators are equal, so 5 �T
must equal 2 �100 for the unit rates to be equal. This is why we can
solve the equation 5 � T � 2 � 100 to find the amount of time it will
take for Seth to run 100 meters.

A common error in setting up proportions is placing numbers in
incorrect locations. This is especially easy to do when the order in
which quantities are stated in the problem is switched within the
problem statement. For example, the second of the following two
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problem statements is more difficult than the first because of the
reversal.

“If a factory produces 5 cans of dog food for every 3 cans
of cat food, then when the company produces 600 cans
of dog food, how many cans of cat food will it produce?”

7.RP.3Use proportional relationships to solve multistep ratio and
percent problems.

“If a factory produces 5 cans of dog food for every 3
cans of cat food, then how many cans of cat food will
the company produce when it produces 600 cans of dog
food?”

Such problems can be framed in terms of proportional relation-
ships and the constant of proportionality or unit rate, which is ob-
scured by the traditional method of setting up proportions. For
example, if Seth runs 5 meters every 2 seconds, he runs at a rate
of 2.5 meters per second, so distance d (in meters) and time t (in
seconds) are related by d � 2.5t . If d � 100 then t � 100

2.5 � 40, so
he takes 40 seconds to run 100 meters.

Skateboard problem 1

After a 20% discount,
the price is 80% of the
original price. So 80%
of the original is $140.

“To find 20% I divided by 4.
Then 80% plus 20% is 100%”

percent dollars

100% $175

20% $35

80% $140
� 4 � 4

� 5 � 5 or add
$140+$35or add

80%+20%

x �original price in dollars

percent dollars

discounted
original

80
100 �

140
x

80x � 140 � 100

x � 140 � 100
80

�
p2 � 7 � 2 � 5qp2 � 5 � 10q

2 � 2 � 2 � 10
� 7 � 5 � 5
� 175

80% of the original price is $140.

80
100 � x � 140

4
5 � x � 140

x � 140� 4
5 � 140 � 5

4 �
p2 � 7 � 2 � 5q � 5

4 � 175

Before the discount, the price of the skateboard was $175.

Multistep problems Students extend their work to solving mul-
tistep ratio and percent problems.7.RP.3 Problems involving percent
increase or percent decrease require careful attention to the refer-
ent whole. For example, consider the difference in these two percent
decrease and percent increase problems:

Skateboard problem 1. After a 20% discount, the price
of a SuperSick skateboard is $140. What was the price
before the discount?
Skateboard problem 2. A SuperSick skateboard costs
$140 now, but its price will go up by 20%. What will the
new price be after the increase?

Skateboard problem 2

After a 20% increase,
the price is 120% of the
original price. So the
new price is 120% of
$140.

“To find 20% I divided by 5.
Then 100% plus 20% is 120%”

percent dollars

100% $140

20% $28

100% $168

� 5 � 5

� 6
or add
100%+20%

� 6 or add
$140+$28

x � increased price in dollars

percent dollars

discounted
original

120
100 �

x
140

12
10 �

x
140

x � 140 � 12
10 � 14 � 12 � 168

The new, increased price is 120% of $140.

x � 120
100 � 140 � 2 � 6 � 10

2 � 5 � 10 � 14 � 2 � 5 � 168

The new price after the increase is $168.

The solutions to these two problems are different because the
20% refers to different wholes or 100% amounts. In the first problem,
the 20% is 20% of the larger pre-discount amount, whereas in the
second problem, the 20% is 20% of the smaller pre-increase amount.
Notice that the distributive property is implicitly involved in work-
ing with percent decrease and increase. For example, in the first
problem, if x is the original price of the skateboard (in dollars), then
after the 20% discount, the new price is x � 20% � x . The distributive
property shows that the new price is 80% � x :

x � 20% � x � 100% � x � 20% � x � p100% � 20%qx � 80% � x

Percentages can also be used in making comparisons between two
quantities. Students must attend closely to the wording of such
problems to determine what the whole or 100% amount a percentage
refers to.
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Using percentages in comparisons
There are 25% more seventh graders than sixth graders in
the after-school club. If there are 135 sixth and seventh
graders altogether in the after-school club, how many are
sixth graders and how many are seventh graders?

“25% more seventh graders than sixth graders means that the
number of extra seventh graders is the same as 25% of the sixth
graders.”

Connection to Geometry One new context for proportions at Grade
7 is scale drawings.7.G.1 To compute unknown lengths from known

7.G.1Solve problems involving scale drawings of geometric fig-
ures, including computing actual lengths and areas from a scale
drawing and reproducing a scale drawing at a different scale.

lengths, students can set up proportions in tables or equations, or
they can reason about how lengths compare multiplicatively. Stu-
dents can use two kinds of multiplicative comparisons. They can
apply a scale factor that relates lengths in two different figures, or
they can consider the ratio of two lengths within one figure, find
a multiplicative relationship between those lengths, and apply that
relationship to the ratio of the corresponding lengths in the other
figure. When working with areas, students should be aware that
areas do not scale by the same factor that relates lengths. (Areas
scale by the square of the scale factor that relates lengths, if area
is measured in the unit of measurement derived from that used for
length.)

Connection to Statistics and Probability Another new context for
proportions at Grade 7 is to drawing inferences about a population
from a random sample.7.SP.1 Because random samples can be ex-
pected to be approximately representative of the full population, one
can imagine selecting many samples of that same size until the full
population is exhausted, each with approximately the same charac-
teristics. Therefore the ratio of the size of a portion having a certain
characteristic to the size of the whole should be approximately the
same for the sample as for the full population.

7.SP.1Understand that statistics can be used to gain information
about a population by examining a sample of the population; gen-
eralizations about a population from a sample are valid only if
the sample is representative of that population. Understand that
random sampling tends to produce representative samples and
support valid inferences.Where the Ratios and Proportional Relationships

Progression is heading
The study of proportional relationships is a foundation for the study
of functions, which continues through High School and beyond. Lin-
ear functions are characterized by having a constant rate of change
(the change in the outputs is a constant multiple of the change in
the corresponding inputs). Proportional relationships are a major
type of linear function; they are those linear functions that have a
positive rate of change and take 0 to 0.

Students extend their understanding of quantity. They write
rates concisely in terms of derived units such as mi/hr rather than
expressing them in terms such as “ 3

2 miles in every 1 hour.” They
encounter a wider variety of derived units and situations in which
they must conceive units that measure attributes of interest.
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Connection to geometry

If the two rectangles are similar, then how wide is the larger rectangle?

Use a scale factor: Find the scale factor from the small rectangle to the
larger one:

Use an internal comparison: Compare the width to the height in the small
rectangle. The ratio of the width to height is the same in the large rectangle.

Connection to statistics and probability

There are 150 tiles in a bin. Some of the tiles are blue and the rest
are yellow. A random sample of 10 tiles was selected. Of the 10 tiles, 3
were yellow and 7 were blue. What are the best estimates for how many
blue tiles are in the bin and how many yellow tiles are in the bin?

Student 1

yellow: 3 6 9 12 15 18 21 24 27 30 33 36 39 42 45
blue: 7 14 21 28 35 42 49 56 63 70 77 84 91 98 105
total: 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

“I figured if you keep picking out samples of 10 they should all be about the
same, so I got this ratio table. Out of 150 tiles, about 45 should be yellow
and about 105 should be blue.”

Student 2

“I also made a ratio table. I said that if there are 15 times as many tiles in
the bin as in the sample, then there should be about 15 times as many
yellow tiles and 15 times as many blue tiles. 15 � 3 � 45, so 45 yellow tiles.
15 � 7 � 105, so 105 blue tiles.”

Student 3

30% yellow tiles 30% � 150 � 3 � 10
10 � 10 � 150 � 3

10 � 15 � 10 � 45

70% blue tiles 70% � 150 � 7 � 10
10 � 10 � 150 � 7

10 � 15 � 10 � 105

“I used percentages. 3 out of 10 is 30% yellow and 7 out of 10 is 70% blue.
The percentages in the whole bin should be about the same as the
percentages in the sample.”
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Appendix: A framework for ratio, rate, and
proportional relationships

This section presents definitions of the terms ratio, rate, and pro-
portional relationship that are consistent with the Standards and
it briefly summarizes some of the essential characteristics of these
concepts. It also provides an organizing framework for these con-
cepts. Because many different authors have used ratio and rate
terminology in widely differing ways, there is a need to standardize
the terminology for use with the Standards and to have a com-
mon framework for curriculum developers, professional development
providers, and other education professionals to discuss the concepts.
This section does not describe how the concepts should be presented
to students in Grades 6 and 7.

Definitions and essential characteristics of ratios, rates,
and proportional relationships
A ratio is a pair of non-negative numbers, A : B, which are not both
0.

When there are A units of one quantity for every B units of
another quantity, a rate associated with the ratio A : B is A

B units of
the first quantity per 1 unit of the second quantity. (Note that the
two quantities may have different units.) The associated unit rate is
A
B . The term unit rate is the numerical part of the rate; the “unit” is
used to highlight the 1 in “per 1 unit of the second quantity.” Unit
rates should not be confused with unit fractions (which have a 1 in
the numerator).

A rate is expressed in terms of a unit that is derived from the
units of the two quantities (such as m/s, which is derived from meters
and seconds). In high school and beyond, a rate is usually written
as

A
B

units
units

where the two different fonts highlight the possibility that the quan-
tities may have different units. In practice, when working with a
ratio A : B, the rate A

B units per 1 unit and the rate B
A units per 1

unit are both useful.
The value of a ratio A : B is the quotient A

B (if B is not 0). Note
that the value of a ratio may be expressed as a decimal, percent,
fraction, or mixed number. The value of the ratio A : B tells how A
and B compare multiplicatively; specifically, it tells how many times
as big A is as B. In practice, when working with a ratio A : B, the
value A

B as well as the value B
A , associated with the ratio B : A, are

both useful. These values of each ratio are viewed as unit rates in
some contexts (see Perspective 1 in the next section).

Two ratios A : B and C : D are equivalent if there is a positive
number, c, such that C � cA and D � cB. To check that two ratios
are equivalent one can check that they have the same value (because
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cA
cB � A

B ), or one can “cross-multiply” and check that A � D � B � C
(because A � cB � B � cA). Equivalent ratios have the same unit rate.

A proportional relationship is a collection of pairs of numbers
that are in equivalent ratios. A ratio A : B determines a proportional
relationship, namely the collection of pairs pcA, cBq, for c positive.
A proportional relationship is described by an equation of the form
y � kx , where k is a positive constant, often called a constant of
proportionality. The constant of proportionality, k , is equal to the
value B

A . The graph of a proportional relationship lies on a ray with
endpoint at the origin.

Two perspectives on ratios and their associated rates in
quantitative contexts
Although ratios, rates, and proportional relationships can be de-
scribed in purely numerical terms, these concepts are most often
used with quantities.

Ratios are often described as comparisons by division, especially
when focusing on an associated rate or value of the ratio. There are
also two broad categories of basic ratio situations. Some division
situations, notably those involving area, can fit into either category
of division. Many ratio situations can be viewed profitably from
within either category of ratio. For this reason, the two categories

Two perspectives on ratio

1) There are 3 cups of apple juice for every 2 cups of grape juice
in the mixture.

This way uses a composed unit: 3 cups apple juice and 2 cups
grape juice. Any mixture that is made from some number of the
composed unit is in the ratio 3 to 2.

In each of these mixtures, apple juice and grape juice are mixed
in a ratio of 3 to 2:

2) The mixture is made from 3 parts apple juice and 2 parts
grape juice, where all parts are the same size, but can be
any size.

If 1 part is : 1 cup 2 cups 5 liters 3 quarts
amt of apple juice: 3 cups 6 cups 15 liters 9 quarts
amt of grape juice: 2 cups 4 cups 10 liters 6 quarts

for ratio will be described as perspectives on ratio.

First perspective: Ratio as a composed unit or batch Two quan-
tities are in a ratio of A to B if for every A units present of the first
quantity there are B units present of the second quantity. In other
words, two quantities are in a ratio of A to B if there is a positive
number c (which could be a rational number), such that there are
c � A units of the first quantity and c � B units of the second quan-
tity. With this perspective, the two quantities can have the same or
different units.

With this perspective, a ratio is specified by a composed unit or
“batch,” such as “3 feet in 2 seconds,” and the unit or batch can be
repeated or subdivided to create new pairs of amounts that are in
the same ratio. For example, 12 feet in 8 seconds is in the ratio 3
to 2 because for every 3 feet, there are 2 seconds. Also, 12 feet in
8 seconds can be viewed as a 4 repetitions of the unit “3 feet in 2
seconds.” Similarly, 3

2 feet in 1 second is 1
2 of the unit “3 feet in 2

seconds.”
With this perspective, quantities that are in a ratio A to B give

rise to a rate of A
B units of the first quantity for every 1 unit of the

second quantity (as well as to the rate of B
A units of the second

quantity for every 1 unit of the first quantity). For example, the ratio
3 feet in 2 seconds gives rise to the rate 3

2 feet for every 1 second.
With this perspective, if the relationship of the two quantities is

represented by an equation y � cx , the constant of proportionality,
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c, can be viewed as the numerical part of a rate associated with the
ratio A : B.

Second perspective: Ratio as fixed numbers of parts Two quan-
tities which have the same units, are in a ratio of A to B if there is
a part of some size such that there are A parts present of the first
quantity and B parts present of the second quantity. In other words,
two quantities are in a ratio of A to B if there is a positive number
c (which could be a rational number), such that there are A � c units
of the first quantity and B � c units of the second quantity.

With this perspective, one thinks of a ratio as two pieces. One
piece is constituted of A parts, the other of B parts. To create pairs
of measurements in the same ratio, one specifies an amount and
fills each part with that amount. For example, in a ratio of 3 parts
sand to 2 parts cement, each part could be filled with 5 cubic yards,
so that there are 15 cubic yards of sand and 10 cubic yards of
cement; or each part could be filled with 10 cubic meters, so that
there are 30 cubic meters of sand and 20 cubic meters of cement.
When describing a ratio from this perspective, the units need not
be explicitly stated, as in “mix sand and cement in a ratio of 3 to
2.” However, the type of quantity must be understood or stated
explicitly, as in “by volume” or “by weight.”

With this perspective, a ratio A : B has an associated value, A
B ,

which describes how the two quantities are related multiplicatively.
Specifically, A

B is the factor that tells how many times as much of
the first quantity there is as of the second quantity. (Similarly, the
factor B

A associated with the ratio B : A, tells how many times as
much of the second quantity there is as of the first quantity.) For
example, if sand and cement are mixed in a ratio of 3 to 2, then there
is 3

2 times as much sand as cement and there is 2
3 times as much

cement as sand.
With this second perspective, if the relationship of the two quan-

tities is represented by an equation y � cx , the constant of propor-
tionality, c, can be considered a factor that does not have a unit.
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 Authors Sharon Rak and Jan Taylor Page 

 

Facilitator’s Guide 

Implementing the CCSSM 

Grade K-2  

 

 

K-2 Grade Band Session - Measurement (30-45 min) 

 

Session Description 

Participants will experience a lesson on money related to a second grade CCSSM standard.  It will begin 

with a literature connection and include an open-ended problem, open-ended questioning and a 

discussion of how this lesson may have been done traditionally in the past and how the task may be 

altered to align to the CCSSM practices.   

 

Goal of the Session 

Participants will gain knowledge of a second grade measurement standard and learn to alter traditional 

lessons into lessons aligned to the CCSSM.   

 

Expected Outcomes: 

By the conclusion of this section of the training, participants will: 

� Experience a lesson they can use with second grade students.   

� Have an opportunity to think about and discuss instructional decisions that are aligned to the 

CCSSM. 

� Begin to know how to transform their existing lessons into ones that allow their students to 

become more independent learners.  

 

Pre-session Preparation 

1. Review facilitator’s notes for this session.  

2. Get a copy of and pre-read “A Quarter for the Tooth Fairy”. 

3. Gather and package coins (real or play) for easy distribution to participants. 

4. Prepare a place to write combinations of coins that come up in the book and in discussions 

after participants have solved the problem. 

5. If a document camera is available have it on hand to display coins and various ways groups have 

solved the problem. 
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TIME CONTENT/ACTIVITIES MATERIALS 

10 min  LAUNCH:  In this story, a boy gets a quarter from the Tooth Fairy.  

How will he spend it?  

 

Read: A Quarter from the Tooth Fairy by Caren Holtzman.   

 
Discuss the concept of trading various coins to equal 1 quarter and that 

all 3 combinations used in the story were equal to 1 quarter. Have 

students identify the different coins that were used in the story. 

 

Combinations mentioned in the book:  

1 nickel and 2 dimes  

5 nickels 

25 pennies 

 

Write these combinations on chart paper to initiate a coin 

exploration by the group. 

 

1 copy of “A 

quarter for the 

Tooth Fairy” by 

Karen Holtzman  

 

A place to record 

the combinations 

of coins to make a 

quarter 

(overhead, white 

board, or chart 

paper 

 

 

15-20 min EXPLORE:   Ask the participants if there are other ways to combine 

dimes, nickels and pennies to make 1 quarter.  Have participants  work 

in their table groups to explore combinations that equal  1 quarter using 

pennies, nickels and dimes.  Have coins available if participants 

(students) want to use them to solve the problem.  Participants should 

record their answers in their math journal or on paper to share later.  

Post combinations from the story on chart paper. As groups find new 

combinations they can add to the chart paper.  Note: All possible 

combinations are listed below for trainer’s reference.. 

 

Play money in 

bags for each 

group 

 

Blank paper for 

groups to record 

their thinking and 

solutions 

 

 

10 min 

 

 

 

 

 

SUMMARIZE: After several groups have reported their findings 

and shared their strategies and recording methods have a discussion 

with the following guiding questions:   

 

What patterns do you think students might discover?  

Some strategies that participants  or students may mention: 

Starting with the largest coin (dimes) and adding the next largest 

(nickel) 

Starting with the smallest coin and adding a nickel 

I can skip count by 5’s and I know it takes five 5’s to get to 25 

There are less dimes and nickels when there are more pennies 

When there are no dimes used there are nickels 

 

 

Document Camera 

if available so that 

groups can share 

how they 

recorded their 

findings 



 Authors Sharon Rak and Jan Taylor Page 

 

TIME CONTENT/ACTIVITIES MATERIALS 

15- 20 min  Discussion of Instructional Decisions  

Similar activities in traditional textbooks may have suggested 

giving students a blank table similar to the one found below 

with headings and of “dimes”, “nickels” and “pennies” and 

asking the students to fill in the blanks.  What are some 

advantages to giving students a blank sheet of paper to record 

their findings?  What are the advantages of having groups 

share how they solved the problem and how they recorded 

their findings? 

 

In thinking about your classroom, in addition to coins (real or 

play), what other materials could you have available to 

support the students thinking?  The Standards say students 

should use tools to solve problems but also says students 

should make sense of the problem and decide the appropriate 

tool to use for the problem.   

 

Specific questions (How many combinations include dimes?) 

generate less responses than open-ended questions (What are 

you finding out?)  Do you agree or disagree with that 

statement?  What evidence could you cite to support your 

position?   

 

Do you think the more open ended questions help or hurt low 

level students?  Explain your response.   

 

What would you do to revise some of your current lessons to 

allow students to experience the Mathematical practices as 

well as content? 
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This chart is for reference for the presenter with all of the possible combinations of coins 

 

dimes nickels pennies 

2 1 0 

2 0 5 

1 3 0 

1 2 5 

1 1 10 

1 0 15 

0 5 0 

0 4 5 

0 3 10 

0 2 15 

0 1 20 

0 0 25 
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Facilitator’s Guide 

3-5 Fractions 

 

 

Session 6 – Grades 3
rd

 - 5
th

 Fractions (90-120 min) 
 

Session Description 

 

During this session participants will create a fraction kit and use it to do activities that relate too many of the 

standards in the 3-5
th

 grade Number and Operations –  Fractions.  They will also be introduced to electronic 

versions of fraction activities.   

 

Goal of the Session 

 

To introduce participants to content and activities that they could use in their classrooms that would align with 

the common core standards for math, specifically related to fractions which are one of the four critical areas for 

the 3-5 grade band. 

 

Expected Outcomes: 

By the conclusion of this section of the training, participants will: 

� gain an understanding of content related to fractions  

� have some activities that they can use with their students that are aligned with the CCSSM for their 

grade level 

� learn about electronic resources they can use to help them implement the standards  

 

Pre-session Preparation 

1. Review the facilitator notes and power point slide notes. 

2. Check the internet connection to ensure that you will be able to successfully connect to the internet to 

reach the electronic fraction sites that will be used at the end of this session 

3. Assemble the materials needed (see materials list in the chart below) 
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TIME CONTENT/ACTIVITIES MATERIALS 

15 min   Assembling the Fraction kit 

Slides 1-4 

Construction Paper strips cut from 12x18” 

packs of construction paper.  Each 

participant needs 6 different colors of strips 

cut to size 3” x 18”. Facilitator may need to 

change the slides on the PPT to match the 

colors of the construction paper available. 

 

Scissors for each participant 

 

Ruler for each pair of participants 

 

10 min Questions  

Slides 5-6 

 

5 minutes 

 

 

 

 

 

Building a number line from the fraction kit 

Slide 7 

A 18 inch strip with two triangles 

taped to the short edges to simulate 

a number line 

 

Tape 

20 minutes  Cover and un-cover games and introduction of 

notation 

Slide 8-10 

Each pair of participants needs a blank 

wooden cube or blank die  

Colored dots to mark the edges of the dice 

 

10 minutes Operations with fractions using the fraction kit 

Slide 11 

 

15 minutes Search of CCSSM document for the Number and 

operations –Fractions 

Slide 12 

 

15 minutes Electronic Fraction games 

Slide 13 

 

10 minutes Reflections 

Slide 14 

 

 



Company 

LOGO 

A Look at Fractions 
Grades 3-5 

Author Joan Barrett 



3-5 Fractions progressions 
• 3rd - develops understanding of fractions (including 

vocabulary and notation), especially unit fractions (fractions 
with numerator 1 and denominators 2, 3, 4, 6, 8) 

 

• 4th - addition and subtraction of fractions with like 
denominators, and multiplication of fractions by whole 
numbers;  

 

• 5th - developing fluency with addition and subtraction of 
fractions, and developing understanding of the 
multiplication of fractions and of division of fractions in 
limited cases (unit fractions divided by whole numbers and 
whole numbers divided by unit fractions) 

 
 

 

Author Joan Barrett 



Fraction Kits 

 Cutting the fraction strips 
 

 
 
 

1 whole unit 

1/2 1/2 

How can we cut the next strip so we know 
that it will be in three equal pieces? 

Author Joan Barrett 



1 whole unit 

1/2 1/2 

1/3 1/3 1/3 

1/4 1/4 1/4 1/4 

1/6 1/6 1/6 1/6 1/6 1/6 

1/8 1/8 1/8 1/8 1/8 1/8 1/8 1/8 
Author Joan Barrett 



Questions 

Author Joan Barrett 



Comparing Fractions 

• Can you always tell which fraction is 
bigger if you compare two fractions with 
the same numerator? 
 

• How about comparing fractions that have 
the same denominator? 

Author Joan Barrett 



Creating a numberline 

Author Joan Barrett 



Game of Cover up 

Author Joan Barrett 



Introducing notation 

Author Joan Barrett 



Uncover Game 

taken from About Teaching Math 3rd Edition by Marilyn Burns, pp 271-272 
 Author Joan Barrett 



Doing operations using fraction strips 

• The fraction strips (kit) can be used to 
illustrate operations.  

• Have a discussion with your partner about how 
this might be done 

• Fraction kits can be stored in a business size 
envelope.  The whole unit strip can be folded 
in half and will fit perfectly in the envelope.  It 
is recommended that students put their initials 
on the back of each of their pieces and their 
name on the envelope. 

Author Joan Barrett 



Let’s look at the CCSSM 

• Turn to the 3-5th grade Operations and 
Algebraic Thinking – Fractions in your 
CCSSM document 

• Which of these standards did we experience in 
the activities just completed?  Make record of 
them and check with your table mates. 
 
 

Author Joan Barrett 



Electronic versions of fraction strip activities 

• Fraction Bar Applet 
• Ahttp://ejad.best.vwh.net/java/fractions/fractions.

html 
• Fraction Tracks Game 
• http://illuminations.nctm.org/ActivityDetail.aspx?

ID=18 
• Fraction Tracks Game for two players 
• http://www.nctm.org/standards/content.aspx?id=2

6975  
 
 

Author Joan Barrett 

http://illuminations.nctm.org/ActivityDetail.aspx?ID=18
http://illuminations.nctm.org/ActivityDetail.aspx?ID=18
http://illuminations.nctm.org/ActivityDetail.aspx?ID=18
http://illuminations.nctm.org/ActivityDetail.aspx?ID=18
http://www.nctm.org/standards/content.aspx?id=26975
http://www.nctm.org/standards/content.aspx?id=26975


Reflections 

 

Author Joan Barrett 
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Facilitator’s Guide 

Grade Band 6-8 

Session 

 

 

Session 6: Grades 6-8 – To Infinity and Beyond . . . Going Beyond Answer 

Getting – (90 minutes) 

 

Session Description 

Participants will be involved in solving common fraction, ratio, and percentage 

problems using multiple representations. The first problem will be posed to 

participants to solve and share their strategies.  Then participants will be guided 

through the process of using tape diagrams to solve the problem. Once the problem 

is solved, participants will be guided through finding more math concepts in this 

problem.  What other questions can be asked and answered?  

 

Participants will then be divided into groups to solve a problem involving fractions, 

ratios, or percentages. Each group will provide a concrete (manipulative model), 

tape diagram, equation and verbal description (multiple modes of representation).  

These will be shared, allowing time for group questioning.  Again, what other 

questions can be asked and answered? The final problem will be posed with no 

question. Participants will be asked, “What do you notice?” and/or “What do you 

wonder about?” Participants will investigate and generate the math questions that 

can be solved. The session will end with Phil Daro’s recommendations on what math 

problems to use and how to pose them to students. 

 

Goals of the Session 

Participants will develop a better understanding of rigor and the math practices by 

going beyond answer getting. They will recognize a process to move their students 

from answer getting to formulating problems to be solved. 

 

Expected Outcomes: Participants will  

� Use different models of representation to solve problems with a focus on 

tape diagrams. 

� Recognize that using different modes of representation for problem solving 

increases students’ understanding of mathematical concepts and connects to 

the math practices. (Modes used will be manipulatives, tape diagrams, 

equations, and verbal descriptions.) 

� Experience a process of guided inquiry through posing an open-ended task, 

encouraging reflection, asking question that draw on student thinking to 

construct knowledge, and interacting with problems and one another to 

develop understanding. 
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Teachers can reference Singapore Model Drawing.  The following samples are 

only samples.  The methods do not specify only one way to draw out a problem. 

Students’ models could be different.  Their explanation and models should be 

mathematically-based and correct in solving the problem.   

 

Facilitator Pre-requisites  

Copy Slides 7, 8, and 9 in slide format for the number of groups necessary.  Each 

group will have one problem to work on.  A separate PPT file (named Word 

Problems) has been created containing the word problems only.  The file is located 

in the Handouts folder in the Sessions_Grade_6-8 folder. This file can be printed in 

different formats to fit the facilitator’s style or audience, i.e. printed as note pages, 

allowing the participants to work on the problem in the notes area.  Outline view 

would provide a one sheet of the problems. 

 

Participants will need the Bulleted List of the Math Practice Standards from Session 

2. 

 

On slide 11, two articles are referenced for the facilitator.  This should be read in 

advance of the training.   

 

Using tape diagrams should be something the facilitator is comfortable with.  

Resources, for the facilitator, as well as participants,  are: 

• The book entitled The Singapore Model Method for Learning Mathematics 

found at www.singapore.com or Amazon. 

•  www.thesingaporemaths.com provides different lessons from Primary 3 to 

Primary 6 levels.  

• The website www.thinkingblocks.com, other sites, and books can be found 

searching for Singapore Model Drawing.  A caution –one model or way to 

solve a problem is shown. Remember, there could be several ways to use the 

tape diagrams to solve the problem.  The process was never meant to be a 

“recipe” of one way to solve problems, but a strategy student can use to 

visualize what they see in the problem and lead them to solution methods. 

 

*More detailed notes are on the notes section of the PP. 
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Facilitator Guide 

 

TIME CONTENT/ACTIVITIES MATERIALS 

5 

min 

Introduction 

Slides 1-2 

Introduces the session, standards, and goals 

 

Facilitator notes:  The session will have people work in groups, so 

you may want to divide the groups up as they enter.  A possible way 

may be to use the color tiles.  Each person takes a color tile out of a 

cup.  Groups sit according to the color of the tile. 

Paper 

Chart paper 

Markers 

 

 

 

10 

min 

Jennie and Cathy Problem 

Slides 3 – Participants work on problem and share strategies 

 

Facilitator guides participants through the model drawing 

approach.  This is detailed for the facilitator on slide 4 with notes. 

Slide 4 is hidden however.  It is only for the facilitator.  This should 

be drawn on chart paper for participants. 

 

 

10 

min  

 

 

 

 

 

What is a Tape Diagram?  

Solve a problem using model drawing 

Slide 5-6 

 

Slide 5 – Spent only a minute or two on this slide. Facilitator 

introduces the concept of tape diagram and reference in CCSS 

glossary.  CCSS standard 6.RP domain references tape diagram 

specifically.  Notes on slide 5 detail how tape diagrams are models 

that the writers expect to be used K-5 also. 

 

Slide 6 - Let participants use model drawing approach to solve 

problem on slide 6.  Participants work independently first, then 

share their strategies in their group. Share group strategies. 

  

45 

min 

Group work  

Slides 7, 8, 9, 10  

 

Groups will work on one problem and represent it according to 

directions on slide 10.  Slides 7, 8, & 9 provide the problems. Assign 

one to each group. 

 

After 25 minutes, have each group share how they solved the 

problem with different representations.  Stress the model drawing 

and manipulatives and how these help develop the equations and 

understanding for students.  For the manipulative model, you may 

need participants to walk to the tables to see the color tile 

representations. 

A copy or 

copies of 

slide 7, 8 & 9 

separately 

for handout. 

The Word 

Problems 

PPT has 

only the 

word 

problems. 

 

Color Tiles 
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TIME CONTENT/ACTIVITIES MATERIALS 

15 

min 

Extension 

Slide 11 

 

A ratio situation is presented.  Have groups answer the questions 

of “What do you know?” and “What can you answer?” in their 

groups. This is a powerful practice to help students learn how to 

formulate the problem.  Have participants work in groups to create 

the answers to these two questions. Post the list of the math 

questions and concepts for this situation.  Another possibility, 

depending on the amount of time, is to have groups write their 

question(s) on an index card.  These are distributed to different 

groups to solve the problems.   

 

References:  

Hogan, Marie and Alejandre, Suzanne. “Problem Solving-It Has to 

Begin with Noticing and Wondering.” CMC ComMuniCator, 

(December 2010): 31-33.  

http://mathforum.org/articles/communicator.article.dec.2010.pdf  

 

Rigelman, Nicole R. “Fostering Mathematical Thinking and Problem 

Solving: The Teacher’s Role.” Teaching Children Mathematics, 

(February 2007):  308-214 

 

Index cards 

(optional) 

Chart paper 

5 

min 

Summary 

Slide12-16 

 

Start wrapping up the session with participants by referring back 

to the Bulleted List of Math practices from Session 2.  Let 

participants have a couple minutes to brainstorm the practices 

they felt they were engaged in.  Take notice of the notes on slide 12 

that talk about trying to use all the practices at one time. 

 

Slides 13-16 

 

End the session with Phil Daro’s recommendation for posing 

problems and deciding what problems to use. Have participants 

spend a few minutes on the reflection questions. 

 

Bulleted List 

of Math 

Practices 

from 

Session 2 
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Sample models for problems on slide 6-9. 

 

Slide 6 - Students were creating spirit necklaces to sell for a fundraiser.  A necklace takes 

twice as many purple beads as white beads and 4 times as many purple beads as black 

beads. One necklace takes 28 beads. What is the number of each color of beads?  

 
Slide 7 - A class had 32 students and twenty-five percent were boys. When some new boys 

joined the class, the percentage of boys increased to 40%.  How many new boys joined the 

class?  
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Slide 8 - Two students were running for school president.  Student A received 65% of the 

votes and had 900 more votes than Student B.  How many students voted? 

 
 

 

 

 

Slide 9 - The fundraising committee made 400 pizzas.  The students sold 5/8 of the 

pizzas and took 1/5 of the remainder for a party.  How many pizzas did the 

committee have left to sell? 

 

 



Company 

LOGO 

To Infinity and Beyond …  

Going Beyond Answer Getting 

Grade Band 6-8 

Authors  Cathy (Carter) Shide and Jennie Winters 1 



Objectives 

• Integrate the math practices with word 
problems  
– teachers and students going beyond 

“answer getting” 
• Use different modes of representation 

to solve problems with a focus on 
Fractions, Ratios, and Percents 

Authors Cathy (Carter) Shide and Jennie Winters 2 



Problem #1 

Cathy and Jennie started out with the 
same number of coins. Cathy lost 12 
coins and Jennie gained 36.  How 
many more coins does Jennie have 
than Cathy? 
 

Authors Cathy (Carter) Shide and Jennie Winters 3 



Visual Model 
1. After reading the problem, 

mark the who or what and 
unit bars. 

Cathy’s coins 
 
Jennie’s coins 

2. Re-read each sentence and 
adjust the unit bars 
accordingly. Cathy’s loses 12 
and Jennie gains 36 

 
 

3. Record the ?, what students 
need to find. 
 
 
 
 
 

 
 
 

36 

12 

36 

12 

? 
4. Students solve and try to 

record an equation if 
possible. 

12 + 36 = 48 
CL + JG = ?  
What Cathy lost plus what Jennie gained equals 
how many more coins Jennie has. 

Cathy’s coins 
 
Jennie’s coins 

Cathy’s coins 
 
Jennie’s coins 

Authors Cathy (Carter) Shide and Jennie Winters 4 



“Tape Diagram” 

“A drawing that looks like a segment of 
tape, used to illustrate number 
relationships. Also known as a strip 
diagram, bar model, fraction strip, or 
length model.”  

Also referenced in “Visual Fraction Model” 
definition. 

-  CCSSM (Glossary) p. 87 
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6.RP.3 

Students were creating spirit necklaces to 
sell for a fundraiser.  A necklace takes 
twice as many purple beads as white 
beads and 4 times as many purple beads 
as black beads. One necklace takes 28 
beads. What is the number of each color 
of beads?  

Authors Cathy (Carter) Shide and Jennie Winters 6 



7.RP.3 

A class had 32 students and twenty-
five percent were boys. When some 
new boys joined the class, the 
percentage of boys increased to 
40%.  How many new boys joined 
the class?  

Authors Cathy (Carter) Shide and Jennie Winters 7 



7.RP.3 

Two students were running for school 
president.  Student A received 65% 
of the votes and had 900 more votes 
than Student B.  How many 
students voted? 
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5.NF.4 

The fundraising committee made 
400 pizzas.  The students sold 5/8 
of the pizzas and took 1/5 of the 
remainder for a party.  How many 
pizzas did the committee have left 
to sell? 

Authors Cathy (Carter) Shide and Jennie Winters 9 



Group problem solving 

Work with your colleagues to create: 
• A manipulative model with your color tiles 
• A tape diagram (bar model) of your problem 
• An equation  
• A verbal description of your thought process 
• What other questions can be answered about 

your situation/problem? 
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What do you know? What can you answer? 

A cran-apple mixture is made up of 
3 parts apple juice and 1 part 
cranberry juice.  The company will 
use 5 gallon containers for the cran-
apple mixture. 

Authors Cathy (Carter) Shide and Jennie Winters 11 



What are the math practices? 

• Look at your Bulleted List of 
Math Practices 

• What practices have you been 
engaged in? 

Authors Cathy (Carter) Shide and Jennie Winters 12 



Answer getting vs. learning math 

• USA: 
How can I teach my kids to get the answer to 

this problem?  
Use mathematics they already know. Easy, reliable, 

works with bottom half, good for classroom 
management. 

• Japanese: 
How can I use this problem to teach the 

mathematics of this unit? 
 Phil Daro, Writer of CCSS in Mathematics, Slide 16, http://www.cmc-

math.org/resources/downloads/Daro%20PS%20Conference.ppt  
13 Authors Cathy (Carter) Shide and Jennie Winters 

http://www.cmc-math.org/resources/downloads/Daro PS Conference.ppt
http://www.cmc-math.org/resources/downloads/Daro PS Conference.ppt
http://www.cmc-math.org/resources/downloads/Daro PS Conference.ppt


Posing the problem 

• Whole class: pose problem, make sure students 
understand the language, no hints at solution 

• Focus students on the problem situation, not the 
question/answer game. Hide question and ask them 
to formulate questions that make situation into a 
word problem 

• Ask 3-6 questions about the same problem 
situation; ramp questions up toward key 
mathematics that transfers to other problems 

14 

Phil Daro, Writer of CCSS in Mathematics, Slide 80, http://www.cmc-
math.org/resources/downloads/Daro%20PS%20Conference.ppt  
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What problem to use? 

• Problems that draw thinking toward the mathematics 
you want to teach. NOT too routine, right after 
learning how to solve.  

• Ask about a chapter: what is the most important 
mathematics students should take with them? Find a 
problem that draws attention to this mathematics 

• Begin chapter with this problem (from lesson 5 thru 
10, or chapter test). This has diagnostic power. Also 
shows you where time has to go. 

• Also near end of chapter, while still time to respond 

15 

Phil Daro, Writer of CCSS in Mathematics, Slide 81, http://www.cmc-
math.org/resources/downloads/Daro%20PS%20Conference.ppt  
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Reflections 
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Problem #1 

Cathy and Jennie started out with the 
same number of coins. Cathy lost 12 
coins and Jennie gained 36.  How 
many more coins does Jennie have 
than Cathy? 
 

1 



Group problem solving 

Work with your colleagues to create: 
• A manipulative model with your color tiles 
• A tape diagram (bar model) of your problem 
• An equation  
• A verbal description of your thought process 
• What other questions can be answered about 

your situation/problem? 
 

2 



6.RP.3 

Students were creating spirit necklaces to 
sell for a fundraiser.  A necklace takes 
twice as many purple beads as white 
beads and 4 times as many purple beads 
as black beads. One necklace takes 28 
beads. What is the number of each color 
of beads?  

3 



7.RP.3 

A class had 32 students and twenty-
five percent were boys. When some 
new boys joined the class, the 
percentage of boys increased to 
40%.  How many new boys joined 
the class?  

4 



7.RP.3 

Two students were running for school 
president.  Student A received 65% 
of the votes and had 900 more votes 
than Student B.  How many 
students voted? 

5 



5.NF.4 

The fundraising committee made 
400 pizzas.  The students sold 5/8 
of the pizzas and took 1/5 of the 
remainder for a party.  How many 
pizzas did the committee have left 
to sell? 

6 



What do you know? What can you answer? 

A cran-apple mixture is made up of 
3 parts apple juice and 1 part 
cranberry juice.  The company will 
use 5 gallon containers for the cran-
apple mixture. 

7 
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Facilitator’s Guide 
Grade Band - High 

School Session 

 
 

Session 6: Grades 9-10 – Modeling Situations with Linear Equations 
(90 – 120 minutes) 

 
Session Description 
The high school session uses a unit from the Shell Centre for Mathematical 
Education. This site has begun work in developing units and tasks based on CCSSM.  
The unit, Modeling Situations with Linear Equations, focuses on the relationships 
between variables.  Students involved in this lesson will be making sense of the 
context of a situation using algebra, rather than routine techniques and skills.   
 
Goals of the Session 
Participants will  

• be introduced to a website that provides ready to use lessons and resources 
aligned to the CCSSM 

• participate in an algebra lesson used to assess how well students use algebra 
in context 

• be introduced to using a formative assessment task to guide instruction 
 

Expected Outcomes:  
Participants will 

• gain an understanding of the content related to algebra 
• gain an understanding of the math practice standards of “reason abstractly 

and quantitatively and model with mathematics” 
 
Facilitator Pre-requisites  
The facilitator will preview the website, 
PowerPoint, http://map.mathshell.org/materials/index.php, and the teacher guide 
for Modeling Situations with Linear Equations.   
 

http://map.mathshell.org/materials/index.php
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Facilitator Guide 
 

TIME CONTENT/ACTIVITIES MATERIALS 

5 
min 

Introduce the goals of the session and the website. 
Slides 1-3 
 
Share with participants the goals and the website. Provide some 
background information on the Shell Centre work. Tell participants 
they will be introduced to one of the units from this website. 

Teacher’s 
Guide 

15 
min 

Formative Assessment Preview – Guitar Task 
Slide 4-6 
 
Have participants work individually to solve the Guitar Task. 
Share their solutions in their group or with a partner.  Then have 
them brainstorm some common misconceptions they think 
students would make on the task. 
 
After generating a list of misconceptions, have participants 
compare the misconceptions to page 3 of the Teacher’s Guide using 
the questions on Slide 5.  Inform participants that this lesson is 
focused on having students engage in an assessment task.  From 
this task, teachers would look at student work to decide what 
misconceptions are evident and plan questions to address these 
misconceptions.  
 
Then pass out the two tasks, Making and Selling Candles and the 
Rescue Helicopter.  Have groups compare the two tasks with the 
questions on Slide 6. 
 

Extra copy 
of the Guitar 
Task, 
Making and 
Selling 
Candles 
Task, and 
Rescue 
Helicopter 
task (pages 
S-1 through 
S-4 of the 
Teacher’s 
Guide). 
 
 

30 – 
45   
min  
 
 
 

Making and Selling Candles Task 
Slide 7-8 
Have participants work through the Making and Selling Candles 
Task.  Follow the Teacher’s Guide, Suggested lesson outline to 
model the lesson. 
 

Making and 
Selling 
Candles 
Task (from 
Teacher’s 
Guide) 
 
Graph paper 

5 
min 

Revisit the Guitar Task 
Slide 9 
 
Share with participants that after this lesson, students would have 
a chance to revisit the Guitar Task.  Each student would have their 
original work and a new blank copy of the task. They would then 
have the opportunity to improve their work and compare their 
learning. 
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TIME CONTENT/ACTIVITIES MATERIALS 

5 
min 

Closing and Reflections 
Slide 10-11 
 
Have the participants look back at their work on the Guitar Task 
and the Selling Candles tasks.  Work in groups to review the two 
math practices and cite evidence of their work that exemplifies 
these practices. 
 
Finish with Reflection Questions.  Choose appropriate questions 
from the Overview Document. 
 

Bulleted list 
of math 
practices. 

 
 



Company 

LOGO 

Modeling Situations with 
Linear Equations 

Grades 9-10 

Session 6 – High School 

Author Cathy (Carter) Shide 



Goals 

• be introduced to a website that provides ready 
to use lessons and resources aligned to the 
CCSSM 

• participate in an algebra lesson used to assess 
how well students use algebra in context 

• be introduced to using a formative assessment 
task to guide instruction 

Author Cathy (Carter) Shide 



Shell Centre 

• http://map.mathshell.org/materials/index.php  
• “The project is working to design and develop well-

engineered assessment tools to support US schools in 
implementing the Common Core State Standardsfor 
Mathematics (CCSS).” 

• “Beta” versions of the first 20 Lesson Units for High 
School, cross-referenced to the CCSS content and 
practice standards. These are ready to download, 
print and use. Click on Lessons or Standards to get 
started. 

Author Cathy (Carter) Shide 

http://map.mathshell.org/materials/index.php
http://www.corestandards.org/
http://map.mathshell.org/materials/lessons.php
http://map.mathshell.org/materials/stds.php


Guitar Class 

• Individually, solve The Guitar Class, then . . . 
• Work with a partner or group to brainstorm 

“What are some common misconceptions 
students would have with this task?” 

Author Cathy (Carter) Shide 



Analyze Common Issues 

• Look at page 3 of the Teacher’s Guide. 
• Compare the misconceptions commonly found 

on this task with the group list of 
misconceptions.   

• Look at the Suggested Prompts and Questions.  
Do you have any to add or change? 

• How well do you think your students would 
do? Share these thoughts in the group. 

Author Cathy (Carter) Shide 



Choosing a task 

• Making and Selling Candles 
• Rescue Helicopter 

 
• Look at these two tasks.   

– What mathematical content is being assessed?  
– What is different about these two tasks? 

Author Cathy (Carter) Shide 



Making and Selling Candy 

• Work with a partner to solve the task 

Author Cathy (Carter) Shide 
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Making and Selling Candles 
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Revisit the Guitar Task 

• Students would be engaged in improving their 
work on the Guitar Task 

• Students would work on their own for 10 
minutes. 

• Students use what they learned from the task 
to improve their original solution and then 
compare their progress. 



Math Practices???? 

This lesson was aligned to MP2 and MP4. 
Cite specific examples from your work of how 
your group was involved in these two math 
practices.   

 



Reflections 

 



  Lesson 05 
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Modeling Situations With Linear Equations 
Mathematical goals 
This lesson unit is intended to help you assess how well students use algebra in context, and in particular, how 
well students: 

• Explore relationships between variables in everyday situations. 
• Find unknown values from known values. 
• Find relationships between pairs of unknowns, and express these as tables and graphs. 
• Find general relationships between several variables, and express these in different ways by 

rearranging formulae. 

Common Core State Standards 
This lesson involves mathematical content in the standards from across the grades, with emphasis on:  

A-SSE: Interpret the structure of expression. 
A-CED: Create equations that describe numbers or relationships.  
A-REI Solve equations and inequalities in one variable. 
 Represent and solve equations and inequalities graphically. 
This lesson involves a range of mathematical practices, with emphasis on:   

2.  Reason abstractly and quantitatively. 
4. Model with mathematics. 

Introduction  
This is an activity that links several aspects of algebra. A situation is presented, and relationships between the 
variables are explored in depth. Letters are used to represent unknowns, generalized numbers, and variables. The 
problem solving context gives you a chance to assess how well students are able to combine and apply different 
aspects of their algebra knowledge and skills. 

• Before the lesson, students work individually on the assessment task The Guitar Class. You then 
review their work and create questions for students to answer at the end of the lesson, to help them to 
improve their solutions.  

• During the lesson, students translate between words, algebraic formulae, tables, and graphs in an 
interactive whole-class discussion. The intention is that you focus students on making sense of the 
context using algebra, rather than just the routine use of techniques and skills. Students then work in 
pairs to graph the relationship between two of the variables. In a final whole-class discussion, students 
identify general formulae showing the relationships between all the variables.  

• At the end of the lesson, students review and improve their individual work.  

Materials required 
• Each individual student will need two copies of the assessment task The Guitar Class, either the lesson 

task sheet Making and Selling Candles, or the lesson task sheet Rescue Helicopter, depending on the 
outcome of the assessment task, a mini-whiteboard, a pen, and an eraser. 

• Each pair of students will need a sheet of graph paper. 
• There are some projector resources to support whole-class discussion. 

Time needed 
Approximately fifteen minutes before the lesson and a one-hour lesson. All timings are approximate. Exact 
timings will depend on the needs of the class. 
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Before the lesson 

Assessment task: The Guitar Class (15 minutes) 

Have the students do this task in class or for homework a day or 
more before the formative assessment lesson. This will give you 
an opportunity to assess the work and to find out the kinds of 
difficulties students have with it. Then you will be able to target 
your help more effectively in the follow-up lesson.  

Give out The Guitar Class. Introduce the task briefly, and help 
the class to understand the problem and its context.  

Read through the questions, and try to answer them as 
carefully as you can.  

What does “profit” mean?  

Don’t worry too much if you can’t understand and do 
everything.  

I will teach a lesson with a task like this [tomorrow].  

By the end of that lesson, your goal is to answer the questions with confidence.  

It is important that students are allowed to answer the questions without your assistance, as far as possible. 

Assessing students’ responses  
Collect students’ responses to the task. Make some notes on what their work reveals about their current levels of 
understanding.  The purpose of doing this is to forewarn you of issues that will arise during the lesson itself, so 
that you may prepare carefully.  

We suggest that you do not score students’ work. Research suggests this will be counterproductive, as it 
encourages students to compare their scores, and distracts their attention from what they can do to improve their 
mathematics.  

Instead, help students to make further progress by summarizing their difficulties as a series of questions. Some 
suggestions for these are given on the next page. These have been drawn from common difficulties observed in 
trials of this lesson unit.  

We suggest that you write a list of your own questions, based on your students’ work, using the ideas that 
follow. You may choose to write questions on each student’s work. If you do not have time to do this, just select 
a few questions that will be of help to the majority of students. These can be written on the board at the end of 
the lesson.  

Choosing the lesson task 
After writing your list of questions, use your assessment of students’ current understanding to decide which task 
to use during the lesson. We have found that many students learn from the Making and Selling Candles task. 
However, if most of your students have answered most of the assessment task questions correctly, set the Rescue 
Helicopter task instead. Making and Selling Candles is a more structured task than Rescue Helicopter, and so 
makes less demand on students’ problem solving skills.  
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Common issues: Suggested questions and prompts: 

Student writes no equation, or just a few numbers 
and letters (Q1) 

• What do you know from the question?  
• Suppose you have 10 students. How do you 

figure out how much profit the teacher would 
make?  

Student writes an equation with a particular 
value of n (Q1) 
For example: The student substitutes n = 30.  

• Does the calculation method change as you  
vary n?  

• How can you write the calculation for any 
value of n? 

Student uses incorrect operation in equation (Q1) 
For example: The student divides the cost by the 
number of students, and adds rather than subtracts c to 
get     

€ 

p = 70n + c . 

• How much money does each student pay? How 
much money do the students pay altogether?  

• Is the amount of money you have calculated 
before paying costs more or less than the 
profit?  

Student draws incorrect graph (Q2) 
For example: The graph has negative slope, or is not a 
straight line.  

 

• What do you think happens to the amount of 
profit as the number of students increases?  

• What kind of function links n and p?  
• What graph would you expect from this 

equation? 

Student does not explain or misinterprets the 
significance of the x-intercept (Q2) 
For example: The student does not link the answer back 
to the context. She just writes p = 5.5, and does not 
mention that this is the point at which the teacher begins 
to make a profit. 

• What does n stand for? Does your answer make 
sense?  

• Reread the first part of the sheet. What does  
p > 0 mean?  

Student uses incorrect operations in formulas 
in Q3, Q4 
For example: The student writes p = fn + c or f = pn − c. 

• What does “profit” mean?  
• What does f stand for?  
• Explain how you would calculate the profit in 

words.   

Student answers Q1-5 correctly • Suppose you can make 100 candles from a kit 
costing $70. Use the profit you would expect to 
make to calculate the selling price. Graph this 
relationship. 
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Suggested lesson outline 

Interactive whole-class introduction (30 minutes)  
Give the class copies of the situation Making and Selling Candles and the mini-whiteboards. 

Work through this sheet with the class, using episodes of whole-class discussion interspersed with short episodes 
of paired or individual work. Keep all students interested by asking them to show their answers using the mini-
whiteboards. When a student offers an answer, try to ask other students to comment or explain, rather than 
evaluating the answer yourself.  

Students’ spoken and whiteboard responses will give you information about what they are finding difficult. Get 
students to work together in small groups on those parts of the task so as to produce a joint response. Use the 
joint responses as the basis for further class discussion.  

Questions 1 and 2 
For example, you could work on Questions 1 and 2 orally. 

What numbers should I write in for k, n and s [Question 1]? 

How could we figure out the total profit made, p, from the other numbers [Question 2]? 

Use your mini-whiteboards to show me the equation you need to solve.  

Allow students a few minutes to discuss their ideas in pairs and then ask them to present their equations. Ask 
students to justify every step. Keep linking the context and the representation. For example: 

You have to multiply 4 by 60 [or n by s]. 

What does that tell you? [The amount of money he makes from selling the candles.] 

What do you have to do next? [Subtract 50 (or k).] 

Why subtract? [Because the cost of buying the kit will reduce his profit.] 

How can I write this equation using the values of k, n, s? 

Students will probably find more than one way of writing the equation.  

When asking students to show equivalence, ask them to explain what the equation means in words, not just 
rearrange the equation.  

How else can I write this equation using the values of k, n, s? 

Anthony, you wrote the equation a different way. How did you write it?  

Are these two equations the same? How do you know?  

Kay, do you agree?  

Ask students to explore different values of one of the variables:  

What if you charged $3 for each candle? $7? 

What other values could n take? 

What else could I change? 

What method do I use to calculate the value of p? 

Does the calculation method change when I change the value of n? s? k? 

In this way, show that  p = 60 × 4 − 50  and that in general,     

€ 

p = ns − k.   

This generality is not a trivial step. By calculating using different values for each variable, students should 
become aware that the same method works whatever values are given to those variables. You may need to spend 
some time establishing this point. 
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Give students two or three minutes to record their solutions to Question 1 and Question 2, then ask them to read 
Question 3.  

Question 3  
Now look together at Question 3. Insert the answer for p as 190, and erase the selling price, s. 

Suppose we know the cost of the kit, the number of candles that may be made from the kit, and the 
profit we want to make. How could we figure out the correct selling price? 

Write your method on your mini-whiteboard. 

I see p + k and p − k. Which do you think is correct? Why? [You first add the cost of buying the kit to 
the profit, 50 + 190 or p + k.] 

What does that tell you? [The total amount of money you need to make from selling the candles.] 

Then what do you do? [You divide the answer by the number of candles to find the selling price per 
candle.] 

Students should reason that 

€ 

s =
190+50
60

 and that 
  

€ 

s =
p + k

n
.
 

To focus all students on understanding the relationship between the context and the algebra, it can be useful to 
get several different students to explain the same answer.  

Alicia – please explain why Alex is correct, in your own words. 

Kay – you explain it too, in your own words, please. 

Ask students to explain whether the same method works for different values.   

What method do you use to calculate the value of s? 

Does the calculation method change when I change the value of n? p? k? 

If students produce different equations, get them to link their descriptions of the situation with the different 
numerical and algebraic representations:  

Are these two ways of writing the same numeric equation? How do you know?  

Are these two ways of writing the algebraic equations equivalent? How do you know?  

Finally, focus students’ attention on what they have been doing when they know three values and solve to find 
the fourth:  

You’ve figured out how to solve for p, and how to solve for s. What else could I change?  

Question 4 
Erase two numbers, n and p: 

  k  
The cost of buying the kit: 
(This includes the molds, wax and wicks.) $   

  n  

The number of candles that can be made with the kit:   candles 

  s  

The price at which he sells each candle:  $  per candle 

  p  

Total profit made if all candles are sold: $   
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What numbers could n and p be? 
Is this the only solution? Give me another solution… and another… and another… 

This time there are two numbers that I don’t know, n and p. What is different from not knowing one 
number?  

Write a table of possibilities and draw me a graph to show how p depends on n. 

Working in pairs (10 minutes) 
Hand out graph paper and allow time for students to work on the problem in pairs. As they do this, go round and 
prompt them to try different pairs of numbers, using the structure of the situation: 

If n were 20, what would this equation mean? 

How could you calculate the profit? 

How can you write this method in words or symbols? 

n 20 30 40 50 

p 30 70 110 150 

What equation fits this table? 

What would the graph look like? 

What does the graph show? 

During the paired work you have two tasks, to note student difficulties, and to support them in their thinking 
about the graphing activity.  

Note student difficulties 
Students have not been given a table to complete, nor is there a set of axes or scales on the axes. This allows you 
to find out whether students are able to use their knowledge in context.  

• Is students’ use of algebraic notation accurate? Conventional?  
• Do they choose a sensible range for the number of students when drawing the graph, including values 

of n from 0 to 60?  
• Do students calculate an appropriate scale for each axis to fit all sensible values of n and p? 
• Do they label axes accurately and use equal increments? 
• Do they know how to draw and complete an accurate table of values? 
• Do they plot the points accurately? 
• Do they make a point plot, or join the points to make a linear graph? 
• Do students use features such as intercepts and linearity to check the accuracy of their plots? 

Support students’ thinking  
If students are stuck or making errors, try to support their thinking rather than solving the problems for them. If a 
pair of students is stuck on a problem, suggest that they seek help from another pair who have dealt with that 
problem successfully.  

You have chosen values of n from x to y. Why did you choose those values? 

How do you know that your plot is accurate? 

What does the x-intercept show?  

Encourage students to continue to link their mathematical representations with the context.  

What happens to the profit if the kit only makes five candles?  

At this point, n = 3.5. Does that make sense?  
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If students complete this quickly, set one of the following questions:  
Is the graph best drawn as a point graph or as a linear graph? Explain your answer. 

Explain the relevance of the x- and y-intercepts. 

Erase two different variables [s and p, or n and s] and express the relationship between them if all 
other variables are kept constant.   

Plenary whole-class discussion (10 minutes) 
Ask students to try to answer Question 5 in pairs. Although students have already done part of this question, they 
need to recognize this for themselves. 

Q5: Write a general formula for showing the relationships between the variables. What do you think 
you are being asked to do? 

Suppose you know s, k, and n and you want to calculate p. What method are you going to use? 

Does the method change if you change the value of n? 

What’s the method for calculating p, whatever the values of s, k, and n?  

If students are really stuck, refer them back to their earlier work:  

Look back at Q2. What did you do to calculate s when you knew p, k, n? 

What would happen to the calculation method if n were any other value? 

Tell me in words how to calculate the total amount of money you collect. How would you write that 
using algebra? How do you calculate the selling price from that?  

After a few minutes, ask each pair to show you the four general formulas using their mini-whiteboards: 

   

€ 

p = ns − k      

€ 

k = ns − p   
  

€ 

n =
p + k

s
  

  

€ 

s =
p + k

n
 

If there is disagreement about formulas, write different versions on the board. Ask students to show the 
equivalence of different formulas.  

Ask students to say how they figured out their answers. Hopefully, some will have focused on writing 
relationships from the situation, generalizing numerical versions of the equation, and others will have used 
algebraic manipulation.  

Improve individual solutions to the assessment task (10 minutes) 
If you are running out of time, you could set this task in the next lesson or for homework.  

Give students back their work on assessment task The Guitar Class, along with a fresh copy of that task sheet.  

Work on your own for ten minutes.  

[Remember the work you did on The Guitar Class.] 

I’m giving you your own answers, and a new sheet to work on.  

Read through your original solution and think about what you learned last lesson. 

I want you to use what you learned to improve your solution to The Guitar Class. Then compare your 
answers to see what progress you made.  
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Solutions 

The Guitar Class 
1.     

€ 

p = 70n− 400 

2. The point where the graph crosses the 
horizontal axis is helpful in identifying the 
number of students that must attend before the 
music teacher will break even. Thus 5 students 
will make a loss, but 6 students will make a 
profit. 

3.   

€ 

p = nf − c 

4. 
  

€ 

f =
p + c

n
 

Making Candles 
2. The student may give a description such as “You find how much money is made by selling them then 

take off the cost of the kit”, a formula such as  

€ 

p = ns − k , or a written calculation such as 

    

€ 

p = 60× 4−50. 

The calculation method stays the same: you always subtract the costs from the revenue to find profit. 

3.  For example: 
  

€ 

s =
p + k

n
 or 

    

€ 

s =
190 + 50

60
. 

As in Question 2, the method stays the same whatever values are substituted. 

4. Look for a table of values with an appropriate range of values for n, including cases when p is 
negative. Check that the graph shows values in equal increments along the axes, is plotted accurately, 
shows the intercepts, and that the points fit a straight line. The x-intercept is (12.5,0): since you cannot 
sell half a candle (n is a discrete variable) this means that at least 13 candles must be sold in order to 
make a profit. You could discuss whether or not it is correct to draw a line joining the points. 

 5.   

€ 

p = ns − k     

€ 

k = ns − p    
  

€ 

s =
p + k

n
   

  

€ 

n =
p + k

s
. 

Rescue Helicopter 

The formulas are: 
  

€ 

t =
d
s

+ w     

€ 

d = s(t −w)   
  

€ 

s =
d

t −w
 

  

€ 

w = t − d
s

. 

Stress that t is the total duration, not the time taken to cover the distance. 
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The Guitar Class 
A music teacher runs a guitar class for 20 weeks. 
The class meets each week in a rented music studio. 

Suppose that: 

• It costs the teacher c dollars to rent the studio for the 20 weeks. 
• The class contains n students. 
• Each student pays the teacher a single fee of f dollars for the course. 
• The teacher makes a profit of p dollars at the end of the course. 

1. Suppose that c = 400 and f = 70.  Write an equation to show how the profit 
made, p, depends on n, the number of students attending.  

 

 

2. Graph your equation and explain the significance of the point where the graph crosses the 
horizontal axis. 

 
 

 
 

3. Write a formula for calculating p when you know c, n, and f. 
 

 

4. Write a formula for calculating f when you know c, n, and p. 
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Making and Selling Candles 
A student wants to earn some money by making and selling candles. 

Suppose that he can make 60 candles from a $50 kit, and that these will 
each be sold for $4.  

  k  
The cost of buying the kit: 
(This includes the molds, wax and wicks.) $   

  n  

The number of candles that can be made with the kit:   candles 

  s  

The price at which he sells each candle:  $  per candle 

  p  

Total profit made if all candles are sold: $   

    

1. Write the values for k, n, and s into the table above. 

2. How can you calculate the profit p using the given values of k, n, and s? 

 

 

Would your method change if the values of k, n, and s were different? Explain your answer.  

 

 
 

3. Now that you know the profit, erase the selling price of each candle, s. 
The values of k, n, and p are in the table.  
Suppose you didn't know s. How could you figure it out? 

 

 

Would your method change if the value of each variable were different? Explain your answer.  
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4. Now erase two numbers: n and p. 

  k  
The cost of buying the kit: 
(This includes the molds, wax and wicks.) $   

  n  

The number of candles that can be made with the kit:   candles 

  s  

The price at which he sells each candle:  $  per candle 

  p  

Total profit made if all candles are sold: $   

    
What could these numbers be?  

 

 

Construct a table of possible values. 
Plot a graph to show the relationship. 

5. Write down four general formulas showing the relationships between the variables. 

  

p =  s =   

n =  k =  
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Rescue Helicopter 

  w  

Time to load and warm up the helicopter before take-off:  5 minutes 

  s  

The average speed of the helicopter in flight:  1.5 miles per 
minute 

  d  

The distance flown to the accident:  60 miles 

  t  

The total time needed to arrive at the scene of the accident:  45 minutes 

    
 

Hide each number in turn.  

If you didn’t know this number, how might it be found from the other numbers?  

 

Hide two numbers.  

What could they be? Construct a table of possible values.  

Sketch a graph to show the relationship between these numbers.  

Repeat this with another pair of numbers.  

 

Hide all the numbers.  

Construct a general formula for the relationship between them.  

Try to write your formula in different ways, starting t=…, d=…, and so on.  
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4. Now erase two numbers: n and p. 

  k  
The cost of buying the kit: 
(This includes the molds, wax and wicks.) $   

  n  

The number of candles that can be made with the kit:   candles 

  s  

The price at which he sells each candle:  $  per candle 

  p  

Total profit made if all candles are sold: $   

    
What could these numbers be?  

 

 

Construct a table of possible values. 
Plot a graph to show the relationship. 

5. Write down four general formulas showing the relationships between the variables. 

  

p =  s =   

n =  k =  
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Rescue Helicopter 
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  w  

Time to load and warm up the helicopter before 
take-off:   minutes 

  s  

The average speed of the helicopter in flight:   miles per 
minute 

  d  

The distance flown to the accident:   miles 

  t  

The total time needed to arrive at the scene of the 
accident:   minutes 
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Objective:  Find a path for the ball to follow to 

make a hole-in one using reflections to find angles 

of incidence equal to angles of reflection.  Explore 

the properties of the path and other applications 

related to this problem. 

 

Materials:  You’ll need paper, tape, a protractor 

straightedge,  a mira (sometimes called a geo 

reflector, geo reflecta, or something similar), and 

colored pencils. 

 

Mathematical Practices:  I think you could easily 

argue that all of the CCSSM practices are exhibited 

in this lesson! 
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There is a control at the bottom of this page.  To show the 
animation press the arrow and show that a direct shot is 
NOT possible on this hole without bouncing it off of at 
least one wall! 
 
 

Page 4

 
 

Banking the ball off of one wall – make sure 

to have a large enough piece of paper to 

construct/find the points of reflection --- be ready 

to tape another piece of paper to the original one if 

you need it!   

1. Locate the hole (H) & beginning position of the 

ball (B). 

2. Pick a wall to bank the ball off of and label it 

W1. 

3. With a compass or mira, reflect the hole (H) 

over wall 1 and mark it H1. 

4. With a straight edge, connect the ball (B) with 

H1 using a dotted line to locate where on the 

wall the ball needs to reflect off of. 
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5. Connect the hole (H) to the point of intersection 

of the wall and the line from the ball to H1 to 

complete the path of the ball.  The solid lines 

show the path the ball will take to make the hole 

in one.  Realize that speed of the ball, the type 

of surface used on the hole, the accuracy of the 

golfer, and other factors may influence the 

actual success of the hole-in one!  (See the 

diagrams below showing two examples of the 

same golf hole but banking the ball off of 

different walls.) 

NOTE:  This is close to the corner, but if you are a 

good golfer, you can get a hole-in-one.   

Page 6 

 

 

 

Let’s try finding a path first on a hole plotted on 

graph paper… 

1. Locate the hole (H) & beginning position of 

the ball (B). 

2. Pick and label the walls starting at the hole 

and working backwards from the hole.  Mark 

the walls W2 for the second wall the ball will 

hit before landing in the hole, and W1 for the 

first wall to bank it off to send it to the 

second wall. (in this case the first wall hit by 

the ball). 

3. Using the squares on the graph paper and 

properties of a reflection, reflect the hole (H) 

over the wall 2 (W2 on this example) and 

mark it H2 by counting squares as shown in 

the second diagram to the left.   

4. Now, reflect H2 over wall 1 (W1) and mark it 

H1.  You may have to extend a wall to be 

able to complete a reflection.  Use the 

squares on the graph paper to locate the H1. 

5. With a straight edge, connect the ball (B) 

with H1 to locate where on the wall the ball 

needs to hit.  Then connect that point of 

contact/intersection with H2 to locate where 

on wall 2 the ball needs to hit.   

6. Finally, connect the point of contact/ 

intersection on the wall 2 with the hole (H) 

to complete the path of the ball.  (See the 

diagram.) 

7. Notice that at each point of contact with the 

wall the angle of incidence = angle of 

reflection!  (BUT, don’t make the mistake 

that ALL of the angles at those points are 

NOT the same measures!) 

 
 
 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 

Angle of incidence 

Angle of reflection 
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(*Note: not all choices of walls will result in possible 

holes-in-one because of the design of the hole.  If 

you begin connecting points and the points of 

contact do not end up on the correct wall, that path 

is not possible and other walls should be chosen or 

the placement of the ball or the hole must be 

changed.) 
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This animation to bank the ball off of two walls to make a 
hole-in-one is shown over two pages in SMART Notebook. 
 

1. Locate the hole (H) & beginning position of 

the ball (B). 

2. Pick and label the walls starting at the hole 

and working backwards from the hole.  Mark 

the walls W2 for the second wall the ball will 

hit before landing in the hole, and W1 for the 

first wall to bank it off to send it to the 

second wall. (in this case the first wall hit by 

the ball). 

3. With a compass or mira, reflect the hole (H) 

over the wall 2 (W2 on this example) and 

mark it H2.  You may have to extend a wall 

to be able to complete a reflection. 

4. With a compass or mira, reflect H2 over wall 

1 (W1) and mark it H1.   

5. With a straight edge, connect the ball (B) 

with H1 to locate where on the wall the ball 

needs to hit.  Then connect that point of 

contact/intersection with H2 to locate where 

on wall 2 the ball needs to hit.   

6. Finally, connect the point of 

contact/intersection on the wall 2 with the 

hole (H) to complete the path of the ball.  

(See the diagram.) 

7. Notice that at each point of contact with the 

wall the angle of incidence = angle of 

reflection!  (BUT, don’t make the mistake 

that ALL of the angles at those points are 

NOT the same measures!) 
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This animation to bank the ball off of three walls to make a 
hole-in-one is shown over two pages in SMART Notebook 
(pages 11-12). 

Banking the ball off of 3 or more walls 
(*Note: not all choices of walls will result in possible 

holes-in-one because of the design of the hole.  If 

you begin connecting points and the points of 

contact do not end up on a wall, that path is not 

possible and other walls should be chosen or the 

placement of the ball or the hole must be changed.) 

 

1. Locate the hole (H) & beginning position of the 

ball (B). 

2. Pick and label the walls starting at the hole 

and working backwards from the hole.  Mark 

the walls W1 for the first wall the ball will hit 

before landing in the hole, W2 for the next 

wall, W3 for the next wall to hit, etc.  

3. With a compass or mira, reflect the hole (H) 

over wall with the highest number and mark it 

H# (this example:  H3 if you going to bank it 

off of 3 walls, H4 if you’re planning to hit 4 

walls, etc.).  You may have to extend a wall to 

be able to complete a reflection.      

1. With a compass or mira, reflect H’ over wall 2 

(W2) and mark it H’2.  Then reflect H2 over  

wall 1 (W1) and label it H1. 

4. With a straight edge, connect the ball (B) with 

H1 to locate where on the wall the ball needs 

to hit.  Then connect that point of 

contact/intersection with H2 to locate where 

on wall 2 the ball needs to hit.  Then continue 

until all of the walls chosen have points of 

contact/intesection. 

5. Finally, connect the point of contact on the last 

wall with the hole (H) to complete the path of 

the ball.  (See the diagram.) 

6. Notice that at each point of contact with the 

wall the angle of incidence = angle of 

reflection!  (BUT, don’t make the mistake that 

ALL of the angles at those points are NOT the 

same measures!) 

NOTE:   If you want to place obstacles on the hole, 

do it AFTER you find the path of the ball to make 

sure that the obstacle doesn’t get in the way of the 

ball and the path it needs to follow. 

This diagram shows how to make a hole-in-one by 

banking the ball off of 5 walls.  Notice that at each 

point of contact with the wall the angle of incidence 

= angle of reflection!  (BUT, don’t make the mistake 

that ALL of the angles at those points are NOT the 

same measures!) 
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Even though the next two holes have had their reflections 
done correctly, they do not produce paths that work to get 
holes-in-one… 

Page 14 

 

The path still needs to go through a wall, therefore it does 
not work! 

Page 15 

 

Notice that when connecting this path, it is important to 
make sure that the path to H4 hits wall 4 and not another 
wall.  NOTATION and LABELING is crucial to constructing 
this hole-in-one to make sure it is going to work!! 
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There are pull tabs on this page to show examples of 
student made golf courses.  Pull them out to show 
examples! 

Page 17 

 

The answer is no… but you can construct the path by 
starting by reflecting the ball and reversing the process… 
make sure to connect from the hole back in this case! 

Page 18 

 

This is true.  Move the ball slightly along the wall and draw 
in triangles.  The secret is in showing that the shortest 
distance between two points is a straight line and this can 
be proven using the Triangle Inequality theorem. 

Page 19 

 

Solution for Problem 3 

 
 
This problem is really the golf problem in disguise with the river being a wall and the house and barn could easily be 
the hole and the ball.  This problem is used to minimize distances for laying pipe.  This could also be used to explore 
electricity and the placement of a transformer.   
 
The second part of the problem is focusing on the properties of similar figures/scale drawings. 
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Resources and References: 

1. Powell, Nancy Norem, Mark Anderson & Stanley 

Winterroth, Reflections on Miniature Golf, The 

Mathematics Teacher, Oct 1994, 490-495 

2. Directory of 37 Online Miniature Golf Games:  
http://www.thepinballzone.net/games/online-mini-golf/  

3. Can you make a hole-in-one?  
http://www.figurethis.org/challenges/c40/challenge.htm 

4. Mirror, Mirror: Reflections and Congruencies  
http://www.andrews.edu/~calkins/math/webtexts/geom04.ht
m 

5. Mini golf activity http://www.csiro.au/scope/activities/e29c02activity.htm 
6. Laws of Reflection http://www.worsleyschool.net/science/files/amusement/reflection.html 
7. NCTM Illuminations:   

a. Paper Pool applet:  http://illuminations.nctm.org/ActivityDetail.aspx?id=28  
b. Analyzing Numeric and Geometric Patterns of Paper Pool:  

http://illuminations.nctm.org/LessonDetail.aspx?ID=L244 
8. A Mini-Golf Hole So Real It's Unreal:  Intense reflection wins NYC art design contest for UB architect Joyce 

Hwang  http://www.buffalo.edu/news/9510  
9. Miniature golf books and articles  http://www.miniaturegolfer.com/minigolfbooks.html  
10. Hole-in-One! Activitiy  

http://online.math.uh.edu/MiddleSchool/Modules/Module_4_Geometry_Spatial/Activities/Hole_One/UHGe
ometryHoleinOneTeacherNotes.pdf  

11. Math in your life – golf  (video)  http://www.youtube.com/watch?v=26HqsQEmV-8 

12. Mathematics that Swings:  the Math Behind Golf:  lecture by Dr. Douglas N. Arnold (video – warning.. this is 
just a little over 1 hour long!)   http://www.youtube.com/watch?v=e6v9ib-dOtg 
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http://www.figurethis.org/challenges/c40/challenge.htm
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http://www.csiro.au/scope/activities/e29c02activity.htm
http://www.worsleyschool.net/science/files/amusement/reflection.html
http://illuminations.nctm.org/ActivityDetail.aspx?id=28
http://illuminations.nctm.org/LessonDetail.aspx?ID=L244
http://www.buffalo.edu/news/9510
http://www.miniaturegolfer.com/minigolfbooks.html
http://online.math.uh.edu/MiddleSchool/Modules/Module_4_Geometry_Spatial/Activities/Hole_One/UHGeometryHoleinOneTeacherNotes.pdf
http://online.math.uh.edu/MiddleSchool/Modules/Module_4_Geometry_Spatial/Activities/Hole_One/UHGeometryHoleinOneTeacherNotes.pdf
http://www.youtube.com/watch?v=26HqsQEmV-8
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Draw your miniature golf hole in this box to fit on your foam core board! 
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Mini 
Golf 

Laurie DiGregorio    Germantown Hills Middle School,  Metamora, IL  61548 

Teresa Yazujian       Eureka Middle School, Eureka, IL  61530   

Nancy Powell  Bloomington High School, Bloomington, IL  61704 



          When this button appears 
on the lower right of the screen, 
you will know it is time to move 
to the next slide.  Simply click 
the mouse, or hit the enter key. 
 
If you want to return to a 
previous slide, just hit the 
backspace key.    



How to Get a Hole - in - one! 

What a great day 
for a game of golf!  

 
  

This will be a piece 
of cake! 



…the trick is to 
find the right 

angle. 

It looks like I need to 
bank this shot… 



Hmm….. 
…not exactly as I 

planned. 
 

I’ll have to try a 
new angle. 



This could 
take years 
before I get 

it right! 



Did you ever think you could 
use math to get a hole-in-one? 

At this point… 
 

I’d try anything! 



First, lets look at some properties 
of angles. 

When the ball 
hits the wall, 
it creates an 

angle of 
incidence. 

 



As the ball bounces off the wall, 
an  angle of reflection is created.  



are ALWAYS 
congruent.  

Something really cool! 

The angle of incidence 

and the 

angle of reflection 



We know that these angles are congruent 
because they are reflections of each other. 

Can our knowledge of 
reflections help us solve 
the puzzle? 



Remember, we are trying to get a 
hole-in-one! 

Since a direct 
shot is not an 
option, we will 
have to bank it 
off a wall if we 
want to make 
a hole-in-one. 



We know we want to bank 
the ball off the left wall of 
the green. 



But how can we use math to 
determine where the ball 
should bounce off the wall? 



Guess and check 
sure doesn’t 

work. 



Too bad we 
can’t just 
move the flag! 



Wait a  
minute!!! 



What if we... 
MOVED THE FLAG? 



But WHERE do we move it??? 



Think about this: If we move the 
flag anywhere INSIDE the hole, we 
have changed the hole… 

Hint:   
Think outside 
the box! 

Literally!!! 

…therefore we have 
changed the problem. 



What if we reflected the hole across 
the side we want to bank off?   

What would that do for us? 



Do you realize the ball is now in 
a straight line with the hole? 

Ok, ok.  It is in line with the reflected hole. 



Here is the $100,000.00 
question of the day: 

What can a reflection tell us? 



If the hole is point H, then 
let’s label the reflection of the 
hole as point H’. (H prime) 

H’ 
H 



H’ 

We can also label the intersection of  the 
ball’s path and the wall as point W. 

H 

   . 
W 



H’ 

See what happens when we 
connect H and H’. 

H 

   . 
W 



H’ 

A right triangle is formed. 

H 

   . 
W 



H’ 
H 

   . 
W 

What would happen if we reflect this 
triangle over the wall? 

Let’s find out! 



(drum roll, please) 



H’ 
H 

   . 
W 

It’s no surprise that the reflected 
triangle reveals a path to the hole!  

How, you ask? 



H’ 
H 

Remember, if two triangles are 
congruent, then their corresponding 
sides and angles are congruent. 

   . 
W 



H’ 
H 

The ball is hit towards H’.  Since it can’t go 
through the wall, it will reflect off the wall 
and travel towards point H. 

   . 
W 



Laurie DiGregorio     digregor@schools.mtco.com 

Teresa Yazujian        yazujiant@eureka.wodfrd.k12.il.us    

Nancy Powell   powelln@district87.org      

The End!         

mailto:yazujiant@eureka.wodfrd.k12.il.us
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Miniature Golf  
How to get a Hole-in-One 
Objective:  Find a path for the ball to follow to make a hole-in one using reflections to 
find angles of incidence equal to angles of reflection. 

 Materials:  You’ll need paper, tape, a compass and straightedge or a mira (sometimes 
called a geo reflector, geo reflecta, or something similar) 

Banking the ball off of one wall – make sure to have a large enough piece of 

paper to construct/find the points of reflection --- be ready to tape another piece of paper to the 
original one if you need it!   

1. Locate the hole (H) & beginning position of the ball (B). 

2. Pick a wall to bank the ball off of and label it W1. 

3. With a compass or mira, reflect the hole (H) over wall 1 and mark it H1. 

4. With a straight edge, connect the ball (B) with H1 using a dotted line to locate where on the 
wall the ball needs to reflect off of. 

5. Connect the hole (H) to the point of intersection of the wall and the line from the ball to H1 
to complete the path of the ball.  The solid lines show the path the ball will take to make the 
hole in one.  Realize that speed of the ball, the type of surface used on the hole, the 
accuracy of the golfer, and other factors may influence the actual success of the hole-in one!  
(See the diagrams below showing two examples of the same golf hole but banking the ball 
off of different walls.) 

Example 1:This is close to the corner, but if you are a good golfer, you can get a hole-in-one.  

 

 

http://www.district87.org/staff/powelln/NCTM2011/Default.htm
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Banking the ball off of 2 walls  

(*Note: not all choices of walls will result in possible holes-in-one because of the design of the hole.  
If you begin connecting points and the points of contact do not end up on the correct wall, that path 
is not possible and other walls should be chosen or the placement of the ball or the hole must be 
changed.) 

 

 

1. Locate the hole (H) & beginning position of the ball (B). 
2. Pick and label the walls starting at the hole and working backwards from the hole.  Mark the 

walls W2 for the second wall the ball will hit before landing in the hole, and W1 for the first 
wall to bank it off to send it to the second wall. (in this case the first wall hit by the ball). 

3. With a compass or mira, reflect the hole (H) over the wall 2 (W2 on this example) and mark 
it H2.  You may have to extend a wall to be able to complete a reflection. 

4. With a compass or mira, reflect H2 over wall 1 (W1) and mark it H1.   
5. With a straight edge, connect the ball (B) with H1 to locate where on the wall the ball needs 

to hit.  Then connect that point of contact/intersection with H2 to locate where on wall 2 the 
ball needs to hit.   

6. Finally, connect the point of contact/intersection on the wall 2 with the hole (H) to complete 
the path of the ball.  (See the diagram.) 

7. Notice that at each point of contact with the wall the angle of incidence = angle of reflection!  
(BUT, don’t make the mistake that ALL of the angles at those points are NOT the same 
measures!) 
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Banking the ball off of 3 or more walls 
(*Note: not all choices of walls will result in possible holes-in-one because of the design of the hole.  
If you begin connecting points and the points of contact do not end up on a wall, that path is not 
possible and other walls should be chosen or the placement of the ball or the hole must be 
changed.) 

1. Locate the hole (H) & beginning position of the ball (B). 

2. Pick and label the walls starting at the hole and working backwards from the hole.  Mark the 
walls W1 for the first wall the ball will hit before landing in the hole, W2 for the next wall, W3 
for the next wall to hit, etc.  

3. With a compass or mira, reflect the hole (H) over wall with the highest number and mark it 
H# (this example:  H3 if you going to bank it off of 3 walls, H4 if you’re planning to hit 4 
walls, etc.).  You may have to extend a wall to be able to complete a reflection.             

 

4. With a compass or mira, reflect H’ over wall 2 (W2) and mark it H’2.  Then reflect H2 over  
wall 1 (W1) and label it H1. 

 5. With a straight edge, connect the ball (B) with H1 to locate where on the wall the ball needs 
to hit.  Then connect that point of contact/intersection with H2 to locate where on wall 2 the 
ball needs to hit.  Then continue until all of the walls chosen have points of 
contact/intesection. 
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6. Finally, connect the point of contact on the last wall with the hole (H) to complete the path of 
the ball.  (See the diagram.) 

7.  Notice that at each point of contact with the wall the angle of incidence = angle of reflection!  
(BUT, don’t make the mistake that ALL of the angles at those points are NOT the same 
measures!) 

NOTE:   If you want to place obstacles on the hole, do it AFTER you find the path of the ball to make 
sure that the obstacle doesn’t get in the way of the ball and the path it needs to follow. 
This diagram shows how to make a hole-in-one by banking the ball off of 5 walls.  Notice that at 
each point of contact with the wall the angle of incidence = angle of reflection!  (BUT, don’t make 
the mistake that ALL of the angles at those points are NOT the same measures!) 

One where the reflections don’t work…. 
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Protractor Golfing 
This activity can grow with the maturity of your students. 

1. Have your students (or you can do this) draw some golf 
holes with sand (use tan paper) and/or water hazards 
(use blue paper) or decide on a symbol for sand and 
another for water. 

2. The placement of the tee/ball on the game board should be represented by a compass 
marking (0-180 degrees or 0-360 degrees).  The original ball 
placement is at the crosshairs of the diagram to the right. 

3. Put a flag on the game board to identify where the hole is. 
4. Copy the following table many times and give one to each 

student to glue on their holes. 
 

Angle Length Strokes 
water hazard = +2 
sand trap = +1 

   

   

   

   

   

                                        Total  

 

5. To determine par for each hole, have 5 students play the hole (level 2) and take the average 
number of strokes and use it for par or come up with a formula based on number of hazards 
and length of golf shot that needs to be made.  Feel free to have your students make up 
their own rules for finding par.  They’ll have a good time! 

 

* If you want to be able to use these golf holes over and over again, either make transparencies of 
each of them, laminate (or put clear contact paper on) each hole, or put the holes inside the clear 
plastic protectors (which makes them easy to store in a three ring binder for later use.  Let students 
use overhead markers or grease pencils when they play. 
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Sample Game Board/Golf Hole 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Angle Length Strokes 
water hazard = +2 
sand trap = +1 

   

   

   

   

   

                                        
Total 
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RULES 

Level 1:  Have students work individually.  Measure the distance and the angle to hit the hole in 
one shot from the original ball placement.  Decide if you want the students to measure in 
centimeters or inches.  Have students record the number of the hole and their measurements for 
each hole on a sheet of paper.   
 
Level 2:  Have students work in pairs.  One student estimates the angle and the length of the hit.  
The second student records the guess and measures according to the estimation.  If the ball goes in 
the hole or within 5 mm of the hole, that hole is over and the student records the number of strokes 
on his/her score card.  However, if the ball did not go in the hole, the number of strokes (including 
penalty strokes) should be recorded, the first player guesses again - the second shot begins where 
the first estimate left off. . . and continue recording estimations and playing.  Make up your own 
rules about balls that go into a water hazard!  (Do you start in the water on the next hit, or do you 
move the ball to a place outside the water and how do you determine this place?) Continue playing 
until the ball goes in the hole. 
 
Then change game boards (holes) and have the student who was the recorder and measurer trade 
and do the estimating and the player that did the estimating then becomes the recorder/measurer.  
Have students keep a score card at the end of each hole for the holes they play.  Note:  Make sure 
to change holes or player #2 definitely has an advantage because of the estimates of player #1 
made on the same hole. 
 

Golf SCORE CARD               Name: 

Hole # ______ Par _____     ________ Strokes 

Hole # ______ Par _____     ________ Strokes 

Hole # ______ Par _____     ________ Strokes 

Hole # ______ Par _____     ________ Strokes 

Hole # ______ Par _____     ________ Strokes 

                  TOTALS      ________ Strokes 

If you want to identify the class pro. . . have students divide their strokes by the total of the pars 
for the holes that they played.  The best score is the smallest decimal.  A score of 1 indicates that 
the golfer made par, a score less than one indicates that the golfer had a score below par (VERY 
GOOD!), and a score greater than one indicates that the golfer’s average was over par for the holes 
that he/she played. 
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Level 3:  Either put each of the student’s holes on a transparency and then put a piece of graph 
paper under each transparency or have students draw their holes on cm or ¼” graph paper to begin 
with!  The rules of the game remain the same as Level 2.  However, students can use the grid to 
help them estimate the distance to hit the ball using the Pythagorean theorem and estimate the 
angle to hit the ball using their knowledge of right triangle trigonometry.  Calculators would be 
helpful here!  There still will be an element of estimation because of the size graph paper used and 
it is very important for students to know their trig ratios even if they have a calculator. 
 
Adapted from “Golfing with a Protractor” by Ronald Souza, Arithmetic Teacher, April 1988 

 

Cut these out and glue them to your sample protractor golf holes. 

Angle Length Strokes 
water hazard = +2 
sand trap = +1 

   

   

   

   

   

                                        Total  

 

Angle Length Strokes 
water hazard = +2 
sand trap = +1 

   

   

   

   

   

                                        Total  
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Here is a sample hole if you want to use trig or Pythagorean theorem with the aid of graph paper! 

 

  

Angle Length Strokes 

water hazard = +2 
sand trap = +1 

   

   

   

   

   

                                        
Total 
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Other Resources and References: 

1. NCTM Illuminations:   
a. Paper Pool applet:  http://illuminations.nctm.org/ActivityDetail.aspx?id=28  
b. Analyzing Numeric and Geometric Patterns of Paper Pool:  

http://illuminations.nctm.org/LessonDetail.aspx?ID=L244 
2. Can you make a hole-in-one?  http://www.figurethis.org/challenges/c40/challenge.htm  
3.  

 

  

http://illuminations.nctm.org/ActivityDetail.aspx?id=28
http://illuminations.nctm.org/LessonDetail.aspx?ID=L244
http://www.figurethis.org/challenges/c40/challenge.htm
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Common Core Web Resources 

 

 

 

Common Core Standards   

http://www.corestandards.org/the-standards/mathematics 

The national site for the Common Core Standards. 

Expanded version of the Math Common Core 

http://www.mathedleadership.org/docs/ccss/CCSSI_Math%20Standards%20Expanded.pdf Contains 

the overall Standards Introduction, Standards Writing-Criteria, Standards Setting Considerations, 

Applications of the Standards for English Language Learners (ELL) and Students with Disabilities, 

and the Mathematics Standards. 

Achieve   

http://www.achieve.org/achievingcommoncore 

Achieve develops materials that focus on the organization, content and evidence base used to support 

the standards, including fact sheets and frequently asked questions about the standards.  Achieve will 

also roll out materials to help states implement the standards. Schools using NCTM’s Curriculum 

Focal Points may be interested in this link - http://www.achieve.org/files/CCSSandFocalPoints.pdf - 

Achieve has analyzed the CCSS and Focal Points to determine how they compare in terms of rigor, 

coherence, and focus mathematical content. 

 

Illinois New Learning Standards Incorporating the Common Core 

http://www.isbe.state.il.us/common_core/default.htm  

ISBE website for information on the Common Core Standards and implementation in the state. 

 

PARCC 

http://www.parcconline.org/  

PARCC – Partnership for the Assessment of Readiness for College and Careers is a 24-state 

consortium, working to together to develop next-generation K-12 assessments in English and Math.   

Check regularly for updates.  This is where you will find the recently released Model Content 

Frameworks document that will drive the assessments. To find the new Model Content Frameworks 

click on the “In the Classroom” tab at the top of the page.  

Tools for the Common Core Standards 

http://commoncoretools.wordpress.com/ 

Dr. William McCallum, head of the University of Arizona’s mathematics department and a lead 

author of the CCSS for Mathematics, has created this blog website to provide news about tools that 

are being developed to support implementation of the CCSS. The right hand navigation links direct 

users to the progression documents and other works that provide invaluable information for teachers 

and schools as they work to integrate the CCSSM. 

 

 

http://www.corestandards.org/the-standards/mathematics
http://www.mathedleadership.org/docs/ccss/CCSSI_Math%20Standards%20Expanded.pdf
http://www.achieve.org/achievingcommoncore
http://www.achieve.org/files/CCSSandFocalPoints.pdf
http://www.isbe.state.il.us/common_core/default.htm
http://www.parcconline.org/
http://commoncoretools.wordpress.com/
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Inside  Mathematics-http://www.insidemathematics.org 

Funded by the Noyce Foundation and Silicon Valley Mathematics Initiative, this site is a professional 

resource for educators passionate about improving students' mathematics learning and performance. 

This site features classroom examples of innovative teaching methods and insights into student 

learning, tools for mathematics instruction that teachers can use immediately, and video tours of the 

ideas and materials on the site. The site provides the MARS tasks and is in the process of aligning 

materials to the CCSSM. 

Math Common Core Coalition 

http://www.nctm.org/standards/mathcommoncore/ The Mathematics Common Core Coalition works 

to provide expertise and advice on issues related to the effective implementation of the Common Core 

State Standards for School Mathematics (CCSSM) 

 

The Council of Chief State School Officers – Hunt Institute videos on the Common Core 

Implementation videos for both Lang Arts and Math - 
http://www.ccsso.org/Resources/Digital_Resources/Common_Core_Implementation_V
ideo_Series.html  These are great short videos on topics related to the Common Core for both Lang 

Arts and Math. 
 

NCTM   

www.nctm.org 

Check for updates for NCTM’s Making it Happen:  A Guide to Interpreting and Implementing 

Common Core Standards for Mathematics. http://www.nctm.org/standards/content.aspx?id=27524 - 

This one-of-a-kind guide identifies and highlights the ways in which NCTM resources can support 

teachers as they implement and supplement the Common Core State Standards for Mathematics in 

their states. The guide and accompanying charts are tools to help educators as they continue to make 

high-quality mathematics happen in their classrooms and schools.  Don’t forget to go to Illuminations 

link, which provides lessons, activities, and online games and activities to teach math. 

http://illuminations.nctm.org . 

 

NCSM  

www.ncsmonline.org  and  http://ncsmonline.org/events/webinars.html 

NCSM is a national mathematics leadership organization providing resources, networking, 

collaboration, and support for mathematics student achievement. Archived webinars by NCSM past-

President Diane Briars and Curriculum Analysis Tools 

 

Lessons and Performance Task Resources 

 High School Lessons - Mathematics Assessment Project – Shell Center/MARS  - 

http://map.mathshell.org.uk/materials/index.php - The project is working to design and 

develop well-engineered assessment tools to support US schools in implementing the 

Common Core State Standards for Mathematics (CCSS). 

 K-12 - Ohio Depart of Ed Standards – Math Standards and  Model Curriculum 

http://www.ode.state.oh.us/GD/Templates/Pages/ODE/ODEDetail.aspx?page=3&TopicRelati

onID=1704&ContentID=83475&Content=114571 - During the summer and fall of 2010, 

teachers across Ohio worked collaboratively in teams to suggest instructional strategies and 

resources that align with the revised standards.      

http://www.insidemathematics.org/
http://insidemathematics.org/index.php/classroom-video-visits?phpMyAdmin=NqJS1x3gaJqDM-1-8LXtX3WJ4e8
http://insidemathematics.org/index.php/tools-for-teachers?phpMyAdmin=NqJS1x3gaJqDM-1-8LXtX3WJ4e8
http://insidemathematics.org/index.php/video-tours-of-inside-mathematics?phpMyAdmin=NqJS1x3gaJqDM-1-8LXtX3WJ4e8
http://www.nctm.org/standards/mathcommoncore/
http://www.ccsso.org/Resources/Digital_Resources/Common_Core_Implementation_Video_Series.html
http://www.ccsso.org/Resources/Digital_Resources/Common_Core_Implementation_Video_Series.html
http://www.nctm.org/
http://www.nctm.org/standards/content.aspx?id=27524
http://illuminations.nctm.org/
http://www.ncsmonline.org/
http://ncsmonline.org/events/webinars.html
http://map.mathshell.org.uk/materials/index.php
http://map.mathshell.org.uk/materials/index.php
http://www.corestandards.org/
http://www.ode.state.oh.us/GD/Templates/Pages/ODE/ODEDetail.aspx?page=3&TopicRelationID=1704&ContentID=83475&Content=106870
http://www.ode.state.oh.us/GD/Templates/Pages/ODE/ODEDetail.aspx?page=3&TopicRelationID=1704&ContentID=83475&Content=106870
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 K-12 - Arizona Dept. of Ed Math Standards and Examples - 

http://www.ade.az.gov/standards/math/2010MathStandards/ - Arizona Dept. of Education 

Standards alignment with grade level documents providing examples of the math standard 

expectations. 

 K-12 Illustrative Mathematics – Guidance for CCSS in Math - 

http://illustrativemathematics.org/ - The Illustrative Mathematics Project will provide 

guidance to states, assessment consortia, testing companies, and curriculum developers by 

illustrating the range and types of mathematical work that students will experience in a 

faithful implementation of the Common Core State Standards, and by publishing other tools 

that support implementation of the standards.  New materials have just been posted to show 

the types of teaching and tasks that represent the standards.  Keep checking back as this 

site will continue to build. 

 MARS (Mathematics Assessment Resource Service) 

http://www.nottingham.ac.uk/~ttzedweb/MARS/ 

The Mathematics Assessment Resource Service works with districts and states on 

performance assessment design and implementation, and on professional development for 

designers and teachers. The aim is to help the local leadership develop local capability to 

meet local needs. There is a widespread demand. 

 

 

Other State’s and ROE’s work:  

 

 Madison County ROE - http://www.roe41.org/ccss/default.html 

Common Core Transition Planning Sheets 

 

 North Carolina - http://www.dpi.state.nc.us/acre/standards/common-core-

tools/#unmath 

 

 Utah - (One of the first states to vote Integrated Pathway for HS) - 

http://www.schools.utah.gov/  

 

Other: 

 

 National PTA - http://www.pta.org/4446.htm 

The Parents’ Guide to Student Success (listed below in English and Spanish) was developed 

in response to the Common Core State Standards in English language arts and mathematics 

that more than 40 states have adopted. (To find out if your state has adopted the standards, 

visit CoreStandards.org/In-The-States.) Created by teachers, parents, education experts, and 

others from across the country, the standards provide clear, consistent expectations for what 

students should be learning at each grade in order to be prepared for college and career.  

 

 

 

http://www.ade.az.gov/standards/math/2010MathStandards/
http://illustrativemathematics.org/
http://illustrativemathematics.org/
http://www.nottingham.ac.uk/~ttzedweb/MARS/
http://www.roe41.org/ccss/default.html
http://www.dpi.state.nc.us/acre/standards/common-core-tools/#unmath
http://www.dpi.state.nc.us/acre/standards/common-core-tools/#unmath
http://www.schools.utah.gov/
http://www.pta.org/4446.htm
http://www.pta.org/common_core_state_standards.asp
http://www.corestandards.org/in-the-states
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